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PREFACE. 



Tms new edition has been carefully revised, and 
in great part re-written; alterations having been 
made in some places fo^ the sake of brevity, in 
others for the sake of greater clearness, in others 
in order to bring the methods more closely up to 
the present state of Geometrical Science. Several 
new examples have been added; as well as a new 
Chapter on the Applications of the Modem Algebra, 
to the Theory of Conic Sections. Greater pror 
minence has been given to the principle of duality; 
and it has been attempted to show that without 
the introduction of any new system of co-c»rdinates^ 
the reciprocity between tiieorems concerning lines, 
and theorems concerning points, can be sufficiently 
manifested. The change most likely to be objected 
to is the alteration I have made in the mode of 
writing the equation of the second degree, the letters 
being now used not in alphabetical order, but in the 
order suggested by the symmetry of the equation. 
I believe that the advantage of having miifbrm 
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notation through the volume, will bo found to be 
80 great as to compensate for some temporary in- 
convenience caused to those who are already familiar 
with formulae in the older notation. 

I have to acknowledge the courtesy of several 
correspondents who sent me lists of the errata of 
the former edition, which, if I had now been con- 
tented with a simple reprint, would have enabled 
me to make one nearly free from error. I shall be 
thankful to any of my readers who may ftirnish 
me with similar lists of the errors from which I fear 
this edition is not exempt, notwithstanding that 
most of the sheets have been looked over either by 
Dr. Hart or Mr. Gray or Mr. James McDowell, 
who have at various times kindly assisted me in 
correcting the press. I beg to thank Mr. Bumside 
for several notes of which I have in different places 
made use; and I have derived considerable assist- 
ance from the notes and additions in Dr. Fiedler's 
German translation of this work. 



Tbinitt Collxob, Dublin, 
October, 1863. 
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THE POINT. 

1. The following method of determining the position of any 
point on a plane was introduced by Des Cartes in his Giomltrxey 
1637 ; and has been generally used by succeeding geometers. 

We are supposed to be given the position of two fixed 
right lines, XX' ^ YY\ intersecting in the point 0. Now, if 
through any point P we y 

draw PM^ FN, parallel to 
YT and XX\ it is plain 
that, if we knew the position 
of the point P, we should 
know the lengths of the pa- 
rallels P3f , PN'j or, vice versd, 
that if we knew the lengths 
of PJf, FNj we should know 
the position of the point 0. 

Suppose, for example, that 
we were given FN = a, 
FM^ i, we need only measure OJf = a and 0N= i, and draw 
the parallels FMy FNy which will intersect in the point required. 

It is usual to denote FM parallel to F by tho letter y, 
and FN parallel to OX by the letter a?, and the point F is said 
to be determined by the two equations x = ayy = b. 

2. The parallels FM^ FN^ are called the co-^yrdinatea of the 
point P. FM is often called the ordinate of the point P; while 
PAT, which is equal to OM the intercept cu^ o^ by the ordinate, 
is called the abscissa, 

B 
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The fixed lines XT and YV are termed the axes cf co- 
ordtnateSy and the point Oy in which they intersect, is called the 
origin. The axes are said to be rectangular or oblique, ac- 
cording as the angle at which they intersect is a right angle 
or obliqae. 

It will readily be seen that the co-ordinates of the point M 
on the preceding figure are a? = a, ^ <= ; that those of the point 
^are o^sO, ^si; and of the origin itself are a? ssO,^s=0. 

S. In order that the equations x^(iy y = hy should only 
be satisfied by one point, it is necessary to pay attention, not 
only to the magnitudeSy but also to the signs of the co- 
ordinates. 

If we paid no attention to the signs of the co-ordinates, we 
might measure OM^ a and ON=s, hy on either side of the origin, 
and any of the four points 
P, P„ P„ P„ would satisfy 
the equations a; = a, y = ^. 
It is possible, however, to 
distinguish algebraically 
between the lines OMy 
OM' (which are equal in 
magnitude, but opposite in 
direction) by giving them 
different signs. We lay 
down a rule, that if lines 
measured in one direction 
be considered as positive, 
lines measured in the oppo- 
site direction must be con- 
sidered as negative. It is, of course, arbitrary in which 
direction we measure positive lines, but it is customary to 
consider OM (measured to the right hand) and ON (measured 
uptoards) as positive, and OJT, ON' (measured in the oppo- 
site directions) as negative lines. 

Introducing these conventions, the four points P, P„ P,, P, 
are eanly distinguished. Their co-ordinates are, respectively. 
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These distinctiona of sign can present no difficulty to the 
learner, who is supposed to be already acquainted with tri-" 
gonometry. 

N.B.— The points whose co-ordinates are a? = a, y«=i, or 
x^oi^y^'if^ are generally briefly designated as the point (a, h)^ 
or the point Qiy\ 

It appears from what has been said, that the points (+a, -I- V);^ 
(— a, — i), lie on a right line passing through the origin ; that 
they are equidistant from the origin, and on opposite sides of it. 

4. To express the distance bettoeen two points x'y\ a"y") the 
axes of co-^yrdiiiates being supposed rectangular. 
By Euclid l. 47, 

POr^PS' + SOTj but PS=PM^ QM*=^y'--f, 
and Q8= OM^ Oir = a'-a;"; 

hence 8* = P(2" = (a;' - x'J + (y' - y")\ 

To express the distance of any point from the origin, we 
must make a;" = 0, ^ = 0, in the above, and we find 

S'^x^^y^ 

6. In the following pages we shall but seldom have occasion 
to make use of oblique co- 
ordinates, since formulse are, 
in general, much simplified 
by the use of rectangular 

axes; as, however, oblique 

co-ordinates may sometimes 

be employed with advantage, 

we shall give the principal 

formulae in their most gene- 7 

ral form. 

Suppose, in the last figure, the angle YOX oblique and 
ssfl9, then 

PSQ = 180' - o), 

and Pqt = PS' + Q8^ ^ 2P5. Q8. cosPSQ^ 

or, P<? = W-y"y+ {x'-xy + 2{y'-y") {x'^x") cos«. 

Similarly, the square of the distance of a point, xy'j from 
the origin = x'^-\-y'* -f 2xy' coso). 

b2 
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4 th;e point. 

In applying these formulse, attention must be paid to tlie 
pigns of the co-ordinates. If the point Q, for example, were 
in the angle XOY\ the sign of y" would be changed, and the 
line PB would be the sum and not the difference of y and y\ 
The learner will find no difficulty, if, having written the co- 
ordinates with their proper signs, he is careful to take for P8 
and Q8 the aLgehraio difference of the corresponding pair of 
co-ordinates. 

Ex. 1. To find the lengths of the sides of a triangle the co-ordinates 
of whose vertices are «' = 2, y* = 3 ; «" = 4, y* = - 6 ; «^ ■ - 3, y"' = - 6, 
the axes being rectangular. Am. V^^i V^^* Vl^^* 

Ex 2. Find the lengths of the sides of a triangle the co-ordinates of 
whose yertices are the same as in the last example, the axes being inclined 
at an angle of 60°. Am. V^^* V^^, V^^^* 

Ex. 3. Express that the distance of the point xy from the point (2, 3) 
is equal to 4. Am, {x - 2)« 4 (y - 3)« = 16. 

Ex. 4. Express that the point xy is equidistant from the points (2, 3), 
(4,6). Am. (a:-2)« + (y-3)" = (a:-4)« + (y-6)"j ora; + y = 7. 

Ex. 6. Find the point equidistant from the points (2, 3), (4, 6), (6, 1). 
Here we haye two equations to determine the two unknown quantities or, y« 

Am. « "= -q- » y - q and the common distance is - ^ - • 

6. The distance between two points, being expressed in 
the form of a square root, is necessarily susceptible of a double 
sign. K the distance PQ, measured fix>m P to Q, be con- 
sidered positive, then the distance (JP, measured from Q to P, 
is considered negative. If indeed we are only concerned 
with the single distcmce between two points, it would be un- 
meaning to affix any sign to it, since by prefixing a sign we 
in fact direct that this distance shall be added to, or subtracted 
from, some other distance. But suppose we are given three 
points P, Q, £ in a right line, and know the distances 
PC, 0^, we may infer, PR^PQ^ QR. And with the ex- 
planation now given, this equation remains true, even though 
the point R lie between P and Q. For, in that case, PQ and 
QR are measured in opposite directions, and PR which is their 
arithmetical difference is still their algebraical sum. Except 
in the case of lines parallel to one of the axes, no convention 
has been established as to which shall be considered the positive 
direction. 
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7. To find the c(M>rdinate8 of the point cutting in a given 
ratio min^the line joining two given points Qiy\ x'y\ 

Let Xy y be the co-ordinates of the point B which we seek 
to determine, then 

m : n :: PR : RQ :: MS : SN^ 

or 

fn:n:: x' — xi oj — oj", 

or mx—mx" =nx' —nxy 

hence 

mx" + wa;' 

aj= 1^ . 

m + n 

In like manner 

If the lino were to be cut externally in the given ratio, we 

ahould have 

m : n :: x — x : a? — a;", 

, - - mx" — nx my" — ny' 

and therefore x— , y=_v--._ ^ , 

It will be observed that the formnlsd for external section 
art obtained from those for internal section by changing the 
sign of the ratio : that is, bj changing wi ; -f /i into w : — w. 
In fact, in the case of antemal section, PR and RQ are 
measured in the same direction, and their ratio (Art. 6) is to 
be counted as positive. But in the case of external section 
PR and RQ are measured In opposite directions, and their 
ratio is negative. 

Ex. 1. To find the co-ordinates of the middle point of the Hne joining 

the points yy', ^y. . *' + *" y' + v^ 

Ana, X ^ — ^ — , y = — — . . 

Ex. 2. To find the co-ordinates of the middle points of the sides of the 
triangle the co-ordinates of whose vertices aie (2, '6)^ ^4, - 5), (- 3, - 6). 

^- (^ 4> (- 1 -!)• <»-')• 

Ex. 3. The line joining the points (2, 3), (4, - 5), is trisected; to find 
the co-ordinates of the point of trisection nearest the former point. 

A 8.1 

An9. «»-, y.-. 
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Ex. 4. The co-ordinates of the yertices of a triangle being d^y', 9^}f\ 

9^}f\ to find the co-ordinates of the point of trisection (remote from the 

Tertez) of the line joining any vertex to the middle point of the opposite 

side, ^ «' + «^ + «'* y'-fy'l+ir 

Am. X = g , y = "^ — 3 . 

Ex. 5. To find the co-ordinates of the intersection of the bisectors of 
sides of the triangle, the co-ordinates of whose vertices are given in Ex. 2. 

Ans. « B 1, y = - - . 

Ex. 0. Any side of a triangle is cut in the ratio m : n, and the Une 
joining this to the opposite vertex is cut in the ratio m\n\l; to find the 
co-ordinates of the point of section. 

A.n8, X «= s ft/" — i ■ ' • 
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8. When we know the co-ordinates of a point referred to 
one pair of axes, it is frequently necessary to find its co- 
ordinates referred to another pair of axes. This operation is 
called the transformation of co-ordinates. 

We shall consider three cases separately: first, we shall 
suppose the origin changed, but the new axes parallel to the 
old ; secondly, we shall suppose the directions of the axes 
changed, but the origin to remain unaltered; and thirdly, we 
shall suppose both origin and directions of axes to be altered. 

First. Let the new axes be parallel to the old. 

Let Oxj Ot/y be 
the old axes, O'X, 
0' F, the new axes. 
Let the co-ordinates 
of the new origin 
referred to the old be 
x'y y, or aS^x\ 
OB^y\ Let the 
old co-ordinates be 
Xy y, the new Xy F, 
then we have 

OM^OB-^BMy and PM=PN+NMy 
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that is, 

a; = a;' + ^, and ff==y'+ Y. 

These formulae are, evidently, equally true, whether the axes 
be oblique or rectangular. 

9. Secondly, let the directions of the axes be changed, while 
the origin is unaltered. 

Let the origmal axes be Ox, Oy, so that we have OQ^x^ 
PQ^y. Let the new axes 
be OX^ OYj so that we have 
ON=X, PN^Y. Let OX, 
OY make angles respectively 
a, j9, with the old axis of a;, 
and angles a , P with the old 
axis of y] and if the angle 
xOy between the old axes be 
09, we have obviously a+a'=(», 
since XOx-{- XOy = xOy\ and in like manner ^8 + /ff = «. 

The formulae of transformation are most easily obtained by 
expressing the perpendiculars from P on the original axes, in 
terms of the new co-ordinates and the old. Since 

PM=PQ smPQM we have PM=^y sinw. 
But also PM=^ NB + PS=ON smNOB + PN smPNS. 
Hence y sino = X sina + Y sin)?. 

In like manner 

a; sino) = X sina' + Y sinks' ; 

or « 8in<» = jrsin(co — a)-|- ysin(a> — /S). 

In the figure the angles a, y9, a> are all measured on the 
same side of Ox ; and a', ^S', co, all on the same side of Oy. 
If any of these angles lie on the opposite side it must be given 
a negative sign. Thus \( OY lie to the left of Oy, the angle 
fi is greater than cu, and fi' (= o> - /8) is negative, and therefore 
the coefficient of Y in the expression for o^sino) is negative. 
This occurs in the following special case, to which, as the 
one which most frequently occurs in practice, we give a sepa- 
rate figure. 
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To traruform from a system of rectangular axes to a new rect- 
angular system making an angle vnth the old. 
Here we have 

a' = 90-^, /3'^-0; 

and the general formulse hecome 

y = XBin0+ YcoB0y 

a; = X cos ^ — F sin ^ : 

the truth of which may also he seen directly, since y=^P8+ JVB, 
a; == 05 - SN, while 

P8=^FNcos0y iVB= ONsm0; OR^ ONcos0, 8N=PNsm0. 

There is only one other case of transformation which often 
occurs in practice. 

To transform from oblique co-^yrdinates to rectangular^ retaining 
the old axis ofx. 

We may use the general Ni 

formulee making 

a=0, j8=90, a'=o), )8'=<»-90. 

But it is more simple to in- , ,. 

vestigate the formulse directly. / / \ 

We have OQ and PQ for the ^ a» M 

old X and y, OM and PM for the new ; and since PQM= «, 

we have 

y=ysinw, X=aj4yco8(»: 

while from these equations we get the expressions for the old 
co-ordinates in terms of the new 

y sino) = y, a; sin (» = X sino) — K cosa>. 

10. Thirdly, by combining the transformations of the two 
preceding articles, we can find the co-ordinates of a point re- 
ferred to two new axes in any position whatever. We first find 
the co-ordinates (by Art. 8) referred to a pair of axes through 
the new origin parallel to the old axes, and then (by Art. 9) 
we can find the co-ordinates referred to the required axes. 

The general expressions are obviously obtained by adding x 
and y to the values for x and y given in the last article. 
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Ex. 1. The co-ordinates of a point satisfy the relation 

a:" + y" - 4a: - 6y = 18 : 
what will this become if the origin be transformed to the point (2, 3) P 

Ans. Jr«+ 1^ = 31. 

Ex. 2. The co-ordinates of a point to one set of rectangular axes 
satisfy the relation y* - jr' = 6 : what will this become if transformed to axes 
bisecting the angles between the given axes? Ana, XY^ 3. 

Ex. 3. Transform the equation 2a^ - 6xy + 2^* = 4 from axes inclined 
to each other at an angle of 60^, to the right lines which bisect the angles 
between the given axes. An$. X* -2TY^ ^- 12 ca 0. 

Ex. 4. Transform the same equation to rectangular axes, retaining the 
old axis of x. Ana. 3^« + 1 F* - 7-3:1^ V^ = 6. 

Ex. 5. It is evident that when we change from one set of rectangular 
axes to another, a;* + y* must = JT * 4 Y*, since both express the square of 
the distance of a point from the origin. Verify this by squaring and adding 
the expressions for X and Y in Art 9. 

Ex. 6. Verify in like manner in general that 

a:* + y" + 2ary cosarOy = Jf • + JT* + 2XYqo%XOY. 
If we write Jf sina + 1^8in^ = i, Xcosa + J'cos^ = JIT, the ex- 
pressions in Art. 9 may be written y sina) = Z, a? siniu = Jf sino; - X coso); 

whence 

sin* «u (ar* + y* + 2ry cos tv) = (Z* + 31*) sin'<u. 

But i« + Jir« = X« + r« + 2XFco8(a - /3); and a - /3 e XOY. 

11. TTie degree of any equation between the coordinates is not 
altered by transformation of co-ordinates. 

Transformation cannot increase the degree of the equation : 
for if the highest terms in the given equation be a;"*, y"*, &c., 
those in the transformed equation will be 

{x sin a>+a; sin (o)— a) 4 y sin («— Z?)}"", (y sinwH-a? sina+y sin/S)"*, 

&c., which evidently cannot contain powers of a; or y above the 
wi"* degree. Neither can transformation diminish the degree of 
an equation, since by tranafonning the transformed equation 
back again to the old axes, we must fall back on the original 
equation, and if the first transformation had diminished the 
degree of the equation, the second should increase it, contrary 
to what has just been proved. 

POLAR COORDINATES. 

12. Another method of expressing the position of a point 
Ib often employed. 
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If we were given a fixed point 0^ and a fixed Une through it 
OB^ it is evident that we should p 

know the position of any point 
P, if we knew the length OP, 
and also the angle POB. The 
Une OP is called the radius 
vector ; the fixed point is called ^ 
the poU ; and this method is called the method of polar co- 
ordinates. 

It is very easy, being given the x and y co-ordinates of a 
point, to find its polar ones, v 
or vice versd. 

First, let the fixed line 
coincide with the axis of Xy 
then we have 

OPiPMii smPMO : sinPOJ/; 

denoting OP by /), POM by 
0j and YOX by to ; then 

^,-. p sinO J . .1 1 r\nr p sin (ft) — 6) 
PM or y = ^ ; and similarly, OJf = x = ^^^ . 




sino> 



sina> 



o 




M 



For the more ordinary case of rectangular co-ordinates, 
ft) = 90°, and we have simply 

x=^p cosd and y =p sind. 

Secondly. Let the fixed 
line OB not coincide with the 

axis of Xy but make with it an 

angle =a, then 

POB= e and POif = ^ - a, 

and we have only to substitute ^ — a for 5 in the preceding 
formulse. 

For rectangular co-ordinates we have 

x = p co8(^-a) andy = p ain (^ — a). 

Ex. 1. Change to polar co-ordinates the following equations in rect- 
angular co-ordinates: 

a:" + y" a fim*. An$. p^ 6m cobO, 

X* -y* = a\ Ans. f>* coa20 = a*. 
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Ex. 2. Change to rectangular co-ordinates the following equations in 
polar co-ordinates: 

/>* sin 20 a 2a* An$. xy « a*. 

p* = a^cos20. Ans, («* + y")* = a" («» - /). 

/>' cos iO = a*. Ana, a:* + y* = (2a - «)". 

/>* = a*cosi^. ilTW. (2a:« + 2y» -«:)• = a" («• + /). 

13. To express the distance between two points^ in terms of 
their polar co-<n'dinate3. 

Let P and Q be the two points, >^ ^ 

then O B 

P(y=: 0P»+ 0(^'20P. OQ.co^POQj 

or S* = /)'* + /)"" - 2p'p" cos (0" - 6'). 
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14. Any (wo equations between the co-ordinates represent 
geometrically one or more points. 

K the equations be both of the first degree (see Ex. 5, p. 4), 
they denote a single point. For solving the equations for 
X and y^ we obtain a result of the form a; = a, y — b^ which, 
as was proved in the last chapter, represents a point. 

If the equations be of higher degree, they represent more 
points than one. For, eliminating y between the equations, 
we obtain an equation containing x only; let its roots be a„. 
Oj, a„ &c. Now, if we substitute any of these values (a,) for 
X in the original equations, we get two equations in y, which 
must have a common root (since the result of elimination be- 
tween the equations is rendered = by the supposition x = aj. 
Let this common root be y = /9j. Then the values a: = a^, y = )8,, 
at once satisfy both the given equations, and denote a point 
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which Is represented by these equations. So, in like maimer, 
is the point whose co-ordinates are a: = a^, y = /9,, &c. 

Ex. 1. What point is denoted by the equations Sj;4 6ysl3, 4d?-y=2? 

Ans, x= 1, y s 2. 

Ex. 2. What points are represented by the two equations o^ + ^ = 5, 

dry B 2 P Eliminating y between the equations, we get ^ - 6x* + 4 = 0. 

The roots of this equation are j:* = 1 and x* = 4, and, therefore, the four 

"values of x are 

« = +l, ara-1, « = + 2, « = -2. 

Substituting these successively in the second equation, we obtain the 

corresponding values of y, 

y = + 2, y = -2, y = + l, y = -l. 

The two given equations, therefore, represent the four points 

• (+1,4-2), (-1,-2), (f2, + l), (-2,-1). 

Ex. 3. What points are denoted by the equations 

«-y = l, «* + y« = 25? An$. (4, 3), (- 3, - 4). 

Ex. 4. What points are denoted by the equations 

«»-64: + y + 3 = 0, a:» + y«-6x-3y + 6 = 0P 

Ana. (1,1), (2,3), (3, 3), (4, 1). 

15. A single eqitatwn between the coordinates denotes a 
geometrical locus, • 

One equation evidently does not afford us conditions enough 
to determine the two unknown quantities x^ y\ and an inde- 
finite number of systems of values of x and y can be found which 
will satisfy the given equation. And yet the co-ordinates of 
any point taken at random will not satisfy it. The assemblage 
then of points, whose co-ordinates do satisfy the equation, forms 
a locus^ which is considered the geometrical signification of 
the given equation. 

Thus, for example, we saw (Ex. 3, p. 4), that the equation 

(a:-2)«+(y-3)« = 16 

expresses that the distance of the point xy from the point 
(2, 3) = 4. This equation then is satisfied by the co-ordinates of 
any point on the circle whose centre is the point (2, 3), and 
whose radius is 4 ; and by the co-ordinates of no other point. 
This circle then is the locus which the equation is said to 
represent. 

We can illustrate by a still simpler example, that a single 
equation between the co-ordinates signifies a locus. Let us 
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recall the construction by which (p. 1) we determined the 

position of a point from 

the two equations a: = o, 

y = J. We took 03/= a ; 

we drew MK parallel to 

OF; and then, measuring 

MP=^bj we found P, the 

point required. Had we 

been given a different value 

of y, a? =a, y = 6', we should 

proceed as before, and we 

should find a point F' still situated on the line MK^ but at 

a different distance from M. Lastly, if the value of y were 

left wholly indeterminate, and we were merely given the 

single equation x = aj we should know that the point P 

was situated somewhere on the line MK^ but its position in 

that line would not be determined. Hence the line MK is 

the locus of all the points represented by the equation x = ay 

since, whatever point we take on the line MKy the x of that 

point will always = a. 

16. In general, if we are given an equation of any degree 
between the co-ordinates, let us assume for x any value we 
please {x = a)y and the equation will enable us to detennine 
a finite number of values of y answering to this particular 
value of X ; and consequently, the equation will be satisfied for 
each of the points (p, q^ r, &c.), whose x is the assumed value, 
and whose y is that found from the equation. Again, assume 
for x any other value 
(x = a'), and we find, 
in like manner, ano- 
ther series of points, 
j>\ j', /, whose co- 
ordinates satisfy the 
equation. So again, 
if we assume x = a" 
orx = a'"&c. Now, 
if a; be supposed to 
take successively all 
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possible values, the assemblage of points found as above will 
form a locusy every point of which satisfies the conditions of the 
equation, and which is, therefore, its geometrical signification. 

We can find in the maimer just explained as many points 
of tliis locus as we please, until we have enough to represent 
its figure to the eye. 

Ex. 1. Represent in a figure* a series of points which satisfy the 
equation y = 2j; + 3. 

An8. Giving x the values - 2, - 1, 0, 1, 2, &c., we find for y, - 1, 
1, 3, 6, 7, &C| and the corresponding points will be seen all to lie on 
a right line. 

Ex. 2. Represent the locus denoted by the equation y = a:* - 3a: - 2. 

Am. To the values for ar, - 1, - i, 0, J, 1, }, 2, f, 3, J, 4; cor- 
respond for y, 2, -i, -2, -\*,*-4, -\^, -4, - \4, -2, - }, 2. If 
the points thus denoted be laid down on paper, they will sufficiently 
exhibit the form of the curve, which may be continued indefinitely by 
giving X greater positive or negative values. 

Ex. 3. Represent the curve y = 3 ± V(20 -«-«*). 

Here to each value of x correspond two values of y. No part of the 
curve lies to the right of the line a? = 4, or to the left of the line x^-R, 
since by giving greater positive or negative values to x, the value of y 
becomes imaginary. 

17. The whole science of Analytic Geometry is founded 
on the connexion which has been thus proved to exist between 
an equation and a locus. If a curve be defined by any geo- 
metrical property, it will be our business to deduce from that 
property an equation which must be satisfied by the co-ordinates 
of every point on the curve. Thus, if a circle be defined as 
the locus of a point (a;, ^), whose distance from a fixed point 
(a, b) is constant, and equal to r ; then the equation of the circle 
to rectangular co-ordinates, is (Art. 4), 

On the other hand, it will be our business when an equation is 
given, to find the figure of the curve represented, and to deduce 
its geometrical properties. In order to do this systematically, 
we make a classification of equations according to their degrees, 
and beginning with the simplest, examine the form and pro- 
perties of the locus represented by the equation. The degree 

^ The learner is recommended to use paper ruled into little squares, 
which is sold under the name of logarithm paper. 
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of an equation is estimated by the highest value of the sum 
of the indices of x and y in any term. Thus the equation 
ay + 2a; 4- 3y = 4 is of the second degree, because it contains 
the term xt/. If this term were absent, it would be of the 
first degree. A curve is said to be of the n'^ degree when 
the equation which represents it is of that degree. 

We commence with the equation of the first degree, and we 
shall prove that this always represents a r^ht line^ and, con- 
versely, that the equation of a right line is always of the first 
degree. 

18. We have already (Art. 15) interpreted the simplest case 
of an equation of the first degree, namely, the equation x=a. 
In like manner, the equation t/ = b represents a line PN parallel 
to the axis OX, and meeting the axis F at a distance from 
the origin 0N=^ b. If we suppose b to be equal to nothing, 
we see that the equation y = denotes the axis OX] and in 
like manner that a; = denotes the axis OY. 

Let us now proceed to the case next in order of simplicity, 
and let us examine what relation subsists between the co-ordinates 
of points situated on a right line passing through the origin. 

If we take any point P 
on such a line we see that 
both the co-ordinates PJIf, 
OMy will vary in length, 
but that the ratio PM: OM 
will be constant, being = 
to the ratio 

BmPOif:sini£Pa ^ 

Hence we see, that the 
equation 

smPOM 
y''%mMPO^' 

will be satisfied for every 
point of the line OP, and, 
therefore, this equation is said to be the equation of the line OP. 
Conversely, if we were asked what locus was represented 
by the equation 
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write the equation in the form ~ = ??i, and the question is, " to 

find the locus of a point P, such that, if we draw Pif, PN 
parallel to two fixed lines, the ratio PM : PN may be constant." 
Now this locus evidently is a right line OP, passing through 
0, the point of intersection of the two fixed lines, and dividing 
the angle between them in such a maimer that 

sinP0if=m8inP0-^. 

If the axes be rectangular, sinPO^=oosPOif, therefore, 
9n = tan POJf, and the equation t/ = mx represents a right line 
passing through the origin, and making an angle with the 
axis of Xy whose tangent is m, 

19. An equation of the form y = H- mx will denote a line 
OPy situated in the angles FOX, TOX'. For it appears, 
from the equation y = + nix^ that whenever x is positive y 
will be positive, and whenever x is negative y will be negative. 
Points, therefore, represented by this equation, must have their 
co-ordinates either both positive or both negative, and such 
points we saw (Art. 3) lie only in the angles FOX, Y'OX*. 
On the contrary, in order to satisfy the equation y = — wuc, 
if a; be positive tf must be negative, and if a; be negative y 
must be positive. Points, therefore, satisfying this equation^ 
will have their co-ordinates of different signs; and the line 
represented by the equation, must, therefore (Art 3), lie in the 
angles TOX, YOX'. 

20. Let us now examine how to represent a right line PQy 
situated in any manner 
with regard to the axes. 

Draw OB through 
the origin parallel to PQ, 
and let the ordinate PM 
meet OB in B. Now it 
is plain (as in Art. 18), 
that the ratio BM : OM 
will be always constant 
{BM always equal, sup- 
pose, to m. OM) ; but the ordinate PM differs from BM by 
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the constant length PR^ OQ^ which we shall call h. Hence 
we may write down the equation 

Pif=J2if4.Pfi, or Pif=m.Oif+PB, 
that is, y = mK + J. 

The equation, therefore, y = mx + i, being satisfied by eyeiy 
point of the line PQ, is said to be the equation of that line. 

It appears from the last Article, that m will be positive or 
negative according as 0J3, parallel to the right line PQ, lies in 
the angle YOX^ or Y*OX. And, again, h will be positive 
or negative according as the point Q, in which the line meets 
07*, lies above or helow the origin. 

Conversely, the equation y=^mx-\'h will always denote a 
right line ; for the equation can be put into the form 

^ =7/1. 

X 

Now, since if we draw the line QZ* parallel to 03f, TM will 

be = J, and PT therefore =y — &, the question becomes: "To 

find the locus of a point, such that, if we draw PT parallel 

to OY to meet the fixed line QT^ PT may be to ^r in a 

constant ratio ;'' and this locus evidently is the right line PQ 

passing through Q, 

The most general equation of the first degree, Ax-\' By-^- C7«0| 

can obviously be reduced to the form y^^mx + hj since it ia 

equivalent to 

A C 

this equation therefore always represents a right line. 

21. From the last Articles we are able to ascertain the 
geometrical meaning of the constants in the equation of a 
right line. If the right line represented by the equation 
y^mx-k-h make an angle =:a with the axis of x^ and =^9 
with the axis of y, then (Art. 18) 

sin a 
fn = -5 — ^; 

smp' 

and if the axes be rectatigular, m = tana. 

We saw (Art. 20] that h is the intercept which the line cuts 
oif on the axis of y. 

C 
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If the equation be given in the general form Ax'\-Bff+C=»Oj 

we can reduce it, as in the last Article, to the form t/ = mx + b^ 

and we find that 

A ^ sina 

C 

or if the axes be rectangular =tana; and that — n ui the 

length of the intercept made by the line on the axis of y. 

Cor. The lines y = maj + J, y — mx^-V will be parallel 
to each other if m=^m\ since then they will both make the 
same angle with the axis. Similarly the lines Ax'\'By-\- (7<= 0, 
A'x + B'y -f C = 0, will be parallel if 

A_A 
B" B' 
Beside the forms Ax H- By + (7«= and y = mx + J, there are 
two other forms in which the equation of a right line is frequently 
used ; these we next proceed to lay before the reader. 

22. To express the equation of a line MN in terms of the 
intercepts 0M= a, 0N= h which it cuts off on the axes. 
We can derive this from the form already considered 

Ax-\-By-\^ 0=0, or ^a.+ ^y + i=:0. 

This equation must be satisfied by the co-ordinates of every 
point on MN^ and there- 
fore by those of Jlf, which 
(see Art. 2) are x = a^ 
y = 0. Hence we have 

^a+l=0, -^ = --. 

In like manner, since 
the equation is satisfied 
by the co-ordinates of 
N^ (aj=0, y =&), we have 
5* _1 
C b' 
Substituting which values in the general form it becomes 

a 
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This equation holds whether the axes be oblique or rect- 
angular. 

It id plain that the position of the line will vary with the 
signs of the quantities a and h. For example, the equation 

- + ^ == 1, which cuts oflF positive intercepts on both axes, re- 

presents the line MN on the preceding figure ; — ^ ~ ^> cutting 

off a positive intercept on the axis of Xj and a negative in- 
tercept on the axis of y, represents MN\ 

SB 1/ 

Similarly, *" f ~ ^ represents NM' ; 

SB fi 

and f ~ ^ represents JTJV'. 

By dividing by the constant term, any equation of the first 
degree can evidently be reduced to some one of these four forms. 

Ex. 1. Examine the position of the following lines, and find the inter- 
cepts they make on the axes. 

32 + 2y = 6; 4y - 6ar = 20. 
Ex. 2. The sides of a triangle being taken for axes, form the equation of 
the line joining the points which cut off the nt^ part of each, and show, by 
Art 21, that it is parallel to the base. 



Am. - + ^a^. 
a b m 



23. To express the equation of a right line in terms of the 
length of the perpendicular on it from the origin^ and of the 
angles which this perpendicular makes loiih the axes. 

Let the length of the perpendicular OP^p^ the angle POM 
which it makes with the axis of a; = a, 
PON^fij OM^a, ON^h. 

We saw (Art. 22) that the equa- 
tion of the right line i£^ was 

X y ^ 
a 
Multiply this equation by p^ and we 
have 

a b ^ '^ 
But -= cos a; -^^cosiS; therefore the equation of the line is 




aj cosa + y cos)8 =p. 



C2 
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In rectangalar co-ordinates, which we shall generally ose, we 
have fi = 90* — a ; and the equation becomes x cos a + y sina =^^. 
This equation will include the four cases of Art. 22, if we 
suppose that a may take any value from to 360''. Thus, for 
the position NST^ a is between 90* and 180°, and the coefficient 
of X is negative. For the position M'N*^ a is between 180* and 
270*j and has both sine and cosine negative. For MN'j a is 
between 270* and 360*, and has a negative sine and positive 
cosine. In the last two cases, however, it is more convenient 
to write the formula a?cosa-f y sina = — ^, and consider a to 
denote the angle, ranging between and 180*, made with the 
positive direction of the axis of Xj by the perpendicular prO' 
diused. In using then the formula a; cosa+y sina=^, we 
suppose ^ to be capable of a double sign, and a to denote the 
angle, not exceeding 180*, made with the axis of x either by 
the perpendicular or its production. 

The general form Ax + By-^- C=0, can easily be reduced 
to the form x cosa+y sina=^; for, dividing it by V(-4' + -P')j 

we have 

A B G 

^(A' + B') '''^^{A' + B') y"*" V(^* + J5*) "■ "• 
But we may take 

A . B . 

since the sum of squares of these two quantities = 1. 

A B 

Hence we learn, that -n-n — n^ a^d ,, .^ . p,, are re- 

V(-4 + B ) V(-4 + B ) 

spectively the cosine and sine of the angle which the per- 
pendicular from the origin on the line {Ax + Bt/+ C=0) makes 

G 
with the axis of a;, and that -j^-ji — ^r is the length of this 

perpendicular. 

*24. To reduce the equation Ax + Bi/+ G=^0 {referred to 
oblique cfhordinates)^ to the form a? cosa + y cos/9=^. 

Let us suppose that the given equation when multiplied 
by a certain factor R is reduced to the required form, then 
-B^ = co8a, RB= cos^. But it can easily be proved that, if a 
and fi be any two angles whose sum is eo, we shall have 
cos*a 4- cos*)8 — 2 cosa cos/9 cos« = sin^o. 
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Hence jB" (4" + 5" - 2AB cos «) = sin* «, 

and the equation reduced to the required form is 

A flinco ^sinoi 

Csino) ^ >. 

"^ V(^" + -B" - 2il^ coB«) ■" • 
And we learn that 

ul sinoi fsinoo 



V(^* + ^* - 2^J? coso)) ' V(^* + J?" - 2^^ coso)) ' 
are respectively the cosines of the angles that the perpendicular 
from the origin on the line -4 a; + -By + (7=0, makes with the 

axes of X and y ; and that -rm — ™ — Tnrn x "» the length 

^ * V(^ + jB - 2-4jB cos ft)) ° 

of this perpendicular. This length may be more easily cal- 
culated by dividing the double area of the triangle NOM^ 
{ON.OMa\na>) by the length of MNy expressions for which 
are easily found. 

The square root in the denominators is, of course, susceptible 
of a double sign ; since the equation may be reduced to either 
of the forms 
X cosa+y cos)8 -p = 0, x cos(a + 180*) 4y cos()8 + 180')+^=0. 

25. To find the angle between two lines whose equations with 
regard to rectangular co-ordinates are given. 

The angle between the lines is manifestly equal to the angle 
between the perpendiculars on the lines from the origin; if 
therefore these perpendiculars make with the axis of x the 
angles a, a', we have (Art. 23) 

A . B 

, A' . , B' 

cosa = // A^ . FM^v ; sma 



V(^'*+^'*) ' V(^''+^) • 

BA* — AB* 
Hence Bm(«-«')=. ^(^,^^,^ ^^^.^^^ ; 

con* « ; - ^(^. ^ B") ^{A* + B^) ' 
and therefore tan (a — a') = . ., p -^ . 
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Cob. 1. The two lines are parallel to each other when 

BA'-AB'^^O (Art. 21), 
since then the angle between them vanishes. 

Cob. 2. The two lines are perpendicular to each other when 
AA' + BB' = Oj since then the tangent of the angle between 
them becomes infinite. 

If the equations of the lines had been given in the form 

y = mx -f J, y = m'x + V ; 

since the angle between the lines is the diiference of the angles 
they make with the axis of x, and since (Art. 21) the tangents 
of these angles are m and m'j it follows that the tangent of the 

^tfify fli^M ^9^ 

required angle is ,; that the lines are parallel if 7n = m': 

1 + mm * 

and perpendicular to each other if mm' + 1 == 0. 

*26. To find the angle between two lines j the coordinates being 
oblique. 

We proceed as in the last article, using the expressions of 

Art. 24, 

A sino 
cosa = 



cosa = 



consequently, 



sma = 



sma = 



V(^' + 5*-2^J9co8a))* 

A sino) 
V(^'* + JB"'-2^'JB'co8a))^ 

B—A cos© 
V(^' + ^-2^J9cosQ))* 

B* — A' COS© 



V(^"+5"-2.4'JB'coscD)* 



Hence 

. _ { BA'-AF) sin 6) 

8m(a a) - ^(^.^^..g^^ co8«) VC^" + -B" - 2^'^' cos®) ' 

BB' + AJi! -{AB' + A'B) cos w 

co8(a o ) - ^^^, ^j^_ 2^^ ^^^^^ ^^^„ ^ ^,. _ 2^,^, ^g^j , 

tan (a - a ) - ^^, ^ 55'- {AB'+ BA') cob» * 

Cob. 1. Tlie lines are parallel if BA' = AB'. 
Cob. 2. The lines are perpendicular to each other if 
A A' + BB' = {AB' + BA') cos ». 
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27. A right line can be found to satirfy any two conditions. 

Each of the forms that we have given of the general equa- 
tion of a right line includes two constants. Thus the forms 
y = 7na?-f6, a? cosa + y sina=^ involve the constants in and i, 
p and a. The only form which appears to contain more con- 
stants is Ax + J^ -f (7=0; but in this case we are concerned not 
with the absolute magnitudes, but only with the mutual ratios of 
the quantities -4, B^ G. For if we multiply or divide the 
equation by any constant it will still represent the same line : 
we may ^vide therefore by C^ when the equation will only 

A B 
contain the two constants 7^9 7^* Choosing then any of these 

forms, such as y^mx-{-hy to represent a line in general, we 
may consider m and h as two unknown quantities to be deter- 
mined. And when any two conditions are given we are able 
to find the values of m and &, corresponding to the particular 
line which satisfies these conditions. This is sufficiently illus- 
trated by the examples in Arts. 28, 29, 32, 33. 

28. To find the equation of a right line parallel to a given 
one^ and passing through a given point x'y\ 

If the line y = mx + 5 be parallel to a given one, the con- 
stant m is known (Cor., Art. 21). Anfl if it pass through a 
fixed point, the equation, being true for every point on the line, 
is true for the point x*y\ and therefore we have y* ^mx* -{-b^ 
which determines b. The required equation then is 

y — mx-^y'^mai^ or y^y' ^m^x — x). 

If in this equation we consider m as indeterminate, we 
have the general equation of a right line passing through the 
point xy\ 

29. To find the equation of a right line passing through two 
fixed points x*y\ x"y'\ 

We found, in the last article, that the general equation of 
a right line passing through x'y' is one which may be written 
in the form 

x^x ^ 
where m is indeterminate. But since the line must also pass 
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through the point sc'y, this equation must be satisfied when 
the co-ordinates Qi\ j/\ are substituted for x and y ; hence 

X — aj 
Substituting this value of m, the equation of the line becomes 



aj — aj' 0?" — x' ' 

In this form the equation can be easily remembered, but, 
clearing it of fractions, we obtain it in a form which is some- 
times more convenient, 

(y'-/)a?-(a;'-aj")y + ^y'-y'«^" = 0. 
The equation may also be written in the form 
(aj-a,')(y-y') = (a.-a:")(y-y'). 

For this is the equation of a right line, since the terms a?y, 
which appear on both sides, destroy each other; and it is 
satisfied either by making x^x*^ y=y'i ora? = aj", y^j/'^ 
Expanding it, we find the same result as before. 

Cor. The equation of the line joining the point x'y* to the 
origin is y'x = x'y. 

Ex. 1. Form the equations of the sides of a triangle, the co-ordinates of 
whose vertices are (2, 1), (3, - 2\ (- 4,-1). 

Ans. ar + 7y + 11 = 0, 3y - « = 1, 3x f y = 7. 

Ex. 2. Form the equations of the sides of the triangle formed by 
(2, 3J, (4, - 6), (- 3, - 6). Am. « - 7y = 39, 9x - 5y = 3, 4* + y = 11. 

Ex. 3. Form the equation of the line joining the points 

^r-y and !2flli!f^ . '^V^IJUC. 
f /I + fi m i n 

^ns. (y'-yO«-(«'-«")y + «'y"-y'ar«0. 
Ex. 4. Form the equation of the line joining 

Am. (/ + y"* - 2yO « - («^ + ar - 2*') y + a^^y* - y^*' + aTy* - y^V = 0. 

Ex. 5. Form the equations of the bisectors of the sides of the triangle 
described in Ex, 2. Am. 174r-3y«26; 7x + 9y + 17 = 0; 5«-6y = 21. 

Ex. 6. Form the equation of the line joining 

U-mTir l)f-m\r ly-nsT Ij/^^jnT 
l^tn ' l-m ^ l-n ' /-n * 
Am. x[/(m-«)y'+ m(fi-/)y" + n(/-m)y-^J -y[Hm'ny-{^m{n - /)«*+fi(/-m>0 
« toi (/a;" - ^'y") + iim (/«^ - aTy'") + n/ (y*'*' - y'a?'"). 
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30. To find the condition that three points shall lie on one 
right line. 

* We found (in Art. 29) the equation of the line joining two 
of them, and we have only to see if the co-ordinates of the 
third will satisfy this equation. The condition, therefore, is 

(yi-ys)««-"K-a?«)y8+(«,y»-a;,yj=o, 

which can be put into the more symmetrical form, 

31. To find the co-ordinates of the point of intersection of tioo 
right lines whose equations are given. 

Each equation expresses a relation which must be satisfied by 
the co-ordinates of the point required ; we find its co-ordinates, 
therefore, by solving for the two unknown quantities x and y, 
from the two given equations. 

We said (Art. 14) that the position of a point was deter- 
mined, being given two equations between its co-ordinates. The 
reader will now perceive that each equation represents a locus on 
which the point must lie, and that the point is the intersection of 
the two loci represented by the equations. Even the simplest 
equations to represent a point, viz. x = dy y == i, are the equa- 
tions of two parallels to the axes of co-ordinates, the intersection 
of which is the required point. When the equations are both 
of the first degree they denote but one point ; for each equation 
represents a right line, and two right lines can only intersect in 
one point. In the more general case, the loci represented by 
the equations are curves of higher dimensions, which will inter- 
sect each other in more points than one. 

Ex. 1. To find the co-ordinates of the yertices of the triangle the equa- 
tions of whose sides are x ^ y = 2-, x-Sy ^^} Sxi- 6y -^1 = 0, 

J I \ 19\ /17 13\ /6 1\ 

* In using this and other similar formulee, which we shall afterwards have 
occasion to employ, the learner must be careful to take the co- -.^-^*. x* 
ordinates in a fixed order (see engraving). For instance, in the ,f ^ . 
second member of the formula just given, y^ takes the place of V Jf 
yj, ar, of Xj, and x^ of Xj. Then, in the third member, we ad- ^^■^*' 
yance from ya to y,, from x, to Xj, and from Xi to x«, always proceeding in 
the order just indicated. 
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Ex. 2. To find the co-ordinates of the intersections of 

dj;fy-2«0; x^2y z=6', 2a:-3y + 7 = 0. 

^n«. (7, y), ['YX' u)' VZ' t)- 

Ex. 3. Find the co-ordinates of the intersections of 

2;s •)- 3y « 13 ; 6« - y = 7 ; « - 4y + 10 = 0. 

Ans. They meet in the point (2, 3). 

Ex. 4. Find the co-ordinates of the Tertices, and the equations of the 
diagonals, of the quadrilateral the equations of whose sides are 

2y - 3« a 10, 2y + « B 6, 16x - lOy « 33, 12x + 14y + 29 » 0. 
^n*.(-l, ^), (3, I), (^,-f), (-3, l);6y-« = 6, ar + 2y + l-0. 

Ex. 6. Find the intersections of opposite sides of the same quadrilateral 
and the equation of the line joining them. 

An». (83, ^) , (- y , ^^) ; 162y - 199* = 4462. 

Ex. 6. Find the diagonals of the parallelogram formed by 

a: = a, x-a\ y ^h^ y -h'. 
Ans. {h - 6') « - (a - a') y^a'h-ah'\ {It -b') x ^ {a- a')y = ah - afb\ 

Ex. 7. The axes of co-ordinates being the base of a triangle and the 
bisector of the base, form the equations of the two bisectors of sides, and find 
the co-ordinates of their intersection. Let the co-ordinates of the vertex be 
0, y', those of the base angles j/, ; and - a^, 0. 

Am. Zafy-t/x-aff/^Oi 3«'y + y'ar - x'y' = ; (o, ^). 

Ex. 8. Two opposite sides of a quadrilateral are taken for axes, and 
the other two are 

find the co-ordinates of the middle points of diagonals. An9, (a, 5'), (a', &), 

Ex. 9. In the same case find the co-ordinates of the middle point of 
the line joining the intersections of opposite sides. 

An8» — .^ , — '— —^— : and the form of the -result shows 

afh-abf a'b - ab' 

(Art 7) that this point divides externally the line joining the former two 

points, in the ratio a'b e dtf. 

32. To find the equation to rectangular axes of a right line 
passing through a given pointy and perpendicular to a given line^ 
y = mx -h 6. 

The condition that two lines should be perpendicular, being 
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nim's — 1 (Art. 25), we have at once for the equation of the 
required perpendicular 

y-y' = (a?-a?'). 

It is easy, from the above, to see that the equation of the per- 
pendicular from the point oitf on the line Ax + 5y + C7= is 

that is to say, we interchange the coefficients of x and y, and alter 
the aign of one of them. 

Ex. 1. To find the equations of the perpendiculars from each vertex on 
the opposite side of the triangle (2, 1), (3, - 2), (- 4,-1). 
The equations of the sides are (Art. 29, Ex. 1) 

« + 7y + H = 0, 3y-«= 1, ar + y = 7; 
and the equations of the perpendiculars 

7* - y = 13, 3* + y = 7, 3y - x = 1. 
The triangle is consequently rightrangled. 

Ex. 2. To find the equations of the perpendiculars at the middle points of 
the sides of the same triangle. The co-ordinates of the middle points being 

(4, -I),,. ,..,,(5,-1). 

The perpendiculars are 

/ 1 3\ 
7* -»y + 2 = 0, 3x + y + 3 = 0, 3y - a: + 4 = 0, intersecting in f- -, - -J. 

Ex. 3. Find the equations of the perpendiculars from the vertices of the 

triangle (2, 3), (4, - 6), (- 3, - 6) (see Art. 29, Ex. 2). 

(89 130\ 

Ex. 4. Find the equations of the perpendiculars at the middle points of 
the sides of the same triangle. 

Ans, 7a;+y42 = 0, 6x + 9y + 16 = 0, ar-4ya7; intersecting in [-— , -50). 

Ex. 5. To find in general the equations of the perpendiculars from the 
vertices on the opposite sides of a triangle the co-ordinates of whose vertices 
are given. 

Am. (a/' - X'") « + (y" - y"') y + (xV" + yV") - (x'x" + f/t/') = 0, 
(a/"- a:> + (y'"- y')y + (x'V + yV) -(*"*'' + y'V") = 0, 
{x' - of') « + (y' - }j")y^^ (a/V + y"'/) - (x^V + f/"y') = 0. 

Ex. 6. Find the equations of the perpendiculars at the middle points 
of the sides. 

Ans. (or" - x"') x + (y" - y'") y = J (x"« - af"^) + } (y^ - y'"^, 

(of -ar)x + (y' -y")y = i(«^ -O+iCy" -y""). 
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Ex. 7. Taking for axes the base of a triangle and the perpendicuhur on it 
firom the vertex, find the equations of the other two perpendiculars, and the 
co-ordinates of their intersection. The co-ordinates of the vertex are now 
(0, y'), and of the base angles («', 0), (- x'\ 0). 

Am. xf" (x - x") + y'y = 0, j:"(« + it'") - y'y « 0, (o, 5^ . 

Ex. 8. Using the same axes, find the equations of the perpendiculars at 
the middle points of sides, and the co-ordinates of their intersection. 

An$. 2{if''xiy'y)=tr-af'^, 2(x"ar-yV)=«"'-y^. 2x^jr-x^', i^!l^ X\ff \^ 

Ex. 9. Form the equation of the perpendicular ^m oiftf on the line 
X cos a 4 y sina =/i; and find the co-ordinates of the intersection of this 
perpendicular with the given line. 

Am. {xf + cosa (/I - it' cos o - y' sin a), y' ^ sina (p - xf cosa - y' sin a)}. 

Ex. 10. Find the distance between the latter point and r'y'. 

Arts. ± (/> - iT* cosa - f/ sina). 

33. Ih find the equation of a line passing through a given 
point and making a given angle if>^ vrith a given line y = mx + b 
{the axes of co-ordinates being rectangular). 

Let the equation of the required line be 

y-y = w'(a:-a'), 

and the formula of Art. 25, 

, fn — fn 

tan<^=--- ,, 

l-f mm ' 

enables us to determine 

, w — tan^ 

1 +?n tan^ * 

34. To find the length of the perpendicular from any point 
x'y'^ on the line whose equation is x cosa + y cos/3 — ^ = 0. 

We have already indicated (Ex. 9 and 10, Art. 82) one way 
of solving this question, and 
we wish now to show how the 
same result may be obtained 
geometrically. From the given 
point Q draw QR parallel to 
the given line, and Q8 perpen- 
dicular. Then OK=x\ and 
OT will be =x cosa. Again, 
since 8QK=fiy and QK^y\ 

RT= (?5=y'cosy8; 
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hence a:' cos a + y* cjos^S = OR. 

Subtract OP, the perpendicular from the origin, and 

X* cosa + y' cos^S— p = Pfl = the perpendicular QV. 

But if in the figure the point Q had been taken on the side 
of the line next the origin, OR would have been less than OP, 
and we should have obtained for the perpendicular the expression 
p-x' cosa - y' co&/3 ; and we see that the perpendicular changes 
sign as we pass from one side of the line to the other. If we 
were only concerned with one perpendicular, we should only 
look to its absolute magnitude, and it would be unmeaning to 
prefix any sign. But if we were comparing the perpendiculars 
fi^m two points, such as Q and 8^ it is evident (Art. 6) that the 
distances QV^ 8Vj being measured in opposite directions must 
be taken with opposite signs. We may then at pleasure choose 
for the expression for the length of the perpendicular either 
±{p — x' cosa — y' cos/ff). If we choose that form in which the 
absolute term is positive, this is equivalent to saying that the 
perpendiculars which fall on the side of the line next the origin 
are to be regarded as positive, and those on the other side as 
negative ; and vice versd if we choose the other form. 

If the equation of the line had been given in the form 
Ax + By^ C7=0, we have only to reduce it to the form 

X cosa +y cos^ — ^ = 0, 
and the length of the perpendicular from any point x'y', 
Ax' + By'-^C {Ax' -¥ By + 0) sm(0 

" ^{A^ + B^) ' ^'' V(^"+5*-2u45cosfi))' 

according as the axes are rectangular or oblique. By comparing 
the expression for the perpendicular from x'y' with that for the 
perpendicular from the origin, we see that xy' lies on the same 
side of the line as the origin when Ax' + By' + C has the same 
sign as (7, and tnce versd. 

The condition that any point x'y' should be on the right line 
Ax + By+ (7=0, is, of course,. that the co-ordinates x'y' should 
satisfy the given equation, or 

Ax' + By'+C=0. 
And the present Article shows that this condition is merely the 
algebraical statement of the fact, that the perpendicular from 
the point x'y on the given line is = 0. 
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Ex. 1. Find the length of the perpendicular from the origin on the line 

Sx •¥ 4y -i- 20 =» 0, 
the axes being rectangular. An$, 4. 

Ex. 2. Find the length of the perpendicular from the point (2, 3) on 
2« + y - 4 = 0. 

Am. -J- : and the given point is on the side remote from the origin. 

Ex. 3. Find the lengths of the perpendiculars from each vertex on the 
opposite side of the triangle (2, 1), (3, - 2), (- 4, - 1). 

An9. 2^(2), V(10), 2^(10), and the origin is within the triangle. 

Ex. 4. Find the length of the perpendicular from (3, - 4) on 4j; + 2y - 7, 
the angle between the axes being 60°. 

Ans. -: and the point is on the side next the origin. 

Ex. 5. Find the length of the perpendicular from the origin on 

a (* - a) + 6 (y - 6) = 0. Am. V(«* + V). 

35* To find the equation of a line bisecting the angle bettveen 
two linesy a? cosa+y sina— ji> = 0, a? cos^S + y siniS— y = 0. 

We find the equation of this line most simply by expressing 
algebraically the property that the perpendiculars let fall from 
any point xy of the bisector on the two lines are equal. This 
immediately gives us the equation 

X cosa+y sina-p = ±(a? cos/8+y sin/8— y), 

since each side of this equation denotes the length of one of 
those perpendiculars (Art. 34). 

If the equations had been given in the form -4aj4--By+C7=0^ 
A'x + B'y + (7' = 0, the equation of a bisector would be 

Ax + Bij+G _ Ax-^-B'y-^C 

It is evident from the double sign that there are two bisectors: 
one such that the perpendicular on what we agree to consider 
the positive side of one line is equal to the perpendicular on 
the negative side of the other : the other such that the equal 
perpendiculars are either both positive or both negative. 

If we choose that sign which will make the two constant 
terms of the same sign, it follows from Art. 34 that we shall 
have the bisector of that angle in which the origin lies ; and if 
we give the constant terms opposite signs, we shall have the 
equation of the bisector of the supplemental angle. 
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Ex. 1. Reduce tlie equation of the bisectors of tlie angles between two 
lines, to the form x cosa i- y sina =/i. 

-iw. * C08{} (« + « + 90^} + y Bin {J (« + ^) + 90°} = ad^Tfi-^ ' 

£x« 2. Find the equations of the bisectors of the angles between 

3« + 4y-9 = 0, 12x + 6y-3=0. 

Ahb. 7x - 9y + 34 = 0, 9* + 7y = 12. 

36. To find the area of the triangle formed hy three points. 

If we multiply the length of the line joining two of the 
points, by the perpendicular on that line from the third point, 
we shall have double the area. Now the length of the perpen- 
dicular from ijcjf^ on the line joining x^y^^ xjf^^ the axes being 
rectangular, is (Arts. 29, 34) 

and the denominator of this fraction is the length of the line 
joining x^y^^ a?,y„ hence 

represents double the area formed by the three points. 

K the axes be oblique, it will be found on repeating the in- 
vestigation with the formuke for oblique axes, that the only 
change that will occur is that the expression just given is to be 
multiplied by sin©. Strictly speaking we ought to prefix to 
these expressions the double sign implicitly involved in the 
square root used in finding them. If we are concerned with 
a single area we look only to its absolute magnitude without 
regard to sign. But if, for example, we are comparing two 
triangles whose vertices xj/^^ x^y^^ are on opposite sides of the 
line joining the base angles x^y^j x^y,, we must give their areas 
different signs ; and the quadrilateral space included by the four 
points is the sum instead of the difference of the two triangles. 

Cor. 1. Double the area of the triangle formed by the lines 
joining the points x^y^^ x^y^ to the origin, is y^x^-^yjc^ as appears 
by making a:, = 0, y, == 0, in the preceding formula. 

Cor. 2. The condition that three points should be on one 
right line, when interpreted geometrically, asserts that the area 
of the triangle formed by the three pomts become9 = (Art. 30). 
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37. To express the area of a polygon in terms of the co-ordi- 
nates of its angular points. 

Take any point xy within the polygon, and connect it with all 
the vertices aj^y^, ^«ya«««^«y«; ^^^^ evidently the area of the 
polygon is the sum of the areas of all the triangles into which 
the figure is thus divided. But by the last Article double these 
areas are respectively 

^[yn-yx)-y[^n-^i)-^^nyx'^iyn* 

When we add these together, the parts which multiply x and y 
vanish, as they evidently ought to do, since the value of the total 
area must be independent of the manner in which we divide it 
into triangles ; and we have for double the area 

ip^xV^ - ^^yx) + (^«ys - ^»y«) + [^^y^ - ^jf^ +• • • Kvi - ^^lyJ- 

This may be otherwise written, 
or else 

Ex. 1. Find the area of the triangle (2, 1), (3, - 2), (- 4,-1). Ans. 10. 
Ex. 2. Find the area of the triangle (2, Z\ (4, - 5), (- 3, - 6). Atu. 29. 
Ex. 3. Find the area of the quadrilateral (1, 1). (2, 3), (3, 3), (4, 1). Ans, 4. 

38. To find the condition that three right lines shall meet in 
a point. 

Let their equations be 

If they intersect, the co-ordinates of the intersection of two of 
them must satisfy the third equation. But the co-ordinates of 

the mtersection of the first two are at>* _ A'li i aW^Ta^ * 
Substituting in the third, we get, for the required condition, 
A" {Ba ''B'C)+ B" ( CA' - C'A) + C" {AB' - A'B) = 0, 
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which may be also written in either of the forms 
A {B' C" - B" C')+B{ G'A" - G"A') + G {A'B" - A"B') = 0, 
A {B' G" - B" G') + A' [B" G - BG") + A" [BG' --B'G)^ 0. 

*39. To find the area oftlie triangle formed hy the three lines 
Ax^By+G^O, A'x-^B'y+G'^O, A"x + B"y -^ G" = 0. 

By solving for x and y from each pair of equations in turn 
we obtain the co-ordinates of the vertices, and substituting 
them in the formula of Art. 36, we obtain for the double area 
the expression 

BG' -B'G (A' C'-'G 'A" ^ A"G'-G" A] 
' B'A" - A'B" B"A - A"~b] 



- -. • 



AB' - BA' 



B' G'-B'G' ( A"G- G"A _ AC- GA \ 
"^ A'B" - B'A' \WA - A"B BA' - AB'] 



+ 



B"G -BG " ( AG'- GA' _ A'G"''G'A" ) 
A"B - B'A \bA' -AB' B'A" - A'B") ' 



But if we reduce to a common denominator, and observe that 
the numerator of the fraction between the first brackets is 

{A" {BG' ^B'G) + A {B' G" - B" G') + A' [B"G- G"B)} 

multiplied by A" ; and that the numerators of the fractions be- 
tween the second and third brackets are the same quantity 
multiplied respectively by A and A'^ we get for the double area 
the expression 

[A [B' G" - B" G') + A' [B" G - BG") + A" [BG' - B' G)]* 
{AB' - BA') {A'B" - B'A") {A"B - B"A) 

If the three lines meet in a point, this expression for the 
area vanishes (Art. 38) ; if any two of them are parallel, it 
becomes infinite (Art. 25). 

40. Oiven the equations of two right linea^ to find the eqtiotion 
of a third through their point of intersection. 

The method of solving this question, which will first occur 
to the reader, is to obtain the co-ordinates of the point of inter- 
section by Art. 31, and then to substitute these values for x'y' in 
the equation of Art. 28, viz., y — y=^m{x — x'). The question, 
however, admits of an easier solution by the help of the following 
important principle : If 8=^0^ S' = Oybe the equations of any tv)o 
locij then the locus represented hy the equation S-^-kS'^O {where 
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h %8 any comlani) parses through every point common to tJie two 
given loci. For it is plain that any co-ordinates which satisfy 
the equation iS=0, and also satisfy the equation /ff' = 0, must 
likewise satisfy the equation S-V k8' = 0. 
Thus, then, the equation 

which is obviously the equation of a right line, denotes one 
passing through the intersection of the right lines 

for if the co-ordinates of the point common to them both be sub- 
stituted in the equation {Ax + 5y + 0) -f A; [A'x + B'y+ C) = 0, 
they will satisfy it, since they make each member of the equa- 
tion separately = 0. 

Ex. 1. To find the equation of the line joining to the origin the inter- 
•ectionof Ax^By\C^O, Ax ^ B'y ^ C ^ 0. 

Multiply the first by C, the second by C, and subtract, and the equation 
of the required Une is {AC - A'C) x + (BC - CB) y « 0; for it passes 
through the origin (Art. 18), and by the present article it passes through 
the intersection of the given lines. 

£x. 2. To find the equation of the line drawn through the intersection of 
the same lines, parallel to the axis of x. An$. {BA' - AB') y + CA' -AC^O. 

Ex. 3. To find the equation of the line joining the intersection of the 
same lines to the point xy. Writing down by this article the general equa- 
tion of a line through the intersection of the given lines, we determine k 
from the consideration that it must be satisfied by the co-ordinates ^y', and 
find for the required equation 

{Ax ^By^C) (ulV + Jff'y' 4 C") = (Ax' + By' + C) (A'x + -B-y + C). 

Ex. 4. Find the equation of the line joining the point (2, 3} to the inter- 
section of 2x •)- 3y + 1 = 0, 3x - 4y = 5. 

Am. Il(2a; + 3y + l) + 14(3«-4y-5)a0j or 64a? - 23y = 69. 

4L The principle established in the last article gives us a 
test for three lines intersecting in the same point, often more 
convenient in practice than that given in Art. 38. ITiree right 
lines will pass through the same point if their equations being 
multiplied each by any constant quantity^ and added together^ the 
sum is identically = : that is to say, if the following relation 
be true, no matter what x and y are — 
l{Ax + By-\^G) + m{Ax-\-By'^Cr) + n{A"x + B'y+C")=^0. 

For then those values of the co-ordinates which make the first 
two members severally = must also make the third » 0. 
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Ex. 1. The three bisectors of the sides of a triangle meet in a point. 
Their equations are (Art. 29, Ex. 4) 

{y" +^"-2^ )ar-(*^ + «"' - 2j/ ) y + (a/y -y'V) + (a^y -y'V)-©, 

(y'" + y' -2y")»-(aj'" + «' - 2a/' ) y + (aj"y' " y"'*") + (^y" -y'*") = 0, 

(y +/' -2y'")a:-(x' + «" - 20/") y + C*'/" - y'*'") + (^'V " y"*'") - ^• 

And since the three equations when added together vanish identically, the 

lines represented by them meet in a point. Its co-ordinates are found bj 

solving between any two, to be J (a/ + «" + «"')> ii/ ^If"^ !/")• 

m 

Ex. 2. Prove the same thing, taking for axes two sides of the triangle 
whose lengths are a and h, . ^^yAn^.^yin^yn 

a b a b a b 

Ex. 3. The three perpendiculars of a triangle, and the three perpen- 
diculars at middle points of sides respectively meet in a point. For the 
eqOations of Ex. 5 and 6, Art 32, when added together vanish identically. 

Ex. 4. The three bisectors of the angles of a triangle meet in a point. 
For their equations are 

(x cosa + y sina -/>)-(« oos/3 + y sin/3 - j/) ■ 0, 

(* C08/3 + y sin/3 - // ) - (it C0S7 + y 8in7 -//') = 0, 

{x COS7 + y 8in7 -//') - (« cos« + y sina ~p ) » 0. 

*42. To find the co-ordinates of the intersection of the line 
Joining the points xy\ x"y"^ with the right line Ax-{-Jitf+ 0=0. 

We give this example in order to illustrate a method (which 
we shall frequently have occasion to employ) of determining the 
point in which the line joining two given pcnnts is met by a 
given locus. We know (Art. 7) that the coordinates of any 
point on the line joining the given points must be of the form 

mx" + nx __ my" + ny' ^ 

and we take as our unknown quantity — , the ratio, namely. In 

which the line joining the points is cut by the given locus ; and 
we determine this unknown quantity from the condition, that 
the co-ordinates just written shall satisfy the equation of the 
locus. Thus, in the present example we have 

m-{-n m + n ' 

, m Ax' -\- By + C 

hence - = — j-r, — p » , ^ l 

n Ax +By' +C^ 

d2 
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•and consequently the co-ordinates of the required point are 

_ {Ax' + By''¥G)x"-'{Ax" -f By" -\- G) x' ^ 
^■" [Ax'^By^-C) - {Ax" + By"-\- G) ' 

with a similar expression for y. This value for the ratio m : n 
might also have been deduced geometrically from the considera- 
tion that the ratio in which the line joining x'y\ x"y" is cut, is 
equal to the ratio of the perpendiculars from these points upon 
the g^ven line ; but (Art. 34) these perpendiculars are 

Ax''¥By'-\'G , Ax" + By" -f G 

V{^-+^) "^"^ V(^' + ^) • 

The negative sign in the preceding value arises from the fact 

that in the case of internal section to which the positive sign of 

971 : n corresponds (Art. 7), the perpendiculars fall on opposite 

sides of the given line, and must, therefore, be understood as 

havmg different signs (Art. 34). 

If a right line cut the sides of a triangle BG^ GA^ ABj in the 

points LMNj then 

BL.GM.AN 

LG.MA.NB^ 
Let the co-ordinates of the vertices be x'y\ x"y"^ ^"'y"\ then 
BL _ Ax" ■\-By"^^G M 

CM Ax"'-\-By'"-{- G ^ 
MA" Aai -^By' -k-G' 

AN_ Ax' -i-By' + G ^ 
NB"^ Ax"'¥By"+G' 

and the truth of the theo- N 
rem Is manifest. 

*43. To find the ratio in which the line joining two points 
xjf^j xjf^^ is cut by the line joining tux> other points xjy^^ xj/^. 
The equation of this latter line is (Art. 29) 

Therefore, by the last article, 

« (ys-yJ^a-(^.-^4)yt+^By4-»4y.* 

It is plain (by Art. 36) that this is the ratio of the two tri- 
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angles whose vertices are xjf^^ xj/^^ xjy^ and xj/^^ xy^^ xjf^^ as 

also is geometrically evident. 

If the lines connecting any assumed point with the vertices of 

a triangle meet the opposite sides BC^ CA^ AB^ respectively^ in 

2>, E, F. then 

BD.CE.AF _ 

DC.EA.FB^^ 

Let the assumed point be a?^^,.and the vertices xjf^^ xj/^j 
xj/^j then 

DC x,(y,--y,)+x,{y,-y,)-\-x^Q/,'-yy 

£E ^ x^[y^-y;)-hx^{y,^y,)+x ,{y^'y,) 
EA «,(y,-yj + aj,(y,-yj +a?,(y,-yj ' 

^^^ a^i(y4-ys)+g^4(ys-y«)-^^s(y.-y4 ) 
FB ir,(ya-y4) + ^»(y4-y«)+«4(y«-y»)' 

and the truth of the theorem is evident. 

44. To find the polar equation of a right line (see Art. 12). 

Suppose we take, as our fixed axis, the perpendicular on 
the given line, then let OR be \ 

any radius vector drawn from 
the pole to the given line 

OB=py ROP^O] 
but, plainly, 

05cos«=OP, 
hence, the equation is 
p cosO=p. 

If the fixed axis make an angle a with the perpendicular^ 
the equation is ^ co8(tf - a) =^. 

This equation may also be obtained by transforming the 
equation with regard to rectangular co-ordinates, 

X cosa+y sina=^. 

Bectangular co-ordinates are transformed to polar by writing 
for Xj p COB0J and for y, p Bind (see Art. 12) ] hence the equa-^ 
tion becomes p (cos tf cos a + sin tf sin a) =p ; 

or, as we got before, p cos(tf — a) =jp. 
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An eqaatlon of the form 

p{Acos0-\'Bsin0)=C 

can be (as In Art. 23) reduced to the form p cob[B - a) =^, by 
dividing by ^/{A* + B^) ; we shall then have 

A . B C 

Ex. 1. Reduce to rectangular co-ordinates the equation 

^ = 2aBecf^ + ^j. 

Ex. 2. Find the polar co-ordinates of the intersection of the following 
lineSi and also the angle between them : p cos^ - - j = 2a, p cosJ9 ~ -^j = a* 

Ans. ^ = 2a, ^ = - , angle = -. 

Ex. 3. Find the polar equation of the line passing through the points 
whose polar co-ordinates are p', O'l p", 0", 

Am, p*p" sin(^ - ^) + ^> 8in(^' - ^) + pfi Bin(^ - ^ = 0. 



CHAPTER III. 

EXAMPLES ON THE RIGHT LINE. 

45. Having in the last chapter laid down principles by 
which we are able to express algebraically the position of any 
point or right line, we proceed to give some further examples 
of the application of this method to the solution of geometrical 
problems. The learner should diligently exercise himself in 
working out such questions until he has acquired quickness 
and readiness in the use of this method. In working such 
examples our equations may generally be much simplified by a 
judicious choice of axes of co-ordinates : since, by choosing for 
axes two of the most remarkable lines on the figure, several of 
our expressions will often be much shortened. On the other 
hand, it will sometimes happen that by choosing axes uncon- 
nected with the figure, the equations will gain in symmetry 
more than an equivalent for what they lose in simplicity. 



^ 
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The reader may compare the two solutions of the same question, 
given Ex. 1 and 2, Art. 41, where, though the first solution 
is the longest, it has the advantage that the equation of one 
bisector being formed, those of the others can be written down 
without further calculation. 

Since expressions containing angles become more complicated 
by the use of oblique co-ordinates, it will be generally advisable 
to use rectangular axes in any question in which the considera- 
tion of angles is involved. 

46. Lod. — Analytical geometry adapts itself with peculiar 
readiness to the investigation of loci. We have only to find 
what relation the conditions of the question assign between the 
co-ordinates of the point whose locus we seek, and then the 
statement of this relation in algebraical language gives us at 
once the equation of the required locus. 

Ex. 1. Giyen base and difference of squares of sides of a triangle, to 
find the locus of yertex. 

Let us take fbr axes the base and a |>erpendicular through its middle 
point. Let the half base = c, and let the co- 
ordinates of the vertex be x^ y. Then 

^C'-y-iCc + «)«,• .BC = y« + (c - «)•, 

and the equation of the locus is Acx ^ m\ The 
locus is therefore a line perpendicular to the base \ 



m« 




at a distance from the middle point jr <= -— . It 

4c 

is easy to see that the difference of squares of segments of base = difference 
of squares of sides. 

Ex. 2. Find locus of yertex, given base and cot^ + m cot^. 
It is evident, from the figure, that 

cot A = ■— — = ; coiB = ; 

CR y y 

* Beginners often reason that since the line AR consists of the parts 
AM» - c, and MR = x, its length is - e + ar, and not e + x, and therefore 
that ^ C* = y* + (a? - c)*. It is to be observed that the sign given to a line 
depends not on the side of the origin on which it lies, but on the direction 
in which it is measured. We go from ^ to i2 by proceeding in the positive 
direction AM=e, and still further in the same direction MR - jr, therefore 
the length AR = e ^^ x: but we may proceed from J2 to ^ by first going in 
the negative direction RM -~Xf and then in the opposite direction MB = e, 
hence the length RB is c - jr. 
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An eqaation of the form 

can be (as in Art. 23) reduced to the form p cob(0 - a) =^, by 
dividuig by ^/{A* + jB') ; we shall then have 

A . B C 

Ex. 1. Reduce to rectangular co-ordinates the equation 

p = 2a aecf^ + ^J. 

Ex. 2. Find the polar co-ordinates of the intersection of the following 
lines, and also the angle between them : p qq%0 - - j = 2a, p cos[^ ~ a ) ~ ^' 

Ans. ^ = 2a, ^ = - , angle = ^. 

Ex. 3. Find the polar equation of the line passing through the points 
whose polar co-ordinates are />', ^; p**, $", 

Ans. p'p" sin(^ - ^) 4 ^> sin(d" - ^) + />/ sin(^ - ^) = 0. 
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45. Having in the last chapter laid down principles by 
which we are able to express algebraically the position of any 
point or right line, we proceed to give some further examples 
of the application of this method to the solution of geometrical 
problems. The learner should diligently exercise himself in 
working out such questions until he has acquired quickness 
and readiness in the use of this method. In working such 
examples our equations may generally be much simplified by a 
judicious choice of axes of co-ordinates : since, by choosing for 
axes two of the most remarkable lines on the figure, several of 
our expressions will often be much shortened. On the other 
hand, it will sometimes happen that by choosing axes uncon- 
nected with the figure, the equations will gain in symmetry 
more than an equivalent for what they lose in simplicity. 
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The reader may compare the two solutions of the same qnestioD, 
^yen Ex. 1 and 2, Art. 41 , where, though the first solution 
is the longest, it has the advantage that the equation of one 
bisector being formed, those of the others can be written down 
without further calculation. 

Since expr^sions containing angles become more complicated 
bj the use of oblique co-ordinates, it will be generally advisable 
to use rectangular axes in any question in which the considera- 
tion of angles is involved. 

46. Loci. — Analjrtical geometry adapts itself with peculiar 
readiness to the investigation of loci. We have only to find 
what relation the conditions of the question assign between the 
co-ordinates of the point whose locus we seek, and then the 
statement of this relation in algebraical language gives us at 
once the equation of the required locus. 

Ex. 1. Giyen base and difference of squares of sides of a triangle, to 
find the locus of yertex. 

Let us take f6r axes the base and a perpendicular through its middle 
point. Let the half base = c, and let the co- 
ordinates of the yertex be x, y. Then 

and the equation of the locus is Acx = m*. The 
locus is therefore a line perpendicular to the base \ 



m* 




at a distance from the middle point r « r— . It 

Ac 

is easy to see that the difference of squares of segments of base s difference 
of squares of sides. 

Ex. 2. Find locus of yertex, giyen base and cot^ + m cot P. 
It is eyident, from the figure, that 

cot A = ~=r = ; cot B = ; 

CR y y 

* Beginners often reason that since the line AR consists of the parts 
AM* ~ c, and MR = x, its length is - e ■¥ x, and not c + dr, and therefore 
that AC* = $^ ■¥ {x - c)\ It is to be obseryed that the sign giyen to a line 
depends not on the side of the origin on which it lies, but on the direction 
in which it is measured. We go from ^ to 12 by proceeding in the positive 
direction AM = c, and still further in the same direction MR = jr, therefore 
the length AR-e-{x: but we may proceed from 12 to ^ by first going in 
the negative direction RM --x, and then in the opposite direction MB = e, 
hence the length RB is c - or. 
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and the required equation is c + « + fn(c - a?) =j»y; the equation of a 
right line. 

Ex. 3. Given base and sum of sides of a triangle, if the perpendicular 
be produced beyond the vertex until its whole length is equal to one of the 
sides, to find the locus of the extremity of the perpendicular. 

Take the same axes, and let us inquire what relation exists between the 
co-ordinates of the point whose locus we are seeking. The x of this point 
plainly is MR^ and the y is, by hypothesis, ^ AC\ and if m be the given 
sum of sides, BC- m - v. 

Now (EucUd n. 13), 

BC^ = AB" ^AC*- 2AB. AR ; 
or, (m - y)' o 4o* + y* - ic (c + x). 

Reducing this equation, we get 

2my - 4cx = m\ 
the equation of a right line. 

Ex. 4. Given two fixed lines, OA and OB, if any line ^^ be drawn to 
intersect them parallel to a third fixed line OC, to find the locus of the point 
P where AB is cut in a given ratio : viz. PA s nAB. 

Let us take the lines OA, OC for axes, and let the equation of OB 
be y a mx. Then since the point B lies on the 
latter line, its ordinate is m times its abscissa ; or 
AB^mOA. Therefore PA^mnOA; but PA 
and OA are the co-ordinates of the point P, whose 
locus is therefore a right line through the origin 
having for its equation 

y s mnx, O A 

Ex. 6. PA drawn parallel to OC, as before, meets any number of fixed 
lines* in points B, B', B', &c., and PA is taken proportional to the sum of 
all the ordinates BA, BA, &c., find the locus of P. 

Ang, If the equations of the lines be 

y = mx, y = m'x + »', y = fn"x + w", &c., 
the equation of the locus is 

% = fiwr + (m'jj + nO + (m^x + n") + &c. 

Ex. 6. Given bases and sum of areas of any number of triangles having 
a common vertex, to find its locus. 

Let the equations of the bases be 

X cosa + y sina -/> = 0, x cos/3 4 y sin/3 - Pi = 0, &c., 
and their lengths, a, b, e, &'c.; and let the given sum =m"; then, since 
(Art 34) X cosa + y sina - p denotes the perpendicular from the point xy 
on the first line, a (x cosa + y sina - p) wiD be double the area of the first 
triangle, &c., and the equation of the locus will be 

a(x cosa f y sina -p) + 6(x co8/3 + y sin/3 - fii) + c{x COS7 + y sin7 -/ij +&c. =2m", 
which, since it contains x and y only in the first degree, will represent a 
right line. 
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Ex. 7. Oiven vertical angle and sum of sides of a triangle, find the locus 
of the point where the base is cut in a given 
ratio. 

The sides of the triangle are taken for 
axes ; and the ratio PK : PL is given 
e^n : m. Then by similar triangles .^ 

fn n ' 

and the locus is a right line whose equation is ~ -i- ^ a ~ . 

m n m -k^n 

Ex. 8. Find the locus of P, if when perpendiculars PM, PN are 
let fall on two fixed lines, OM^ ON 
is given. 

Taking the fixed lines for axes, 
it is evident that 0M=^ c + y coscc>, 

ON = y -^ X co%u)f and the locus is V^ \ — ^^ 

St -Vy = constant. 

Ex. 9. Find the locus if MN be 
paraUel to a fixed line. 

An*, y -^ X costi) ^ m{x -k- y cosfu). 

Ex. 10. If MN be bisected [or cut in a given ratio] by a given line 
y = mx + n. 

The co-ordinates of the middle point expressed in terms of the co-ordi- 
nates of P are } (jT + y cos a;), i(y ■¥ x cobiv); and since these satisfy the 
equation of the given line, the co-ordinates of P satisfy the equation 

y ^ X cosfo ^m{x + y coscu) -i- 2n. 

Ex. 11. P moves along a given line y » mx + n, find the locus of the 
middle point of MN If the co-ordinates of P be a, /3, and those of 
the middle point x, y, it has just been proved that 2xo a -^ fi cosw, 
2y = ^ + a cos ft;. Whence solving for «, fi, 

a sin' a; = 2x - 2y coscu, fi sin' a) « 2y - 2x coscu. 
But a, p are connected by the relation fi = ma -i- n, hence 

2y - 2x cosfu = m {2x -^ 2y cosn)) f n sin* a). 

47. It is customary to denote by x and y the co-ordinates of 
a variable point which describes a locus, and the co-ordinates of 
fixed points by accented letters. Accordingly in the preceding 
examples we have from the first denoted by x and y the co- 
ordinates of the point whose locus we seek. But frequently in 
finding a locus it is necessary to form the equations of lines 
connected with the figure; and there is danger of confusion 
between the x and y^ which are the running co-ordinates of a 
point on one of these lines, and the x and y of the point whose 
locus we seek. In such cases it is convenient at first to denote 
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the co-ordinates of the latter point by other letters such as a, /9, 
until we have succeeded in obtaining a relation connecting these 
co-ordinates. Having thus found the equation of the locus, we 
may if we please replace a, /8 by a; and y, so as to write the equa- 
tion in the ordinary form in which the letters x and y are used to 
denote the co-ordinates of the point which describes the locus. 

Ex. 1. Find the locus of the yertex of a triangle, given the base CD, 
and the ratio AM: NB of the parts into which 
the sides divide a fixed line ^^ parallel to the 
base. Take AB and a perpendicular to it 
through A for axes, and it is necessary to ex- 
press AMi NB in terms of the co-ordinates 
of P. Let these co-ordinates be a/3, and let 
the co-ordinates of C, D be afy', a!'y\ the %f 
of both being the same since CD is parallel 
to ^P. Then the equation of PC joining 
the points a/3, x*\/ is (Art. 29) 

(/3 - y') « - (a - a') y c= /3x' - ay. 
This equation being satisfied by the x and y of every point on the line PC 
is satisfied by the point M, whose y = and whose x «= AM, Making then 
y B in this equation, we get Qjf _ a%/ 




In like manner 



AN = 






P-y' 

and it AB - Cf the relation AM= kBN gives 






P-y* \ P-y 

We have now expressed the conditions of the problem in terms of the co- 
ordinates of the point P; and now that there is no further danger of con- 
fusion, we may replace a, /3 by ar, y ; when the equation of the locus, cleared 
of fractions, becomes y^. ^xy'^k [c (y - y') - (yx" - xf)]. 

Ex. 2. Two vertices of a triangle ABC move on fixed right lines LM, 
ZN, and the three sides pass through three fixed points O, P, Q which lie 
on a right line ; find the locus of the third vertex. 

Take for axis of x the right line 
OP, containing the three fixed points, 
and for axis of y the line OL joining 
the intersection of the two fixed lines 
to the point O through which the 
base passes. Let the co-ordinates of 
C be Of /3, and let 

OL = h, OM^a, OK^o\ 
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Then obTiously the equations of LM^ LN are 

-+ f = 1 and -r+T^l- 
ah ah 

The equation of CP through a/3 and P (y = 0, ar = c) is 

(a - c) y - /3ar + /3c = 0. 

The co-ordinates of ^, the intersection of this line with 

ii5(a^c) + iic/3^ „ =_Afi:i£lA_ 

"® * 6(«-c) + a/3 ' ^* 6(«-c) + fl/3' 

The co-ordinates of B are found by simply accentuating the letters in the 

preceding : dh{a-e)\€idfi h [tjl - d) p 

''" h{a-e)^cfp ' ^^"h{a-d)-^a'p^ 
Now the condition that two points, ;r^Vi» '2^2* ^ball lie on a right line pass- 
ing through the origin, is (Art. 30) ?^ = ?^ . 

Applying this condition we have 

6 (a - e) /3 h(c^- ^j^ 

ah (a - c) + aefi " a'h (a - c') + a'&p ' 
We have now derived from the conditions of the problem a relation which 
must be satisfied by a/3 the co-ordinates of C: and if we replace a, /3 by x, y 
we haTe the equation of the locus written in its ordinary form. Clearing 
of fractions, we have 

(a - c) [o^ (a: - O + o'^^y] = («' - «')[«& («-<?) + acy], 

(flc^ - aV) X y 

^' cc'(a-a')-oaHc-c)"'"6 "^ ' 

the equation of a right line through the point Z. 

Ex. 3. If in the last example the points P, Q lie on a right line passing 
not through O but through L find the locus of vertex. 

We shall first solve the general problem in which the points P, Q have 
any position. We take the fixed lines LM, LN for axes. Let the co-ordi- 
nates of P, Q, O, Cbe respectively ay, yy, ar"y", aft; and the condition 
which we want to express is that if we join CP, CQ and then join the points 
^, ^, in which these lines meet the axes, the line AB shall pass through O. 
The equation of CP is (/3 - y') « - (« - a/) y = /3i:' - «/. 

And the intercept which it makes on the axis of x is 

ti-y' 
In like manner the intercept which CQ makes on the axis of y is 

o - X 

The equation of AB is 

LA^ LB~ ' fix' - ay' "^ ay" - fix" ' 
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And the condition of the problem is that this equation shall be satisfied by 
the co-ordinates x"*\f". In order then that the point C may fulfil the condi- 
tions of the problem its co-ordinates a/3 must be connected by the relation 

When this equation is cleared of fractions, it in general involves the co- 
ordinates a^ in the second degree. But suppose that the points or'y', sif'}/* 
lie on the same line passing through the origin y = mx, so that we have 
y' «= mxf^ y" = ma/', the equation may be written 

x'C/^-am) «"(am-/3) 
Clearing of fractions and replacing a,phy x and y, the locus is a right line, 
Ti£., «"V (y-j/)- y"V (« - «") = ifj^' {mx - y). 

48. It is often convenient, instead of expressing the condi- 
tions of the problem directly in terms of the co-ordinates of the 
point whose locus we are seeking, to express them in the first 
instance in terms of some other lines of the figure ; we must 
then obtain as many relations as are necessary in order to 
eliminate the indeterminate quantities thus introduced, so as to 
have remaining a relation between the co-ordinates of the point 
whose locus is sought. The following Examples will sufficiently 
Illustrate this method. 

Ex. 1. To find the locus of the middle points of rectangles inscribed in 
a given triangle. 

Let us take for axes CE and AB; let CE =p, EB ^ 8, AR = ^. The 
equations of AC and BC are 



y X ^ J y X 
^ - - = 1 and ^ + - 



1. 



p tf P * 

Now if we draw any line F8 parallel to the 
base at a distance FK - A;, we can find the 
abscissee of the points F and iS, in which the 
line FS meets A C and BC, by substituting in 
the equations of AC and BC the value, y = k. 
Thus we get from the first equation 




AKR 



k X 

- - - = 1 .-. a? or EK 

P ^ 



-'('-*)■ 



and from the second equation 



- + - = 1 .'. a? or EL 
P « 



'•('-3- 



Having the abscissee of F and S, we have (by Art. 7) the abscissa of the 
middle point of FS, viz., x = — ^ . f 1 - -J . This is evidently the al>scis8a 
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of the middle point of the rectangle. But its ordinate Isy^ik, Now we 

want to find a relation which will subsiBt between this ordinate and abscissa 

whatever k be. We have only then to eliminate k between these equations, 

by substituting in the first the value of k {- 2y), derived from the second, 

when we have « . ,, /, 2y\ 

2« = (s-s')^l-^j, 

or -+ JL=1. 

s - »^ p 

This is the equation of the locus which we seek. It obviously represents a 
right line, and if we examine the intercepts which it cuts off on the axes we 
shall find it to be the line joining the middle point of the perpendicular CM 
to the middle point of the base. 

Ex. 2. A line is drawn parallel to the base of a triangle, and the points 
where it meets the sides joined to any two fixed points on the base ; to find 
the locus of the point of intersection of the joining lines. 

We shall preserve the same axes, &c., as in Ex. 1, and let the co-ordinates 
of the fixed points, 7 and F, on the base, be for r(m, 0), and for F(n, 0). 

The equation of FT will be found to be 

Is'f 1 - -J + m| y + ib: - A;m = 0, 
andthatofiS^Ftobe 

|« /l - ^\ - n| y - fee + A»* = 0. 

Now since the point whose locus we are seeking lies on both the lines FT^ 
SV, each of the equations just vnritten expresses a relation which must be 
satisfied by its eo-ordinates. Still, since these equations involve k^ they 
express relations which are only true for that particular point of the locua 
f^hich corresponds to the case where the parallel FS is drawn at a height k 
above the base. If, however, between the equations, we eliminate the inde- 
terminate ifc, we shall obtain a relation involving only the co-ordinates and 
known quantities, and which, since it must be satisfied whatever be the posi- 
tion of the parallel FS, will be the required equation of the locus. 

In order, then, to eliminate k between the equations, put them into the form 

FT (s' + m) y - * (- y - « + mj - 0, 

and SV (s - n) y - A; f- y + x - nj = ; 

and, eliminating k, we get for the equation of the locus 

(s - n) ^-y - « + m^ = (/ + m) P y + « - wj. 

But this is the equation of a right line, since z and y are only in the fint 
degree. 

Ex. 3. A line is drawn parallel to the base of a triangle, and iti extre- 
mities joined transversely to those of the base; to find the locus of the point 
of intersection of the joining lines. 
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This is a particular case of the foregoing, but admits of a simple solution 
by choosing for axes the sides of the triangle A C and CB. Let the lengths 
of those lines be a, h, and let the lengths of the proportional intercepts made 
by the parallel be futf /*&. Then the equations of Uie transversals will be 



-+-^ = land— + ? 
a fib fjua o 



1. 



Subtract one from the other ; diyide by the constant 1 — , and we get for 
the equation of the locus ^ 

« y /v 

a 

which we have elsewhere found (see p. 35) to be the equation of the bisector 
of the base of the triangle. 

Ex. 4. Oiyen two fixed points A and J?, one on each of the axes; if 
A' and B' be taken on the axes so that OA' + OB ^OA^ OB; find the 
locus of the intersection of AB, A'B, 

Let OA = a, OB = &, OA* = a ^k, then from the conditions of the pro- 
blem OB* sib-k. The equations of AB*, AB are respectiyely 

y - X 



a b - K 



a-\^ k b 



or 



6x + ay - oft + A; (a - ar) ss 0, 
6ir + ay - o^ + A; (y - 6) = 0, 
Subtracting, we eliminate k, and find for the equation of the locus 

X -^ y ° a i b, 

Ex. 5. If on the base of a triangle we take any portion AT, and on the 
other lide of the base another portion BS, in a fixed ratio to AT, and draw 
BT and FS parallel to a fixed line CB, to find the locus of O, the point 
of intersection of BB and FA. 

Take AB and CB for axes ; let ^ 7= A;, BB » $, AB « t^, CB ^p, let the 
fixed ratio be m, then BS will *» mk ; the 
co-ordinates of S will be (s - mk, 0), and of 
T{- (if - k), 0). 

The ordinates of B and F will be found 
by substituting these values of d? in the equa- 
tions of AC and B C We get for 

B, a: = -(s'-;fe), 

and for F, x^b- mk, 

Now form the equations of the transyerse lines, and the equation of BB is 




and the equation of .^Fis 



, . , ,. mpk mpkt^ 
(« + •'- mk) y 1— X — i- — 



0. 
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To eliminate k, subtract one equation from the other, and the result, 
divided by Af, will be 

<-')»*(T*f)"r^-?)-»' 

which is the equation of a right line. 

£x. 6. PP and QQ are any two parallels to the sides of a parallelo* 
gram; to find the locus of the intersection of the lines PQ and PQ, 

Let us take two of the sides for our axes, and let the lengths of the 
sides be a and b, and let AQ - m, AP = n. 
Then the equation of PQ, joining P(0, n) 
to Q (m, b) is 

{b-n) z - my + mn - 0, 
and the equation of P'Q' joining P'[a, n) 
to 0^(171, 0) is 

njf - (a - m) y - mn = 0. A Q B 

There being two indeterminates, m and n, we should at first suppose that 

it would not be possible to eliminate them from two equations. However, 

if we add the above equations, it will be found that both vanish together, 

and we get for our locus 

bx - ay = 0, 

the equation of the diagonal of the parallelogram. 

Ex. 7. Given a point and two fixed lines : draw any two lines through 
the fixed point, and join transversely the points where they meet the fixed 
lines, to find the locus of intersection of the transverse Hues. 

Take the fixed lines for axes, and let the equations of the Lines through 
the fixed point be 

— + 2^ =a 1, and —J + ii = 1. 
m n m' n 

The condition that these lines should pass through the fixed point ;ry gives us 

- 4 ~ « 1, and — + ^, = 1 J 
m n m* n 

or, subtracting, 

Wl_i,),3^(l_iUo. 

\m mj ^ \n n'f 

Now the equationi of the transverse lines clearly are 

— + i^ = l, and — + ia 1; 
m n m n 

or, subtracting, 

\m my ^ \n n'J 
Now from this and the equation just found we can eliminate 

and we have ^y \yfx- 0, 

the equation of a right line through the origin. 
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Ex. 8. At any point of the base of a triangle is drawn a line of given 
length, parallel to a given one, and so as to be cut in a given ratio by the 
base : find the locus of the intersection of the lines joining its extremities to 
those of the base. 

49. The fundamental idea of Analytic Geometry is that 
every geometrical condition to be fulfilled by a point leads to 
an equation which must be satisfied by its co-ordinates. It 
is important that the beginner should quickly make himself 
expert in applying this idea, so as to be able to express by an 
equation any given geometrical condition. We add, therefore, 
for his further exercise some examples of loci which lead to 
equations of degrees higher than the first. The interpretation 
of such equations will be the subject of fnture chapters, but 
the method of arriving at the equations, which is all with which 
we are here concerned, is precisely the same as when the locus 
is a right line. In fact until the problem has been solved, we 
do not know what will be the degree of the resulting equation. 
The examples that follow are purposely chosen so as to admit 
of treatment similar to that pursued in former examples, ac- 
cording to the order of which they are arranged. In each of 
the answers given it is supposed that the same axes are chosen, 
and that the letters have the same meaning as in the corre- 
sponding previous example. 

Ex. 1. Find the locos of vertex of a triangle, given base and sum of 
squares of sides. Am. «■ + y* = J (m" - c*). 

Ex. 2. Given base and m squares of one side i n squares of the other. 

Am, (m ± n) (a* + y") + 2 (m :f n) ca? + (m ± n) c* =/i*. 

Ex. 3. Given base and ratio of sides. 

Ex. 4. Given base and product of tangents of base angles. 
In this and the Examples next following, the learner will use the values 
of the tangents of the base angles given Ex. 2, Art. 46. 

^ns. y* + mV c= mV. 

Ex. 6. Given base and vertical angle, or, in other words, base and sum 
of base angles. Am, «^ + y* - 2cy cotC = c*. 

Ex. 6. Given base and difference of base angles. 

Am. «* - y* + 2xy cotD = c*. 

Ex. 7. Given base, and that one base angle is double the other. 

Am, Sx* - y* + 2cx b c'. 

Ex. 8. Given base, and tanCsm tan^. Am. m (x'iy*-c*) o2c{e-z)* 
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Ex. 9. PA u drawn parallel to OC, as in Ex. 4, p. 40, meeting two fixed 
lines in points J?, ^; and PA* is taken - PB.PB', find the locos of P. 

Ana. mx (m'« + w*) » y (mx + m'x + n*). 

Ex. 10. PA is taken the harmonic mean between AB and AB^. 

Am. 2mx (mx + n)»y {mx + m'x + «'). 

Ex. 11. Given yertical angle of a trianglci find the locos of the point 
where the base is cot in a given ratio, if the area also is given. 

Am, ory a constant. 

Ex. 12. If the base is given. ^ ** y* 2xy cosw ^ 

m" «■ mn {m-¥ny 

Ex.13. If the base pass throogh a fixed point . mx^ wy'^^ ^ ^ 

* « y 

Ex. 14. Find the locos of P [Ex. 8, p. 41] if IfiVis constant 

Am. «* ► y* + 2j:y cosw = constant 

Ex. 16. If MN pass throogh a fixed point 

Am. ^ 4 ^ « 1. 

dT-fycosa; y -i- x cosa; 

Ex. 16. If MN pass throogh a fixed point, find the locos of the inter* 
section of parallels to the axes throogh Jf and N >4s*' + ^-l 

"' X .y' ' 

Ex. 17. Find the locos of P [Ex. 1, p. 42] if the Ime CD be not; 
parallel to AB. 

Ex. 18. Given base CD of a triangle, find the locos of vertex, if the 
intercept AB on a given line is constant 

Am. {xfy - y'«) (y - y") - («^y - y^ar) (y - yO = c (y - yO (y - y")- 

50. Problems where it is required to prove that a movedbU 
right linepcissea through a fixed point. 
We have seen (Art. 40) that the line 

^a; + 5y+(7+A(^'a; + JB'y+C')=:0; 

or^ what is the same thing, 

(^ + A;^') a; + (5+ Jfe5') y + 0+ AC' = 0, 

where Tt is indeterminate, alwajs passes through a fixed point, 
namelj, the intersection of the lines 

Ax-vBy-^- 0=0, and Ax^-By^ O' = 0. 

Hence, if the e^quation of a right line contain an indeterminate 
quantity in the first degree^ the right line tvill always pass through 
afixedpoint. 

Ex. 1. Given vertical angle of a triangle and the som of the reciprocals 
of the sides ; the base will always pass throogh a fixed point 

E 
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Take the sides for axes ; the equation of the base is - -i- r == 1| And we 

are given the condition ^ 

111 111 

-+£=—» or-o , 

a b tn b m a 

the^ore, equation of base is x y y 

— + — — — «» 1. 
a m a 

where m is constant and a indeterminate, that is, 

where - is indeterminate. Hence the base must always pass through the 

intersection of the two lines « - y = 0, and y^m. 

Ex. 2. Given three fixed lines OA, OB, OC, meeting in a point, if the 
three yertices of a triangle moTe one on each of these lines, and two sides 
of the triangle pass through fixed points, to prove that the remaining side 
passes through a fixed point 

Take for axes the fixed lines OA, OB, on which the base angles move, 
then the line OC on which the vertex moves , , 

will have an equation of the form y ■= iiup, ^ ^ -^^ 

and let the fixed points be xy, xV'* Now, 
in anj position of the vertex, let its co-or- 
dinates be X e a, and, consequently, y-nia\ / ^^ \ "foTy 
then the equation of ^ C is 
(a< - a) y - (/ - mo^ « + a (y* - vm!) ts 0. 
Similarly, the equation of ^C is O B 

(j^ - fl)y - (y*- ma) ar + a (/ - mxf) = 0. 

Now, the length of the intercept OA is found by making x e: in equa- 
tion ^C, or d(y' -nuf) 

Similarly, OB ib found by making y «= in ^C, or * 

^ a(y^~fiix^ 
X ^ ■ «i ^ 

1^ -ma 
Hence, firom these intercepts, equation of A B is 

^ y^-ma x' - a 

y"-mjt^~^y'-mx'"* 
But since a is indeterminate, and only in the first degree, this line always 
passes through a fixed point The particular point is found by arranging 
the equation in the form 

y^ J. ^ I mx y \ 

^-mji* "y'-iw«'^"^\y''-»»^"y'-w«'^ / 
Hence the line passes through the intersection of the two lines 




^ * 



y' -mar ^^mx^ 

ind *^ y_ + i.o. 
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Ex. 3. If in the last example the line on which the vertex C moyeB do 
not pass through 0, to determine whether in any case the base will pass 
through a fixed point 

We retain the same axes and notation as before, with the only difference 
that the equation of the line on which C moves will be y s mx + n, and the 
eo-ordinates of the vertex in any position will be a, and ma^ n. Then the 
equation of ^Cis 

(»' - a)y -(y'-ma-n}d;4a(^- mxf) - im:' = 0. 
The equation of ^C is 

{x" ' a)y -{t/- - ma - n) X ^ a(y" - mj^) - nx' = 0, 

«-a }f ~ ma-n 

The equation of AB is therefore 

y" - ma - n xf - a - 

* • a (y" - mx") - » jp" " ^ ' a (^ - mxf) -nxf^ ' 

Now when this is cleared of fractions, it will in general contain a in the 
second degree, and therefore, the base will in general not pass through a 
Hxed point ; jf, howevw, the points afy\ x"%f^ He in a right Un$ (y « hx) 
patting through O, we may substitute in the denominators Z' = A»^, and 
^ taJuf^ and the equation becomes 

^ "ma-^n af - a .- » 

which only contains a in thejirst degree, and, therefore, denotes a right line 
passing through a fixed point. 

Ex. 4. If a line be such that the sum of the perpendiculars let fall on it 
from a number of fixed points, each multiplied by a constant, may e 0, it 
wiU pass through a fixed point. 
Let the equation of the line be 

X cosa 4 y sina - p as 0, 
then the perpendicular on it from x^y' is 

xf cosa + y' sina ^p, 
and the eonditions of the problem give us 
m' {x' cosa 4 y sina - j») 4 m" [si' cosa 4 %f' sina - p) 

4 m'"(«"' cosa 4 y"* sina -/>) 4 &c. « 0, 
or, using the abbreviations S (m^O ^^^ ^^ b^^°^* ^^ ^^ *'^» ^^^ ^ 

mV 4 m'V 4 m'**9r 4 &c, 
and in like manner S {jn^T^ for 

wl^ 4 wf}f 4 m'^y^ 4 &c, 
and 2 (m) for the sum of the m's or 

m' 4 m" 4 m"' -i- &c. 

* By sum we mean the atgebraic sum, for any of the quantities m\ m'', &e« 
may be negative. 

E2 
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We maj writa the preceding equation 

2 (mz^ cosa + S {mt/) sina -/)Z (m) » 0. 
Substituting in the original equation the value of p, hence obtained, we get 
for the equation of the moyeable line 

x'2 (m) cosa -i- yS (m) sina - S (mx*) cosa ~ 2 (m/) sina - 0, 
or arr (m) - 2 (mj^) + {y2 (m) - 2 (my')) tana a 0. 

Now as this equation inyolves the indeterminate tana in the first degree, 
the line passes through the fixed point determined by the equations 

ajr(fn)-2(iiMr') =0, and yX (m) - 2 (my) = 0, 
or, writing at full length, 

mV + m"*" + mr'aT + &c. mV + m V + m^V" + &c. 

m' + m" -f m*^ + &c. * ^ m' + m" + m"' + &c. 

This point has sometimes been called the centre of mean pontwn of the 
given points. 

51. If the eqaation of any line involve the co-ordinates of 
a certain point in the first degree, thus, 

(Ax* + 5y + 0) a? 4 [Ax' + B'y' + 0') y + [A"x' + By + G") = 0. 

Then if the point x'y* move along a right line, the line whose 
eqaation has just been written will always pass through a fixed 
point* For, suppose the point always to lie on the line 

Lx' + My' + N^% 

then if, by the help of this relation, we eliminate x* from the 
given equation, the indeterminate y' will remain in it of the first 
degree, therefore the line will pass through a fixed point. 

Or, again, if the coefficients in the equation Ax + -By + (7= 0, 
he connected by the relation oA + hB-^cC^O {where a, 6, c are 
constant and A^ Bj C may vary) the line r^esented by this equc^ 
tion will always pass through ajlxed point. 

For by the help of the given relation we can eliminate C 
and write the equation 

{cx-a)A ^(cy- J)5=0, 
a right line passing through the point fa;=-, y=-j. 

52. Polar co-ordinates. — It is, in general, convenient to use 

this method, if the question be to find the locus of the extremities 

of lines drawn through a fixed point according to any ^ven law, 

Ex. 1. A and B are two fixed points ; draw through B any line, and let 
llill on it a perpendicular from A, AP ; produce ^ P so that the rectangle 
AP.AQ may be constant ; to find the locus of the point Q, 
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Take A for the pole, and AB for the fixed axis, then ^Q is our radius 
Tector, designated by p^ and the angle QAB » 0^ and 
our object is to find the relation existing between 
p and 0, Let us caU the constant length AB^c^ 
and firom the right-angled triangle ^P^ we have 
A^ s c CO80, but AF.AQ = const. « A:*, therefore, 

pc cos^ = 1^, or p ewO = — ; 

but we have seen (Art 44) that this is the equation of a right line perpen- 

dicular to AB, and at a distance from ^ = — . 

e 

Ex. 2. OiTcn the angles of a triangle ; one vertex A is fixed, another B 
moTcs along a fixed right line : to find the locus of the third. 

Take the fixed vertex A for pole, and AP perpendicular to the fixed 
line for axis, then AC= p, CAP = $. Now since 
the angles of ABC are given, AB is in a fixed 
ratio to AC{^mAC) and BAP^O-a; but 
AP '^ AB cobBAP } therefore, if we call AP, a, 
we have ^p co8(6 - «) « tf, 

which (Art 44) is the equation of a right line, making 
an angle a with the given line, and at a distance from 

A^^ 
m 

Ex. 3. Given base and sum of sides of a triangle, if at either extremity 
of the base B a perpendicular be erected to the conterminous side BC i to 
find the locus of P the point where it meets the external bisector of vertical 
angle CP. 

Let us take the point B for our pole, then BP will be our radius vector 
]p) and let us take the base produced for our 
fixed axis, then PBD = 0, and our object is to 
-express p in terms of 0. Let us designate the 
aides and opposite angles of the triangle a, b, c, 
A, Bf C, then it is easy to see, that the angle 
BCP = 90° - IC and from the triangle PCB, 
that a - /> tan|C. Hence it is evident, that if 
we could express a and tan J C in terms of 0, we could express p in terms 
of ^« Now from the triangle ABC we have 

6" = «• + c* - 2ac cosJ?, 
but if the given sum of sides be m, we may substitute for 6, m - a ; and cos^ 
plainly = sm^; hence „," - 2aiii + a« = a« t c» - 2ac sin^, 

and a = . . 

• • 2 (m - c sm0) 

Thus we have expressed a in terms of and constants, and it only remains 
to find an expression for tan I C. 
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Now \zii\Q^-T-r- 77-. 

But 58mC»c8inJ9s0 oos^ ; and ftcosCaa-ccosJ^sa-c sin^. 

Hence tanJC» r-j,. 

We are now able to express p in terms of 0^ for, substitute in the equa- 
tion a B /> tan \ C the values we have found for a and tan \ C^ and we get 

m* "(? PC cos^ ^ m*- 1? 

— — — - a -.i^ • or P COS& B . , 

2(m-csin^) (m-csin^)' ^ 2c 

Hence the locus is a line perpendicular to the base of the triangle at 

a distance from B ■ — - — • 

2c 

The student may exercise himself with the corresponding locus, if CP had 

been the internal bisector, and if the difference of sides had been given. 

Ex. 4. Given n fixed right lines and a fixed point O ; if through this point 
any radius vector be drawn meeting the right lines in the points rp r^ r^,,jr^ 

and on this a point R be taken such that -p-^ = tt- + -tt- + 77- +...7rr » ^ 
find the locus of -B. ^* ^» ^* ^^* ^« 

Let the equations of the right lines be 

p cos(d - a) =|>i J p eo%{$ - p) mp^ &0. 

Then it is easy to see that the equation of the locus is 

n ^ cos(g - g) ^ co8(g - p) ^ ^^ 

the equation of a right line (Art. 44). This theorem is only a particular 
case of a general one which we shall prove afterwards. 

We add, as in Art. 49, a few examples leading to equations of higher 
degree. 

Ex. 5. BP is a fixed line whose equation is pQO%0^n^ and on each 
radius vector is taken a constant length PQ, to find the locus of Q 
[see fig., Ex. 1]. 

AP is by hypothesis a *_-. ; therefore AQ^ p^ — j. + d, which trans- 

cosa cosc^ 

formed to rectangular co-ordinates is (« - m]' (2* -I- ^ ^ d^g^, 

Ex. 6. Find the locus of Q, if P describe any locus whose polar equa- 
tion is given, p^(/> (0), We are by hypothesis given AP in terms of 0, but 
AP is the p of the locus - e^; we have therefore only to substitute in the 
given equation p- dfor p. Ana, p- d = <p {$)• 

Ex. 7. If AQhe produced so that AQ may be double AP. Then AP 
is half the p of the locus, and we must substitute half p for p in the given 
equation. 

Ex. 8. If the angle PAB were bisected and on the bisector a portion 
AP be taken so that AP* = mAP, find the locus of P', when P describes 
the right line p cosO » m. PAB is now twice the of the locus, and there- 
fore AP» — ^r^ , and the equation of the locus is ^ cos 2d a m*. 

cos 2a 
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•CHAPTER IV. 

APPUCATIOir OF ABRTOOED NOTATIOIT TO THB EQUATION 

OF THE RIGHT UNB. 

53. We have seen (Art. 40) that the line 

(x cosoc+y flina— J?) — A(a; co8i8+y siniS — j?') = 

denotes a line passing through the intersection of the lines 

a;cosa-i-y sina— j? = 0, a?cosi8+y sini8-y = 0. 

We shall often find it convenient to nse abbreviations for 
these quantities. Let us call 

X cosa+y sina— p, a; a? cosfi + y sin)9— p', 0. 

Then the theorem just stated may be more brieflj expressed, the 
equation a — &i8 = 0, denotes a line passing through the intersect 
tion of the two lines denoted by a=:0, ^8 = 0. We shall for 
brevity call these the lines a, /8, and their point of intersection 
the point afi. We shall, too, have occasion often to use abbre- 
viations for the equations of lines in the form Ax-\-By'\^ C^O. 
We shall in these cases make use of Boman letters, reserving the 
letters of the Greek alphabet to intimate that the equation is in 
the form g. cosa +y sina -jp = 0. 

54. We proceed to examine the meaning of the coefficient k 
in the equation a — ii8 = 0. We saw (Art. 34) 
that the quantity a (that is, a; cos a -fy sin a— j?) /^^\^P 
denoted the length of the perpendicular PA let fall 
from any point a?y, on the line OA (which we 
suppose represented by a). Similarly, that fi is the O 
length of the perpendicular PB frx>m the point xy^ on the line 
OBj represented by ff. Hence the equation a — i^ = 0, asserts, 
that if from any point of the locus represented by it, perpen- 
diculars be let faU on the lines OA^ OB^ the ratio of these per- 
pendiculars, that is, PA : PB wiU be constant, and = h. Hence 
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the locus represented bj a— ^^3=0 Is a right line through 0^ and 

^"PJ5' ^'" sinFOB' 

It follows from the conventions concerning signs (Art. 34) that 

a-^-kfi^O denotes a right line dividing externally the angle 

sinPO-4 
AOB into parts such that -7—^775 = *. It is of course as- 

*^ sin FOB . ^ ^ 

sumed in what we have said that the perpendiculars PA^ FB 
are those which we agree to consider positive ; those on the op- 
posite sides of a, )9 being regarded as negative. 

Ex. 1. To express in this notation the proof that the three biseoton of 
the angles of a triangle meet in a point. 

The equations of three bisectors are obriously (see Arts. 36, 54) « -/3 s 0, 
/3-(yaO, ^-aeOy which, added together, vanish identically. 

Ex. 2. Any two of the external bisectors of the angles of a triangle meet 
on the third internal bisector. 

Attending to the convention about signs, it is easy to see that the equa- 
tions of two external bisectors area4.^ = 0, a + cyaO, and subtracting one 
ixom the other we get /3 - 7 » 0, the equation of the third internal bisector. 

Ex. 8. The three perpendiculars of a triangle meet in a point. 

Let the angles opposite to the sides «, /9, 7, be A^ S, C, respectively. 
Then since the perpendicular divides any angle of the triangle into parts, 
which are the complements of the remaining two angles, therefore (by 
Art 64) their equations are 

a COB A - fi oobB = 0f p cobB - 7 cosC s 0, 7 cosC - a cos^ ■ 0| 

which obviously meet in a point. 

Ex. 4. The three bisectors of the sides of a triangle meet in a point. 

The ratio of the perpendiculars on the sides from the point where the 
bisector meets the base plainly is sin^i : sin^. Hence the equations of the 
three bisectors are 

a sinA - fi BinB « 0, /3 sinB - 7 sinC a 0, 7 sinC - a ain^ « 0. 

Ex. 6. The lengths of the sides of } quadrilateral are a, 5, c, d, find the 
equation of the line joining middle points of diagonals. 

An$, aa^bp-^cy - d^^O; for this line evidently passes through the 
intersection of aa - bp, and cy - di; but, by the last example, these are the 
bisectors of the base of two triangles having one diagonal for their common 
base. In like manner aa - dd, bfi - ey, intersect in the middle point of the 
other diagonaL 

Ex. 6. To form the equation of a perpendicular to the base of a triangle 
at its extremity. Am, a i- 7 cosJ9 » 0. 
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Ex. 7. If there be two triangles such that the perpendiculars from the 
vertices of one on the sides of the other meet in a point, then, vice versd, 
the perpendiculars from the vertices of the second on the sides of the first 
will meet in a point. 

Let the sides be a, fi, 7, a , fif, r>f\ and let us denote by (a/3) the angle be- 
tween a and /3. Then the equation of the perpendicular 

from 0/3 on y is a co8(/3Y) - /8 cos(a7') = 0, 
from /97 on a is /9 cos(7a') - 7 cos(/3a') = 0, 
from 07 on /3' is 7 co8(o/9') - a cos(7/3') ~ 0. 

The condition that these should meet in a point is found by eliminating fi 
between the first two, and examining whether the resulting equation coin- 
cides with the third. It is 

C0S(o/9') COSOY) C08(7a') = C08(a /3) COS(/3'7) 0OS(7 a). 

But the symmetry of this equation shows that this is also the condition that 
the perpendiculars from the vertices of the second triangle on the sides of 
the first should meet in a point 

55. The lines a — A:)8=0, and A:a — /8 = 0, are plainly such 
that one makes the same angle with the line a which the other 
makes with the line /S, and are therefore eqoallj inclined to the 
bisector a— ^. 

Ex. If through the vertices of a triangle there be drawn any three lines 
meeting in a point, the three lines drawn through the same angles, equally 
inclined to the bisectors of the angles, will also meet in a point. 

Let the sides of the triangle be a, /3, 7, and let the equations of tJ^e first 
three lines be ia-m/3 = 0, wi/3- 117 = 0, 117 - i« = 0, 
which, by the principle of Art 40, are the equations of three lines meeting 
in a point, and which obviously pass through the points a/9, /97, and 7a. 
Now, from this Article, the equations of the second three lines will be 

I m m n n l 

which (by Art. 40) must also meet in a point. 

56. The reader is probably already acquainted with the fol- 
lowing fundamental geometrical theorem i~-^^Ifa pencil of four 
right lines meeting in a point 'O he intersected hy any transverse 
right line in the four points -4, P, P', J9, then 

AP.PB 
the ratio . ' ^^^ ^ constant, no matter how 
Air. Jrn 

the transverse line he dratvn.^^ This ratio is 

called the anharmonic ratio of the pencil. In q 

fact, let the perpendicular from on the transverse line ^p : then 

p.AP=^ OA. OP,sinA OP (both being double the area of the triangle 
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AOF)] p.PB^OF.OBsmFOB; p.AF=-OA.OF smAOFi 
p.PB^ OP.OB.smPOB] hence 

p\AP.FB^ OA.OP.OF.OB.amAOF.sinFOB] 

p\AF.PB^ OA.OF.OP.OB.smAOF.smPOB; 

APPB sin A OPsinP OB , 
AF.PB " BinAOP.smPOB' 

but the latter Is a constant quantitj, independent of the position 
of the transverse line. 

57. If a — X:)9 =3 0, a — k'l3 = 0, be the equations of two lineSi 

k 
then p will be the anharmonic ratio of the pencil formed hj the 

four lines a, ^, a — kfi^ a — Je'l3^ for (Art. 54) 

y Bin^QP ,_8in-40P' 



therefore 



sinPOB^ BinPOB^ 

h sin A OPsinP OB 



V smAOF.svnPOB^ 

but this is the anharmonic ratio of the pencil. 

, h 

The pencil is a harmonic pencil when p = — 1, for then the 

angle A OB is divided internally and externally into parts whose 
sines are in the same ratio. Hence we have the important theo- 
rem, two lines whose equations are a — A^ = 0, a + ^iS = 0, jbrm 
with aj fi a harmonic pencil. 

58. In general the anharmonic ratio of four lines, a — kfi^ 

a - ZA a - mfij a - w^, is } ^-\-p: — =-( . For let the pencil be 

' ' (w — 7w)(e — A:) '^ 

cut by any parallel to fi in the four points K^ i, Af, N and the 
ratio IS -TrTF-T-v-' JtJut smce 8 

has the same value for each of 
these four points, the perpen- 
diculars from these points on a are 
(by virtue of the equations of the O ? 

lines) proportional to k^ 7, w, n ; and AK^ AL^ AM^ AN^ are evi- 
dently proportional to these perpendiculars ; hence NL is propor- 
tional to n — Z ; MK to m — A; ; NM to n — m ; and LK \ol~k. 
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59. The theorems of the last two articles are true of lines 
represented in the form P-^kF^ P— IF^ &c., where P, P de- 
note oaj + Jy + c, a'x + b'y + c\ &c. For we can bring P to the 
form X cosa + y sina— p by dividing by a certain factor. The 
equations therefore P— 4P = 0, P— ZP = 0, &c. are equivalent 
to equations of the form a - kpp = 0, « — Ipfi = 0, &c., where p 
Is the ratio of the factors by which P and P must be divided 
in order to bring them to the forms a, fi. But the expressions 
for anharmonic ratio are unaltered when we substitute for k^ Ij 
fn^ fij Jcpj Ipj mpj np. 

It is worthy of remark, that since the expressions for an- 
harmonic ratio only involve the coefficients k^ Ij m^ n, it follows 
that if we have a system of any number of lines passing through 
a pointy P— AP, P— ZP, &c. ; and a second system of lines 
passing through another point, Q-kQ^ Q- IQ\ &c., the line 
P--kF being said to correspond to the line Q — kQ^ &c. ; then 
the anharmonic ratio of any four lines of the one system is 
equal to that of the four corresponding lines of the other system. 
We shall hereafter often have occasion to speak of such systems 
of lines, which are called homographic systems. 

60. Given three lines a, ^, y^Jbrminff a triangle^* the equation 
of any right line^ oa: + Jy + c = 0, can be thrown into the form 

la + mfi + 717 = 0. 

Write at ftiU length for a, ^3, 7 the quantities which they 
represent, and la + mfi + ny becomes 

{I cosa + m cos^ + n COS7) x+{l ema + m sin^S + n sin 7) y 

— [Ip + mp' + np") = 0. 

This will be identical with the equation of the given line, 
if we have 

I cosa + m CO8/8 + n COS7 = a, I sina + m einfi + n sin7 = J, 

Ip + mp' + np" = - c, 

and we can evidently determine Z, 991, n, so as to satisfy these 
three equations. 

* We say " forming a triangle," for if the lines «, fi, 7 meet in a point, 
la -f m/9 f 117 must always denote a line passing through the same point, 
since any values of the co-ordinates which make a, /3, 7 separately s 0, 
must make Ai + m^ i 117 s 0. 
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The following examples will Illustrate the principle that it is 
possible to express the equations of all the lines of anj figure 
in terms of any three a = 0, )8 = 0, 7 = 0. 

Ex. 1. To deduce analjrtically the harmonic properties of a complete 
quadrilateral. 

Let the equation of ^C be a »0; ofAB,fi = 0; of-B2>,7 = 0; of AD, 
la-tnfi = 0; andof^C, 171/3 -117 = 0. Then 
we are able to express in terms of these 
quantities the equations of all the other 
lines of the figure. 

For instance, the equation of CD is 
la - tnfi + 117 = 0, 

for it is the equation of a right line passing 

through the intersection of ^ - mfi and 7, 

that is, the point D, and of a and m/3 - 117, ^ B 

that is, the point C Again, ^ - 117 = is the equation of OE^ for it passes 

through 07 or E, and it also passes through the intersection of AD and BC, 

since it is = (^ - m/3) + (mfi - nrf), 

EF joins the point 07 to the point (^ - m/9 -f 117, /9), and its equation 
will be found to be /a + n7 «= 0, 

From Art. 57 it appears, that the four lines EA, EO, EB, and EF, form 
a harmonic pencil, for their equations have been shown to be 

a t= 0, 7 = 0, and la± wy = 0, 

Again, the equation of FO, which joins the points (la 4- 117, fi) and 
(I«^.m^,m^-n7)is fc - 2m^ ^ 117 = 0. 

Hence (Art 57) the four lines FE, FC, FO, and FB, are a harmonic 
pencil, for their equations are 

io - m/3 4- 117 = 0, /3 = 0, and la - mfi ^ nr^ ±mfi = 0. 
Again, OC, OE, OD, OF, are a harmonic pencil, for their equations are 
la - mfi = 0, mfi - n7 = 0, and la - mfi ± {mp - 117) = 0. 

Ex. 2. To discuss the properties of the system of lines formed by drawing 
through the angles of a triangle three lines meeting in a point. 

Let the equation of AB be 7 = 0; of ^C, ft = 0; of BC, « =: 0; and let 
the lines OA, OB, OC, meet- ^ 

ing in a point, be m/3 - 717, 
nr^ 'la, la- tnfit (see Art. 55). 

Now we can form the equa- 
tions of all the other lines in 
the figure. 

For example, the equation 
of EF is 

fw/3 f n7 - /a =: 0, N A F B 

since it passes through the points (/3, W7 - /«) or E, and (7, mfi - la) or F, 
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lb like manner, the equation of DFis 

la - m/3 + n7 = 0, 
and of DE la^mfi-n<y^O. 

Now we can prove, that the three points L, M, If are all in one right 
line, whose equation is /« 4 m/3 + n7 = 0, 

for this line passes through the points {la\ mp- 117, 7) or iV; (Ax - m/3 -1- 117, 0) 
or M; and (mfi + n7 - fct, o) or L. 

The equation of CN is /a + m^ = 

for this is evidently a line through (a, fi) or C, and it also passes through N, 
since it = (A« + m^ + 117) - ny. 

Hence ^iV is cut harmonically, for the equations of the four lines CA*, 
CA, CF, CB are, 

= 0, /9 = 0, fc-m^ = 0, fa + w/3 = 0. 

The equations of this example can be applied to many particular cases 
of frequent occurrence. Thus (see Ex. 3, p. 56) the equation of the line joining 
the feet of two perpendiculars of a triangle is a cos^ -h /3 cos^ - 7 cosC= 0; 
while a cos^ + /9 cos^ + 7 cosC passes through the intersections with the 
opposite sides of the triangle of the lines joining the feet of the perpen- 
diculars. In like manner a sin ^ + /3 sin ^ - 7 sin C represents the line joining 
the middle points of two sides, &c 

Ex. 8. Two triangles are said to be homologous^ when the intersections 
of the corresponding sides lie on the same right line called the axis qf 
homology : prove that the lines joining the corresponding vertices meet in a 
point [odled the centre of homology'^. 

Let the sides of the first triangle be a, /9, 7 ; and let the line on which 
the corresponding sides meet be ^ + m/3 + 117 : then the equation of a line 
through the intersection of this with a must be of the form ta 4 m/3 f ^7 « 0, 
and similarly those of the other two sides of the second triangle are 

la + m'/9 + 117 = 0, /a + m/3 + ii'7 = 0. 

Bat subtracting successively each of the last three equations from an- 
other, we get for the equations of the lines joining corresponding vertices 

(/-?)/9o(m-m')ft (m-mO/9 = («-n')7, (n - n') 7 = ('" O «. 
which obviously meet in a point. 

61, To find the condition that two lines la + m/3 + ny, 
fa + fn'jS + n'y may be mutually perpendicular. 

Write the equations at full length as in Art. 60, and apply 
the criterion of Art. 25, Cor. 2, [A A + BB' = 0), when we find 

U + mm* + nn + (mn' + m*n) cos()8 — 7) + [nV + n'Z) cos(7 — a) 

+ (Zw' + Tm) co8(a - ^) = 0. 

Now since fi and 7 are the angles made with the axis of x hj 
the perpendiculars on the lines ^8, 7 ; ^8 — 7 is the angle between 
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those perpeDdiculars, which again is equal or supplemental to 
the angle between the lines themselves. If we suppose the 
origin to be within the triangle, and Ay By C to be the angles 
of the triangle, )8 — 7 is the supplement of A. The condition 
for perpendicularity therefore is 

lT+mm-{- nn'—{mn+m'n) co^-{nT+n1) cos 6- (7w'+ Tin)coBC=0. 

As a particular case of the above, the condition that la+mfi+ny 
may be perpendicular to 7 is 

n = m cos^ + 1 cosB. 

In like manner we find the length of the perpendicular from x'y' 

on la+m^-hny. Write the equation at full length and apply the 

formula of Art. 34, when, if we write x' cosa+y' sina— p = a', 

&c., the result is 

la! -¥ mis' + ny' 

V(/'+ w*+ n* — 2mn cos A — 2nl cobB~ 2lm cosC)* 

Ex. 1. To find the equation of a perpendicular to 7 through its ex- 
tremity. The equation is of the form ^ -f 117 a 0. And the eondition of 
this article fpyes n^l cosP, as in Ex. 6, p. 56. 

Ex. 2. To find the equation of a perpendicular to 7 through its middle 
point. The middle point being the intersection of 7 with afanA- fitanBf 
the equation of any line through it is of the form atAXiA-fiuxiB'¥n^^(^ 
and the condition of this article gives n » %\xi{A - B). 

Ex. 3. The three perpendiculars at middle points of sides meet in a 
point. For eliminating «, /9, 7 in turn between 

a sin^ - fi sin J? + 7 Bm{A 'B} = 0, fi smB - 7 sinC+ a sin(J? - C) » 0, 

we get for the lines joining the intersection of two perpendiculars to the 

three vertices. — ^ = =i = — ^; and the sirmmetry of the equations 

cos^ cos-ff cosC "' ' ^ 

proves that the third perpendicular passes through the same point. The 
equations vanish when multiplied by sin'C, sin*^, sin'^, and added together. 

Ex. 4. Find, by Art. 25, expressions for the sine, cosine, and tangent of 
the angle between ^ + m/9 + 117, la + tn'fi + it'7. 

Ex. 5. Prove that a cosA 4 fi cobB + 7 cosC is perpendicular to 
tionA cos A sin(£-(7)-i-^sln£cos£sin(C-^) + 7BinCcoeCsin(^-j9). 

62. We have seen that we can express the equation of any 
right line in the form la + m/S + ny = 0, and so solve any problem 
by a set of equations expressed in terms of a, fiy 7, without any 
direct mention of x and y. This suggests a new way of looking 
at the principle laid down in Art. 60. Instead of regarding a 
as a mere abbreviation for the quantity x cosa+y sin a—/?, we 
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may look npon it as simply denoting the length of the perpen- 
dicular from a point on the line a. We may imagine a system 
of trtltnear co-ordinates in which the position of a point is de- 
fined by its distances from three fixed lines, and in which the 
position of any right line is defined by a homogeneous equation 
between these distances of the form 

Za + 7n/9 + n7 = 0. 

The advantage of trilinear co-ordinates is, that whereas in 
Carterian (or x and y) cx)-ordinates the utmost simplification we 
can introduce is by choosing two of the most remarkable lines in 
the figure for axes of co-ordinates, we can in trilinear co-ordi- 
nates obtain still more simple expressions by choosing three of 
the most remarkable lines for the lines of reference a, ^3, 7. The 
reader will compare the brevity of the expressions in Art. 54 
with those corresponding in Chap. Ii. 

63. The perpendiculars from any point on a, fiy 7 are 
connected by the relation cM + bfi + cy^M^ where a, i, c are 
the sides, and M double the area, of the triangle of reference. 
For evidently oa, bfi^ cy are respectively double the areas of 
the triangles OBCj OGA^ OAB. The reader may suppose 
that this is only true if the point be taken within the triangle ; 
but he is to remember that if the point were on the other 
ride of any of the lines of reference (a), we must give a negative 
rign to that perpendicular, and the quantity aa + bfi-^cy would 
then be double OCA+ OAB-- OBCj that is still == double the 
area of the triangle. Since smA is proportional to a, it is plain 
that a sin^ + iS sin J? + 7 sin C^ is also constant, a theorem which 
may otherwise be proved by writing a, ^3, 7 at full length as in 
Art 61, multiplying by sin()8 — 7), sin(7 — a), sin(a — ^), re- 
spectively, and adding, when the coefficients of x and y vanish^ 
and the sum is therefore constant. 

The theorem of this article enables us always to use homo^ 
geneoua equations in a, ^,^y, for if we are given such an equa- 
tion as a — 3, we can throw it into the homogeneous form 

ifa = 3(aa + Ji8 + c7). 

64. To express in trilinear co-ordinates the equation of the 
parallel to a given line la + mff + ny. 
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In Cartesian co-ordinates two lines Ax'\-By-\rC^ Ax+By+C'^- 
are parallel if their equations differ onlj by a constant. It 
follows then that 

la + m^ + ny-{-k{a sin-4 + /S sinJ9+ 7 sinC) == 0, 

denotes a line parallel to 2a + m/3 + nr/y since the two equations 
differ only by a quantity which has been just proved to be 
constant. 

In the same case Ax + By+ C+[Ax + By-\- C) denotes a 
line also parallel to the two given lines and half way between 
them : hence if two equations F= 0, P* = are so connected 
that P—P' = const., then P+ P denotes a parallel to P and P 
half way between them. 

Ex. 1. To find the equation of a parallel to the base of a triangle drawn 
through the vertex. Ans. a sin^ + /9 sinP s 0. 

For this, obviously, is a liue through afi, and writing the equation in the 
^0™ 7 sinC- (a sin^ + p BinB + 7 sinC) = 0, 

it appears that it differs only by a constant from 7^0. 

We see, also, that the parallel a sin^ + /3 sinP, and the bisector of the 
base a BUkA - fi siaB form a harmonic pencil with a, fi (Art 57). 

Ex. 2. The line joining the middle points of sides of a triangle is parallel 
to the base. Its equation (see Ex. 2, p. 61 ) is 
' a BinA + fi nmB - 7 sinC^ 0, or 27 sinC= a smA ^ fi sinJff + 7 sinC 

Ex. 3. The line aa - bfi •\- cf^ - di (see Ex. 5, Art. 54) passes through the 
middle point of the line joining 07, /9d. For {aa + 07) + (5/3 ■^dd)\B constant, 
being half the area of the quadrilateral ; hence aa ^^ ey, bfi -^ di are parallel, 
and {aa + 07) - (bfi •¥ di) is also parallel and half-way between them. It 
therefore bisects the line joining (07) which is a point on the first line, to 
(/3d) which is a point on the second. 

65. To write in the form la-{- mfi + ny^O the equation of the 
line joining two given points x*y\ od'y". 

Let a', as before, denote the quantity x' cosoc+y' sina— ^. 
Then the condition that the co-ordinates x'y* shall satisfy the 
equation lot + tw/S + n7 = 0, may be written 

h! + wiyS* + «y = 0. 
Similarly we have h!' + m)8"+ n^'^ 0. 

Solvmg for - , — , from these two equations, and substituting 

in the given form, we obtain for the equation of the line joining 
the two points 

a {^y" « 7'/3") + /S (7 V - 7' '«') + 7 (« i8" - a" 13') = 0. 
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It is to be observed that the equations in trilinear co-ordi- 
nates being homogeneous, we are not concerned with the actual 
lengths of the perpendiculars from any point on the lines of 
reference, but only with their mutual ratios. Thus the preceding 
equation is not altered if we write pa', p/S*, p*i\ for a', /S*, 7'- 
Accordingly if a point be given as the intersection of the lines 

y = - = - , we may take Lm.n as the trilinear co-ordinates 
/ r/i n ' •' ' ' 

of that point. For let p be the common value of these fractions, 

and the actual lengths of the perpendiculars on a, ^3, 7 are 

Z/3, wp, np where p is given by the equation alp-k-brnp+cnp^M^ 

but, as has been just proved, we do not need to determine p. 

Thus, in applying the equation of this article, we may take for 

the co-ordinates of intersection of bisectors of sides, sin^sinC, 

sin C sin ^, sin^sin^; of intersection of perpendiculars, 

cos^ cosC^, coaC cos Ay cos A cosB\ of centre of inscribed circle 

1, 1, 1 ; of centre of circumscribing circle cos^, cosJ9, cosC, &c. 

Ex. I. Find the equation of the line joining intersections of perpen- 
diculars, and of bisectors of sides. 
Ana, a BID A co%A sin(^- C)-i-/3 sinB cosB sin( C-A)^f^BmCcosCtm{A-B)FO* 

Ex. 2. Find equation of line joining centres of inscribed and circum- 
scribing circles. 

Ana. a {cobB - cosC) + fi (cosC - cos^) + 7 (cos^ - cosB) » 0. 

66. It is proved, as in Art. 7, that the length of the per- 
pendicular on a from the point which divides in the ratio I : m, 
the line joining two points whose perpendiculars are a, a" b 

hi 4- m/i' 

— ^— . Consequently the co-ordinates of the point dividing 

in the ratio I : m the line joining a'/Sy, a"/8"7" are la' + «ia", 

Iff-^-mff'y ly-\-my\ It is otherwise evident that this point 

lies on the line joining the given points, for if a'/3'y\ ol'^''^' 

both satisfy the equation of a line Aa + B^ + Oy = 0, so will 

also loL 4 wa", &c. It follows hence without diflBculty that 

h! — Twa", &c. is the fourth harmonic to W 4 wwt", a', a" : that 

the anharmonic ratio of a - Aa", a' — W, a! - ma", a' — na", is 

In — rjim — h) -111 . ^ . 

' _ v\, — jr( ; and also that given two systems of pomts on 

two right lines, a' - A»", a' - fa", &c., a"' - A»"", a"' - W", &c, 
these systems are hamographicy the anharmonic ratio of any four 

F 
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points on one line being equal to that of the four corresponding 
points on the other. 

Ex. The intersection of perpendiculars, of bisectors of sides, and the 
centre of circiunscribing circle lie on a right line. For the co-ordinates of 
these points are cosB cosC, &c., sin^ sinC, &c., and cos.^, &c. But the 
last set of co-ordinates may be written sinB sinC- cosP cosC, &o. 

The point whose co-ordinates are cob(B - C), cos(C- A), con {A - B) 
evidently lies on the same right line and is a fourth harmonic to the three 
preceding. It will be found hereafter that this is the centre of the circle 
through the middle points of the sides. 

67. To examine what line is denoted by the equation 

a sin-4 + /S sin-B+ 7 sin (7= 0. 

This equation is included in the general form of an equation 

of a right line, but we have seen (Art. 63) that the left-hand 

member is constant, and never =0. Let us return, however, 

to the general equation of the right line, Ax + -By + (7= 0. We 

C C 
saw that the intercepts cut oflF on the axes are "~ 7> "* "oS 

consequentlj, the smaller A and B become, the greater will be the 
intercepts on the axes, and, therefore, the more remote the line re- 
presented. Let A and B be both = 0^ then the intercepts become 
infinite, and the line is altogether situated at an infinite distance 
from the origin. Now it was proved (Art. 63) that the equation 
under consideration is equivalent to Ox + Oy + (7= 0, and though 
it cannot be satisfied by any finite values of the co-ordinates, 
it may by infinite values, since the product of nothing by infinity 
may be finite. It appears then that a ^A + fi einB+j mnC 
denotes a right line situated altogether at an infinite distance from 
the origin ; and that the equation of an infinitely distant right 
line, in Cartesian co-ordinates, is 0.a;4 0.y+ C7 = 0. We shall, 
for shortness, commonly cite the latter equation in the less 
accurate form 0=0. 

68. We saw (Art. 64) that a line parallel to the line a = 
has an equation of the form a+ (7=0. Now the last Article 
shows that this is only an additional illustration of the principle 
of Art. 40. For, a parallel to a may be considered as intersecting 
it at an infinite distance, but (Art. 40) an equation, of the form 
a+ (7=0 represents a line through the intersection of the lines 
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a = 0, (7=0, or (Art. 67) through the intersection of the line a 
with the line at infinity. 

69. We have to add that Cartesian co-ordinates are only a 
particular case of trilinear. There appears, at first sight, to be 
an essential difierence between them, since trilinear equations 
are always homogeneous, while we are accustomed to speak of 
Cartesian equations as containing an absolute term, terms of the 
first degree, terms of the second degree, &c. A little reflectioui 
however, will show that this difference is only apparent, and 
that Cartesian equations must be equally homogeneous in realityi 
though not in form. The equation a; = 3, for e^uunple, must 
mean that the line x is equal to three feet or three inches, or, in 
short, to three times some linear unit ; the equation ary >= 8 must 
mean that the rectangle icy is equal to nine square feet or square 
inches, or to nine squares of some linear unit ; and so on. 

If we wish to have our equation homogeneous in form as well 
as in reality, we may denote our linear unit by z^ and write th^ 
equation of the right line 

Comparing this with the equation 

and remembering (Art. 67) that when a line is at an infinite dis- 
tance its equation takes the form 21 = 0, we learn that eqwxticmB 
in Cartesian c(M>rdinates are only the particular form assumed by 
trilinear equations when two of the lines of reference are what are 
called the co-ordinate axes^ while the third is at an infnite distance* 

70. We wish in conclusion to give a brief account of what b 
meant by systems of tangential co-ordinates^ in which the position 
of a right line is expressed by co-ordinates, and that of a point by 
an equation. In Uiis volume we limit ourselves to what is not 
BO much a new system of co-ordinates as a new way of speaking 
of the equations already in use. If the equation (Cartesian or 
trilinear) of any line be Xa; + /iy + i'« = 0, then evidently, if 
X, /i, V be known, the position of the line is known : and we 
may call these three quantities (or rather their mutual ratios 
witli which only we are concerned) the co-ordinates of the right 
line. If the line pass through a fixed point x'y'z\ the relation 

f2 
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must be fulfilled a?'X+y/A + «V=0; if therefore we are given 
any equation connecting the co-ordinates of a line, of the form 
a\ + bfjL + cv=^0^ this denotes that the line passes through the 
fixed point (a, J, c), (see Art. 51), and the given equation may 
be called the equation of that point. Further, we may use 
abbreviations for the equations of points, and may denote by 
a, fi the quantities x'\+y'fi + zvy x"\-{-y"fi-\-z"v] then it is 
evident that la + m^ = is the equation of a point dividing in 
a given ratio the line joining the points a, fi] that la = mfij 
mfi = nr/y ny = /a, are the equations of three points which lie on 
a right line ; that a + kfij a-kp denote two points harmonically 
conjugate with regard to a, /S, &c. We content ourselves here 
with indicating analogies which we shall hereafter develope 
more fully ; for we shall have occasion to show that theorems 
concerning points are so connected with theorems concerning 
lines, that when either is known the other can be inferred, and 
often that the same equations differently interpreted will prove 
either theorem. Theorems so connected are called reciprocal 
theorems, 

Ex. Interpret in tangential co-ordinates the equations used Art 60. Ex. 2. 

Let a, /9, 7 denote the points A, BfC; m/9 - #17, 117 - /a, la- m/S, the 
points X, If, N; then m/3 + n7 - fc, 117 + /o - mfi, la + mfi - 117 denote 
the vertices of the triangle formed by LA, MB, NC\ and la + m/8 + W7 
denotes a point O in which meet the lines joining the vertices of this new 
triangle to the corresponding vertices of the original : mp -k 117, 117 1 la^ 
la + m/9 denote D, E, F, It is easy hence to see the points in the figure 
which are harmonically conjugate. 



CHAPTER V. 

EQUATIONS ABOVE THE FIRST DEGREE REPRESENTING 

RIGHT LINES. 

71. Before proceeding to speak of the curves represented 
bj equations above the first degree, we shall examine some cases 
where these equations represent right lines. 

If we take any number of equations, Z=0, -3f=0, -2^=0, &c* 
and multiply them together, the compound equation XJ£^j &c.=0 
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will represent the aggregate of all the lines represented by its 
factors ; for it will be satisfied by the values of the co-ordinates 
which make any of Its factors = 0. Conversely, if an equation of 
any degree can he resolved into others of lower degreis^ it unll reprer^ 
sent the aggregate of all the loci represented hy its different factors. 
If, then, an equation of the ri^ degree can be resolved into n 
factors of the first degree, it will represent n right lines. 

72. A homogeneous equation^ of the vt^ degree in x and y 
denotes n right lines passing through the origin. 
Let the equation be 

oj" -px"^y + qx"^y^ - &c. . . .+ ^y* = 0. 

Divide by y*, and we get 



••-i /— \ «-« 



(I) -^© Mi) -*"»• ■ 

Let a, J, c, &c. be the n roots of this equation, then it is re- 
solvable into the factors 

and the original equation is therefore resolvable Into the factors 

{x - ay) {x - by) {x - cy) &c. = 0. 

It accordingly represents the n right lines a? — ay = 0, &c., all of 
which pass through the origin. Thus, then, in particular, the 
homogeneous equation 

«* —pxy + qy* = 

represents the two right lines a; — ay = 0, a? — Jy = 0, where a and 
b are the two roots of the quadratic 

It is proved, In like manner, that the equation 
(a.-ar-^(a:-aP(y-i)+j(a;-a)'^(y-J)«...+ <(y-i)" = 
denotes n right lines passing through the point (a, b). 

£x. 1. What locus is represented by the equation xy ^0? 
Ant, The two axes, since the equation is satisfied by either of the sup- 
positions X s 0, y s 0. 

Ex. 2. What locus is represented by «• - y' = ? 

An9, The bisectors of the angles between the axes, * ±y a (see Art. 36). 
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Ex. 3. What locus is represented by 4p* - 6xy 4 6y' = ? 

Ans, ar - 2y ss 0, « - 3y = 0. 

Ex. 4. What locus is represented by 2* ~ 2ary sec^ + ^ = P 

Ana, ar = y tan(46° ± 10). 

Ex. 6. What lines are represented by 4p* - 2xy t&nO - y« = ? 

Ex. 6. What lines are represented by «* - ex*y + Hay* - 6y* = ? 

73. Let us examine more mlnutelj tbe three cases of the 
solution of the equation x^ —pxy + jy* =» 0, according as Its roots 
are real and unequal, real and equal, or both imaginary. 

The first case presents no difficulty : a and b are the tangents 
of the angles which the lines make with the axis of y (the axes 
being supposed rectangular), p is therefore the sum of those 
tangents, and q their product. 

In the second case, when a = b^ It was once usual among 
geometers to say that the equation represented but one right 
line (a?- ay = 0). We shall find, however, many advantages In 
making the language of geometry correspond exactly to that of 
algebra, and as we do not say that the equation above has only 
one root, but that It has two equal roots, so we shall not say 
that it represents only one line, but that It represents ttoo coin- 
cident right lines. 

Thirdly, let the roots be both Imaginary. In this case no real 
co-ordinates can be found to satisfy the equation, except the co- 
ordinates of the origin a; =: 0, y = ; hence It was usual to say 
that in this case the equation did not represent right lines, but 
was the equation of the origin. Now this language appears to 
us very objectionable, for we saw (Art. 14) that two equations 
are required to determine any point, hence we are unwilling 
to acknowledge any single equation as the equation of a point. 
Moreover, we have been hitherto accustomed to find that two 
different equations always had different geometrical significations, 
but here we should have innumerable equations, all purporting to 
be the equation of the same point ; for it is obviously immaterial 
what the values of ^ and q are, provided only that they give ima- 
ginary values for the roots, that is to say, provided that p* be less 
than 4^. We think it, therefore, much preferable to make our 
language correspond exactly to the language of algebra; and 
as we do not say that the equation above has no roots when p* 
is less than A:q^ but that It has two imaginary roots, so we shall 
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not say that, in this case, it represents no right lines, but that 
it represents two imaginary right lines. In short the equa- 
tion a? — p7:y + jy* = being always reducible to the form 
{x — ay) (x^by) = 0, we shall always say that it represents two 
right lines drawn through the origin ; but when a and b are real, 
we shall say that these lines fire real ; when a and b are equal, 
that the lines coincide ; and when a and b are imaginary, that the 
lines are imaginary. It may seem to the student a matter of in- 
difference which mode of speaking we adopt ; we shall find, how- 
ever, as we proceed, that we should lose sight of many important 
analogies by refusing to adopt the language here recommended. 
Similar remarks apply to the equation « 

Aaf + Bxy-^^ <V = 0, 

which can be reduced to the form a? —pxy + jy* = 0, by dividmg 
by the coefficient of a?. This equation will always represent 
two right lines through the origin; these lines will be real if 
5'— 4-4(7 be positive, as at once appears from solving the equa- 
tion ; they will coincide if 5* — 4-4 C= ; and they will be ima- 
ginary if B^'-iAC be negative. So, again, the same language 
is used if we meet with equal or imaginary roots in the solution 
of the general homogeneous equation of the n**" degree. 

74. To find the angle contained by the lines represented by the 
equation of —pxy + jjy* = 0. 

Let this equation be equivalent to {x — ay) {x — by)^ 0, then 

the tangent of the angle between the lines is (Art 25) , , 

but the product of the roots of the given equation « q^ and their 
difference = V(i>' - ^j). Hence 

If the equation had been given in the form 

Ajf^^Bxy-^- (V = 0, 
it will be found that j,-ng _aac\ 

Cor. The lines will cut at right angles, or tan^ will become 
infinite, if ^ = — 1 in the first case, or if -4 + C= in the second. 
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Ex. Find the angle between the lines 

«■ + xy - Gy* = 0. Ans. 46®. 

«■ - 2xtf 9ec0 + y* = 0. Ans. 0. 

^If the axes be oblique, we fthould find, in like manner, 

^ -4 4- (7— 5 0080) 

75. To find the equation which will represent the lines bisecting 
the angles between the lines represented by the equation 

Ax^ + Bxg'\- Cy* = 0. 

Let these lines be a; — ay = 0, a; — Jy = ; let the equation of 
the bisector be a; — /Lty = 0, and we seek to determine /*. Now 
(Art, 18) /Lt is the fangent of the angle made by this bisector with 
the axis of y, and it is plain that this angle is half the sum of the 
angles made with this axis by the lines themselves. Equating, 
therefore, tangent of twice this angle to tangent of sura, we get 

2/i a + J ^ 

but, from the theory of equations, 



therefore 



^■^2' A^ 

2fi B 



l-/i*~ A'-C 



or /a" - 2 ^ /i - 1 = 0. 

This gives us a quadratic to determine /My one of whose roots 
will be the tangent of the angle made with the axis of y by the 
internal bisector of the angle between the lines, and the other 
the tangent of the angle made by the external bisector. We 
can find the combined equation of both lines by substituting in 

the last quadratic for /x its value = - , and we get 

A— C 
a;'-2— ^ay-y' = 0* 

* It is remarkable that the roots of this last equation will always be real, 
even if the roots of the equation Ax* + Bxy + Cy* = be imaginary, which 
leads to the curious result, that a pair of imaginary lines may have a pair 
of real lines bisecting the angle between them. It is the existence of such 
relations between real and imaginary lines which makes the congidcration of 
the latter profitable. 
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and tbe form of this eqaation shows that the bisectors cut each 
other at right angles (Art. 74). 

The student may a\ao obtain this equation by forming (Art 
35) the equations of the internal and external bisectors of the 
angle between the lines a? — aj = 0, a? — Jy = 0, and multiplying 
them together, when he will have 

H-a" l + 6» ' 

and then clearing of fractions, and substituting for a + &, and ab 
their values in terms of -4, jB, C, the equation already found is 
obtained. 

76. We have seen that an equation of the second degree 
mat/ represent two right lines ; but such an equation in general 
cannot be resolved into the product of two factors of the first 
degree, unless its coefficients fulfil a certain relation, which can 
be most easily found as follows. Let the general equation of 
the second degree be written 

ax^ + 2hxi/ + by* + 2gx -f 2^ + c = 0,* 

or ax* + 2 [hy + </) a; + %* + 2/y + c = 0. 

Solving this equation for a?, we get 

aa; = -(Ay+^)iV{(A«-aJ)y'' + 2(^5r-.a/)y+(^'-ac)}. 

In order that this may be capable of being reduced to the 
form a; = 7ny + n, it is necessary that the quantity under the 
radical should be a perfect square, and the equation will then 
denote two right lines according to the different signs we give 



* It might seem more natural to write this equation 

ax* + bxy ^ ey* ■\- dx ^' ei/ +/= 0, 

but as it is desirable that the equation should be written with the same 
letters all through the book, I have decided on using, from the first, the 
form which will hereafter be found roost convenient and symmetricaL It 
will appear hereafter that this equation is intimately connected with the 
homogeneous equation in three variables, which may be most symmetrically 
written ^^ ^ j^t ^ ^t? ^ 2/ys + 2gzx f 2hxy = 0. 

The form in the text is derived from this by making z = 1. The coefficient 
2 is affixed to certain terms, because formulae connected with the equation 
which we shall have occasion to use, thus become simpler and more easy to 
be remembered. 
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the radical. But the condition that the radical should be a 
perfect square is 

(A" -aJ)(/-ac) = (A^ -«/)«. 

Expanding, and dividing bj a, we obtain the required condition, 

Ex. 1. Verify that the following equation represents right lines, and find 
the Unes : «• - 6*y + 4/ + « + 2y - 2 = 0. 

Ans, Solving for or as in the text, the lines are found to be 

x-y-l^Of «-4y + 2 = 0. 
Ex. 2. Verify that the following equation represents right lines : 

(ax + ^y - r*)« = («• + /3« - r") («■ + y« - r*). 
Ex. 3. What lines are represented by the equation 

**-«y + y'-«-y + l = 0? 

Ans. The imaginary lines dr 4 % + ^ « 0, x -f ^y + ^ s 0, where is one 
of the imaginary cuhe roots of 1 . 

Ex. 4. Determine A, so that the following equation may represent right 

^^»' «» + 2hxy + y« - 6ar - 7y + 6 = 0. 

Ans, Substituting these yalues of the coefficients in the general condition, 
we get for h the quadratic, 12h* - d5A + 25 » 0, whose roots are } and ^, 

*77. The method used in the preceding Article, though the 
most simple in the case of the equation of the second degree, is 
not applicable to equations of higher degrees ; we therefore give 
another solution of the same problem. It is required to ascertain 
whether the given equation of the second degree can be identical 
with the product of the equations of two right lines 

multiply out this product, and equate the coefficient of each 
term to the corresponding coefficient in the general equation of 
the second degree, having previously divided the latter by c, 
BO as to make the absolute term in each equation = 1 . We thus 
obtain five equations : four of them enable us to determine the 
four unknown quantities, a, a , ^, /S*, in terms of the coefficients 
of the general equation ; and then these values being substituted 
in the fifth give the condition required. The five equations 
actually are 

aa = -, a-fa=--7 , pp=-j p + p=--~-j ap ^-ap^-- . 
c c c c c 
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From the first four we can at once form two quadratic equa- 
tions for determining a, a , ^, /S', as indeed we might have other- 
wise inferred from the consideration that these quantities are 
the reciprocals of the intercepts made by the lines on the axes ; 
and that the intercepts made by the locus on the axes are found 
(by making alternately a;a=0, y = 0, in the general equation) 
from the equations 

Now if the locus meet the axes in the points Z, L ; M^if \ it 
is plain that if it represent right lines at all, these must be either 
the pair LM^ LM\ or else LM\ II M^ whose equations are 

(aaj + /9y-l)(aa?+/3y-l)=0, or (aa;+/8'y-l)(a'a:+^y-l)=0. 

2A 
Multiplying out, we see that — might not only have the value 

c 

given before a^' + ^a', but also might be a/8 + a'/S*. The sum 
of those quantities 

= (« + «') (y8+y8') = ^, 

and their product 

c cr c c 

hence - is given by the quadratic 

c» c'' c "^ c' ' 

which, cleared of fractions, is the condition already obtained. 

F4X. To detennine h so that a^ + 2hxy + y'-6«-7y + 6 = may' repre- 
sent right lines (see Ex. 4, last page). 

The intercepts on the axes are giyen by the equations 

«*-&r-f6 = 0, ^-7^ + 6 = 0, 

"whose roots are ar « 2, x^S; y = 1, y » 6. Forming, then, the equation of 
the lines joining the points so found, we see that if the equation represent 
right lines, it must be of one or other of the forms 

(a: + 2y - 2) (2« + y - 6) = 0, (ar + 3y - 3) (3* + y - 6) t= 0, 
whence, multiplying out, h Is determined. 

*78. To find how many conditions must be satisfied in order 

that the general equation of the n^ degree may represent right lines. 

We proceed as in the last Article ; we .compare the general 
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equation, having first by division made the absolute term = 1, 
with the product of the n right lines 

[fxx + Py- 1) [ax + y9y - 1) (a"a; + ^"y - 1) &c. = 0. 

Let the number of terms in the general equation be N\ then 
from a comparison of coefficients we obtain N— 1 equations 
(the absolute term being already the same in both) ; 2n of these 
equations are employed in determining the 2/i unknown quan- 
tities a, a , &c., whose values being substituted in the remaining 
equations afford ^-1— 2n conditions. Now if we write the 
general equation ^ 

JtBx-\-Cy 

+ Dx' + i:xy + Fy^ 

4- Gx"" + Ilx^'y 4 Kaci/ + Ly^ 

-t- &c. = 0, 

it is plain that the number of terms is the sum of the arithmetic 

^^'^® XT . « o r .^ (w+l)(/^4-2) 

iV= 1+ 2 + 3 +... (n -I- 1) = ^ i .>-^- ; 
hence iV~l= \ ^ ; N- l-2w= \ \ 



CHAPTER VI. 



THE CIKCLE. 



79. Before proceeding to the discussion of the general equa- 
tion of the second degree, it seems desirable that we should 
show in the simple case of the circle, how all the properties of a 
curve may be deduced from its equation, without assuming any 
previous acquaintance with the geometrical theory. 

The equation, to rectangular axes, of the circle whose centre 
is the point (ay9) and radius is r, has already (Art. 17) been 
found to be (^ _ ^y ^. (^ _ fiy ^ /. 

Two particular cases of this equation desorv'c attention, as 
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occurring frequently in practice. Let the centre be the origin, 
then a = 0, ^ =' 0, and the equation is 

Let the axis of a; be a diameter, and the axis of y a per- 
pendicular at its extremity, then a = r, ^ = 0, and the equation 
becomes ar'' + y» = 2rx. 

80. It will be observed that the equation of the circle, to 
rectangular axes, does not contain the term ocy^ and that the 
coefficients of a? and y are equal. The general equation there- 

cannot represent a circle, unless we have A = 0, and a = i. Any 
equation of the second degree which fulfils these two conditions 
may be reduced to the form [x — a)* + (y — yS)'* = r'*, by a process 
corresponding to that used in the solution of quadratic equations. 
K the common coefficient of a? and y' be not already unity, by 
division make it so ; then having put the terms containing x and 
y on the left-hand side of the equation, and the constant term 
on the right, complete the squares by adding to both sides the 
sum of the squares of half the coefficients of x and y. 

Ex. Reduce to the form («-«)' + (y - P)* = r*, the equations 
«• + / - 2a; - 4y -= 20} 3x« + 3/ - 5x - 7y + 1 = 0. 

Am, (or - 1)« + (y - 2)« = 26 ; (x - f )> + (y - J)« = fj . and the co-ordi- 
nates of the centre and the radius are (1, 2) and 5 in the first case ; (f , ^) 
and i V(62) in the second. 

If we treat in like manner the equation 

a[x^ + f)^2gx^2fy^c = % 

we get (.4-f)V(y+{y=^-^i5^; 

and the co-ordinates of the centre are — , — , and the radius 

a ^ a ^ 

If g^ -f y is less than acj the radius of the circle is imaginary, 
and the equation being equivalent to (a? — a)' + (y — fiY + r* = 0, 
cannot be satisfied by any real values of x and y. 

If ^'+/* = ac, the radius is nothing, and the equation being 
equivalent to (a; — a)' + (y - jS)' = 0, can be satisfied by no co- 
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ordinates save those of the point (o^). In this case then the 
equation used to be called the equation of that point, but for the 
reason stated (Art. 73) we prefer to call it the equation of an 
infinitely small circle having that point for centre. We have 
seen (Art. 73) that it may also be considered as the equation of 
the two imaginary lines (a? — a) ± (y — /9) V( — 1) passing through 
the point (a^). So in like manner the equation af-ty^^O may 
be regarded as the equation of an infinitely small circle having 
the origin for centre, or else of the two imaginary Unes x±y V(-i). 

81. The equation of the circle to oblique axes is not often 
used. It is foimd by expressing (Art. 5), that the distance of 
any point from the centre is equal to the radius ; and is 

(aj-a)' + 2(a5-a)(y-/8)co8o> + (y-/8)" = r*. 

If we compare this with the general equation, we see that 
the latter cannot represent a circle unless a = i, and A = a cosco. 
When these conditions are ftdfiUed, we find by comparison of 
coefficients that the co-ordinates of the centre and the radius are 
given by the equations 

a+)8coso) = -^, ^4 acoso) = — -^j a' + /8*+2a/9cos»-r* = - . 

a' a^ a 

Since a, P are determined from the first two equations which 
do not contain c, we learn that two circles vnll be concentric if 
their equations differ only in the constant term. 

Again if c = 0, the origin is on the curve. For then the 
equation is satisfied by the co-ordinates of the origin a; = 0, ^ s= 0. 
The same argument proves that if an equation of any degree want 
the absolute temij the curve represented passes through the origin. 

82. To find the co-ordinates of the points in which a given 
right line x cosa +y sina = p, meets a given circle a? + y* — r*. 

Equating to each other the values of y found from the two 
equations, we get for determining Xj the equation 

p — x cosa „ , «. 
sma ^ " 

or, reducing a? - 2px cosa +^' — r" sin"a = ; 
hence, x =p cosa ± sina V(^* "i^')? 

and, in like manner, 

y ^p sina T cosa V(^* "-i^')* 



THE CIKCLE. 79 

(The reader may satisfy himself, bj substituting these values 
in the given equations, that the — in the value of y corresponds 
to the + in the value of a?, and vice versd^ 

Since we obtained a quadratic to determine x, and since every 
quadratic has two roots, real or imaginary, we must, in order to 
make our language conform to the language of algebra, assert 
that every line meets a circle in two points, real or imaginary. 
Thus, when p is greater than r, that is to say, when the distance 
of the line from the centre is greater than the radius, the line, 
geometrically considered, does not meet the circle ; yet we have 
seen that analysis furnishes definite imaginary values for the 
co-ordinates of intersection. Instead then of saying that the 
line meets the circle in no points, we shall say that it meets it in 
two imaginary points, just as we do not say that the corres- 
ponding quadratic has no roots, but that it has two imaginary 
roots. By an imaginary point we mean nothing more than a 
point, one or both. of whose co-ordinates are imaginary. It is a 
purely analytical conception, which we do not attempt to repre- 
sent geometrically ; just as when we find imaginary values for 
roots of an equation, we do not try to attach an arithmetical 
meaning to our result. And attention to these imaginary 
points is necessary to preserve generality in our reasonings, for 
we shall presently meet with many cases in which the line 
joining two imaginary points is real, and enjoys all the geome- 
trical properties of the corresponding line in the case where the 
points are real. 

83, When j? = r, it is evident geometrically that the line 
touches the circle, and our analysis points to the same conclu- 
sion, since the two values of 2c in this case become eqwd^ as do 
likewise the two values of y. Consequently the points answer- 
ing to these two values^ which are in general di£ferent, will in 
this case coincide. We shall therefore, not say that the tangent 
meets the circle in only one point, but rather that it meets it in 
two coincident points ; just as we do not say that the corres- 
ponding quadratic has only one root, but rather that it has two 
equal roots. And in general we define the tangent to any curve 
as the line joining two indefinitely near points on that curve. 

We can in like manner fiind a quadratic to determine the 



80 THE CIRCLE. 

points where the line Ax-i- By-k-C meets a circle given by the 
general equation. When this quadratic has equal roots, the line 
is a tangent. 

Ex. ] . Find the co-ordinates of intersection of o^ + j^ = 65 ; 3x 4 y = 25. 

Afi9, (7, 4) and (8, 1). 
Ex. 2. Find intersections of (x - c)' 4 {y - 2c)' = 250* ; 4x 4 3y = 35c. 

Afi9» The line touches at the point (dc, 5c). 

Ex. 3. When will y^mx^h touch x" 4 y* = r" ? Ana. When &• = r*( 1 4 w'). 
Ex. 4. When will a line through the origin y » nix touch 

o (x" 4 2ary coso? 4 y*) 4 2gx + 2^ 4 c ? 
The points of meeting are given by the equation 

a (1 4 2m cosw 4 w') x" 4 2 (y ^^fm) x 4 c = 0, 
which will have equal roots when 

(y \fmy = ac (1 4 2m cos (t; 4 »«'). 
We have thus a quadratic for determining m. 

Ex. 5. Find the tangents from the origin to x* 4 y* - 6x - 2y 4 8 ^ 0. 

-4n«. « - y = 0, x^lyr^O, 

84. When seeking to determine the position of a circle re- 
presented by a given equation, it is often as convenient to do so 
by finding the intercepts which it makes on the axes, as by 
finding its centre and radius. For a circle is known when 
three points on it are known ; the determination, therefore, of 
the four points where the circle meets the axes serves com- 
pletely to fix its position. By making alternately y = 0, a? = 
in the general equation of the circle, we find that the points in 
which it meets the axes are determined by tlie quadratics 

a;3i? + ^gx + c = 0, ay* -I- 2^ + c = 0. 

The axis of x will be a tangent when the first quadratic has 
equal roots, that is, when ^^ac^ and the axis of y when/* = ac. 
Conversely, if it be required to find the equation of a circle 
making intercepts X, V on the axis of rv, we may take a s= l, and 
we must have 2;y = — (X + V), c = XV, If it make intercepts 
/Lt, iL on the axis of y, we must have 2/"= — (/i + /x'), c — i^ii!. 
Thus we see that we must have W =^ij,fi (Euc. in. 36). 

Ex. 1 . Find the points where the axes are cut hy ^ 4 ^ - 5j; - 7y + 6 s 0« 

Ans, X ^ 3f X = 2 i y = 6, ysl. 

Ex. 2. What is the equation of the circle which touches the axes at dis- 
tances from the origin = a ? Ans. x^ i y* - 2ax - 2ay 4 a* « 0, 
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Ex. 3. Find the equation of a circle, the aiee heing a tangent, and an j 
line through the point of contact Here we have X, X', ^ all » } and it it 
easj to see from the figure that pi » 2r siniu, the equation therefore is 

«■ + 2ay cosiu + y" - 2ry sinw = 0. 

85. To find the equation of the tangent at the j^oint x*y* tb a 
given circle* 

The tangent having been defined (Art. 83) as the line joining 
two indefinitely near points on the curve, its equation will be 
found by first forming the equation of the line joining any two 
points {x'g'y x"y") on the curve, and then making x'^x'* and 
y'^y" in that equation. 

To apply this to the circle ! first, let the centre be the origili, 
and, therefore, the equation of the circle a* + y* = t'. 

The equation of the line joining any two points {x'jf) and 
(xV) IB (Art. 29), y^ y>^y> 

now if we were to make in this equation y' ^y" atid x' « x'\ the 
right-hand member would become indetenninate. The cause 
of this is, that we have not yet introduced the condition^ that 
the two points {x'y\ x"y") are on the circle. By the help of thb 
condition we shall be able to write the equation in a form which 
Tnll not become indeterminate when the two points are made 
to coincide. For, since 

r^ = a/«+y'« = aj"»+y"», we have aj'«-a?""=y"«-y'», 

, , . v'-v"» x' + x" 
and. therefore, —, — ^, = —. — r, • 

x-x' y+y 

Hence the equation of the chord becomes 

y — y' _ x' + x" 

And if we now make x' = of* and y' =y'\ we find for the equation 
of the tangent, y — y' x' 

or, reducing, and remembering that x^+y'*^ r^, we get finally 

oaj'+yy'ssA 
Otherwise thus :* The equation of the chord joinbg two pomts 
on a circle may be written, 

(a.-a;-)(a:-a:-H(y-yl(y-y1='a^i-y'-r'. 

* This method it due to Mr. Bomside. 
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For this is the equation of a right line, since the terms 
a^ + y" on each side destroy each other ; and if we make x = a?', 
y^y'i the left-hand side vanishes identically, and the right-hand 
side vanishes since the point x'y is on the circle. In like 
manner the eqaation is satisfied by the co-ordinates x"y". This 
then is the equation of a chord ; and the equation of the tangent 
got by making x' = a?", y = y'\ is 

which reduced, gives, as before, xx -{-yy = r*. 

K we were now to transform the equations to a new origin| 
so that the co-ordinates of the centre should become a, /9, we 
must substitute (Art 8) x — a, a:' — a, y - ^3, y' — ^3, for a;, x\ y, y\ 
respectively : the equation of the circle would become 

(a,_a)« + (y-/9)« = r», 

and that of the tangent 

{a!-a)(a;'-«) + (y-y8)(y'-/3) = r«; 

a form easily remembered, from its similarity to the equation of 
the circle. 

Cor, The tangent is perpendicular to the radius, for the 
equation of the radius, the centre being origin, is easily seen to be 
x'y—j/x = ; but this (Art. 32) is perpendicular to xx' +yy' = r*. 

86. The method used in the last article may be applied to 
the general equation* • 

ax"" + 2hxy + iy* + ^ff^ + 2/y + c = 0. 

The equation of the chord joining two points on the curve may 
be written 

a [x - x') [x - x") + 2A (a: - x') {tf^y") + b[y^y') (jy^y") 

= oa;* -f 2Aa?y -f Jy* -I- 2^a: + 2y^ + c. 

For the equation represents a right line, the terms above the 
first degree destroying each other ; and, as before, it is evidently 

^ Of course when this equation represents a circle we must have b^sa, 
h = a cos 10 ; but since the process is the same, whether or not 5 or A have 
these particular values, we prefer in this and one or two similar cases to 
obtain at once formulsB which will afterwards be required in our discussion 
of the general equation of the second degree. 
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satisfied by the two points on the curve xy\ x"y". Putting 
x" = x\ y"=y\ we get the equation of the tangent 

or, expanding, 

2ax'x + 2A {xjf + tfx) -I- 2by'y -I- 2gx + 2^ 4-c = aa'" + 2hxy' + by'*. 

Add to both sides 2ffx' + 2fy' -h c, and remembering that x'y' satLip 
fies the equation of the curve, the equation of the tangent becomes 

ax'x-^- h {x'y-hyx) + by'y +g {x + x') f/(y + y') + c«=0. 

This equation will be more easily remembered if we compare 
it with the equation of the curve, when we see that it is derived 
from it by writing x'x and y'y for x* and y*, x'y + y'x for 2ay, 
and a;' + a?, y + y for 2x and 2y. 

Ex. 1. Find the equations of the tangents to the curves xy^ e*, and 
y" =px, Ans, ar'y + y'j: = 2c* and 2yy' = p (« + a/). 

Ex. 2. Find the tangent at the point (6, 4) to (« - 2)* + (y - 3)" « 10. 

^iM. 3j; + y B 19. 

Ex. 3. What is the equation of the chord joining the points «y, xfy" on 
the circle 4p« + y« = r» P Am. C*' + «")« + (y' + jO y = ^ + a^*" + yV^- 

Ex. 4. Find the condition that Ax + J9y + C^ should touch 

-^'*** /^ ^« iw^ ■'" » ^^^^ the perpendicular on the line from afi is equal to r. 

y(A + J»^) 

87. To draw a tangent to the circle a:* + y* = r^, from any 
point xy\ Let the point of contact be a5"y", then since, by hypo- 
thesis, the co-ordinates ody' satisfy the equation of the tangent at 
x'y'\ we have the condition x'aj"+yy's=r^. 

And since xy" is on the circle, we have also 

These two conditions are sufficient to determine the co-ordinates 
a?", y\ Solving the equations, we get 

Hence, from every point may be drawn two tangents to a circle. 
These tangents will be real when a?'* + y** is > r*, or the point 
outside the circle; they will be imaginary when aj'*+y'* is <r^, 
or the point inside tibe circle; and they will coincide when 
x'* + y'* = r^, or the point on the circle. 

Q2 
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88. We have seen that the co-ordinates of the points of 
contact are found by solving for x and y from the equations 

xx' + yy' = »^; aj' + y* = r^. 

Now the geometrical meaning of these equations evidently is, 
that these points are the intersections of the circle ai" + y" = r^ 
with the right line osx' +yy' = r^. This last then is the equation 
of the right line joining the points of contact of tangents from 
the point x'y' ; as may also be verified by forming the equation 
of the line joining the two points whose co-ordinates were found 
in the last article.* 

We see, then, that whether the tangents firom x'y be real or 
imaginary, the line joining their points of contact will be the real 
line »r' + ^' = r*, which we shall call the polar of x'y' with 
regard to the circle. This line is evidently perpendicular to the 
line (a?'y-y'a?s=0), which joins o^'y' to the centre; and its dis- 

tance from the centre (Art. 23) is -jr-a iri • Hence, the polar of 

any point P is constructed geometrically by joining it to the 
centre C7, taking on the joining line a point Jf, such that 
CM.CP=f^j and erecting a perpendicular to CP at M. We 
see, also, that the equation of the polar is similar in form to that 
of the tangent, only that in the former case the point xy is not 
supposed to be necessarily on the circle : if, however, x'y' be on 
the circle, then its polar is the tangent at that point. 

89. To find the equatum of the polar of x'y' with regard to 
the curve aaj^ + 2Aa?y + Jy' + 2^a; + 2/y4 c = 0. 

* In general the equation of the tangent to any cunre expresses a rela- 
tion connecting the oo-ordinates of any point on the tangent, with the co- 
ordinates of the point of contact. If we are given a point on the tangent 
and required to find the point of contact, we have only to accentuate the 
co-ordinates of the point which is supposed to be known, and remore the 
accents from those of the point of contact, when we have the equation of 
a curve on which that point must lie, and whose intersection with the given 
curve determines the point of contact. Thus if the equation of the tangent 
to a curve at any point dry be xx^ -f yy^ « r', the points of contact of tan- 
gents drawn from any point x'y' must lie on the curve xfi^ f yV' ° ''*• ^t is 
only in the case of curves of the second degree that the equation which 
determines the points of contact is similar in form to the equation of the 
tangent 
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We have seen (Art. 86) that the equation of the tangent is 
ax'x + hipdy i'y'x) + by'y+g (a? + a?') +/(y + 3O + c = 0. 

This expresses a relation between the co-ordinates xy of any 
point on the tangent, and those of the point of contact x'y\ 
We indicate that the former co-ordinates are known and the 
latter unknown, by accentuating the formc^r, and removing the 
accents from the latter co-ordinates. But the equation being 
symmetrical with respect to the co-ordinates xy^ x'y' is un- 
changed by this operation. The equation then written above, 
(whidi when x'y' is a point on the curve, represents the tangent 
at that point) ; when x'y' is not on the curve, represents a line 
on which lie the points of contact of tangents real or imaginary 
from x'y'. If we substitute x'y' for xy in the equation of the 
polar, we get the same result as if we made the same substitution 
in the equation of the curve. This result then vanishes when 
x'y' is on the curve. Hence the polar of a point passes through 
that point only when the point is on the curve, in which case 
the polar is the tangent. 

Cor. The polar of ^^ ort/in i8^a;+j^ + c=sO. 

Ex. 1. Find the polar of (4, 4) with regard to (x - 1)* ^ (y - 2)* « 13. 

Ans. 3x 4^ 2y a 20. 
Ex. 2. Find the polar of (4, 6) with regard to «* -f y* - Sx - 4y ^ 8. 

Am. 6x -h 6y » 48. 
Ex. 3. Find the pole of ^x + J9y f C» with regard to x* + y* » r*. 

Ans. I — pp, - -^]» AA appears from comparing the given equation with 

xx' 4 y/ « r*. 
Ex. 4. Findthepoleof 3x4-4ys7 withregardtox*iy*sl4. An$.[6,S). 

Ex. 6. Find the pole of 2x f 3y - 6 with regard to (x-l/ , (y- 2)* = 12. 

An$. (- 11, - 16). 

90. To find the length of the tangent drawn from any point to 
the circle (aj- a)" + (y-i8)*-r' = 0. 

The square of the distance of any point from the centre^ 

= (a:-a)« + (y-i8)«; 
and since this square exceeds the square of the tangent by the 
square of the radius, the square of the tangent from any point is 
found by substituting the co-ordinates of that point for x and y 
in the first member of the equation of the circle 

(«-a)»+(y-/8)»-f^ = 0. 
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Since the general equation to rectangular co-ordinates 

when diyided by a, is (Art. 80) equivalent to one of the form 

we learn that the square of the tangent to a circle whose equar 
tion is given in its most general form is found by dividing by 
the coefficient of a?^ and then substitutmg in the equation the 
co-ordinates of the given point. 

The square of the tangent firom the origin is found by making 
X and y B 0, and is, therefore, » the absolute term in the equa- 
tion of the circle, divided by a. 

The same reasoning is applicable if the axes be oblique. 

*91. To find the ratio in which tlie line joining two given 
points x'y\ a?"y", is cut hy a given circle. 

We proceed precisely as in Art. 42. The co-ordinates of any 
point on the line must (Art. 7) be of the fonn 

Ix' + mx ly" + my 
l^^m ' l-\-m 

Substituting these values in the equation of the circle 

and arranging, we have, to determine the ratio / : m, the quadratic 

? [x"^ + y - O + 2lm {x'x" + yy" - r») + m^ [x'^ + y** - /) = 0. 

The values oi lim being determined from this equation, we have 
at once the co-ordinates of the points where the right line meets 
the circle. The symmetry of the equation makes this method 
sometimes more convenient than that used Art. 82. 

If x"y" lie on the polar of x'y\ we have xx" ^yy" — r* = 
(Art. 88), and the factors of the preceding equation must be of 
the form Z+ fAtn^ l- fim ; the line joining xy\ x'y" is therefore cut 
intenially and externally in the same ratio, and we deduce the 
well-known theorem, any line drawn throvgh a point is cut har- 
monically by the pointy the circle^ and the polar of the point. 

*92. To find the equation of the tangents from a given point 
to a given circle. 

We have already (Art. 87) found the co-ordinates of the 
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points of contact ; substituting, therefore, these values in the equa- 
tion asa?" + yy" — r* = 0, we have for the equation of one tangent 

and for that of the other, 

These two equations multiplied together give the equation of the 
pair of tangents in a form free from radicals. The preceding 
article enables us, however, to obtain this equation in a still more 
simple form. For the equation which determines I : m will have 
equal roots if the line joining x'y\ x"y" touch the given circle ; 
if then x"y" be any point on either of the tangents through xy\ 
its co-ordinates must satisfy the condition 

{x'^^y'^ - r») [x' 4-/ - ^ = [xx' ^-yy' - 7^)\ 

This, therefore, is the equation of the pair of tangents through 
the point x'y\ It is not difficult to prove that this equation is 
identical with that obtained by the method first indicated. 

The process used in this and the preceding article is equally 
applicable to the general equation. We find in precisely the 
same way that limi& determined from the quadratic 

r [ax"^ + 2kxY + %"• + 'igx + 2fy" + c) 

+ 2lm [ax'x" 4 h [x'y" + ai'y') + by'y" ^-g[x'-^ x") +f{y' + y") + c] 

+ wi" {ax'^ + 2hx'y' + bij" + 2gx' + 2fy' + c) = ; 

from which we infer, as before, that when x'y" lies on the polar 
of x'y the line joining these points is cut harmonically ; and also 
that the equation of the pair of tangents from x'y is 

(aa;'*+ 2hx'y'-\-by'^+ 2gx-\- 2fy\ c)(aa;*+ 2hxy-\-}>y^-\-2gx\ 2/y+c) 

=x {ooj'a; + A (oj'y + ayO + %' + 5^(« + a?') +/(y + y ) + c}». 

93. To find the equation of a circle passing through three 
given points. ♦ 

We have only to write down the general equation 

and then substituting in it, successively, the co-ordinates of each 
of the given points, we have three equations to determine the 
three unknown quantities g^ /, c. We might also obtain the 
equation by determining the co-ordinates of the centre and the 
radius, as in Ex. 5, p. 4. 
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Ex. 1. Find the circle through (2, 3), (4, 6), (6, 1). 

Ana. (X - ¥)• + (y - f f = V (see p. 4), 

Ex. 2. Find the circle through the origin and through (2, 8) and (3, 4). 
Here coO, and we have 13 + 4^ + 6/= 0, 26 + 6^ + 8/'=0, whence 
2^«-23, 2/= 11. 

Ex. 3. Taking the same axes as in Art. 48, Ex. 1, find the equation of 
the eirde through the origin and through the middle points of sides ; and 
•how that it also passes through the middle point of base. 

Am. 2;> («• + /)-;>(«- O *-(;>* + «') y " 0- 

*94. To express the equation of the circle through three points 
yiy\ x"j/\ 7l"y"* in terms of the co'ordinates of those points. 
We have to substitute in 

the values otg^f c derived from 

(a?'* +y'" )-^^ffx' +2fy' +0 = 0, 
(a:""4y'») + 2^x"+2/y'+c = 0, 
K"+y"") + 2gx"'+ 2/y"' + c = 0. 

The result of thus eliminating g^fc between these four equa- 
tions will be found to be 

(a? +y« ){x' (y"-y")+»" (y" - y' ) + x'" {jf' -y")} 
- (»'» + y" ) {x- (y"'- y ) + x'"(j, -y") + x (y" - y'")} 
+ {x'-+y"'){x"'{y -y')-^x (y' -y'") + x' (y"'-y )} 
-{x'"'+y"'^{x (y' -y") + x' (y" -y )+x"{y -y' )} = 0, 

as may be seen by multiplying each of the four equations by the 
quantities which multiply (ic'+y*)&c. in the last written equa- 
tion, and adding them together, when g^ f c will be found to 
vanish identically. 

If it n^ere required to find the condition that four points 
should lie on a circle, we have only to write a?^, y^ for x and y 
in the last equation. It is easy to see that the following is the 
geometrical interpretation of the resulting condition. If Aj B^ 
(7, i> be any four points on a circle, and s,nj fifth point taken 
arbitrarily, and if we denote by BCD the area of the triangle 
BCDj &c., then 

0A\BC1)^ OC\ABD^ OB\ACD^- Olf.ABG. 

95. We shall conclude this chapter by showing how to find 
the jwfar equation of a circle. 
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We may either obtain it by substituting for Xj p cosd, and 
for y, p sind (Art. 12), in either of the equations of the circle 
ahready given, 

«(a?'+y) + 2^aj + 2^ + c = 0, or (a:-a)" + (y-/8)« = r», 

or else we may find it independently, firom the definition of the 
circle, as follows : 

Let be the pole, C the centre of the circle, and (7(7 the 
fixed axis; let the distance OC=^dj 
and let OP be any radius vector, and, 
therefore, =p, and the angle POC=0j 
then we have 

PC*=(?P'+ 00«-20P.(?(7 cosPOa, 
that is, f^=p"-Hrf'-2/M?co8d, 

r /:>*-2dp cosd+d"-r^ = 0. 

This, therefore, is the polar equation of the circle. 

If the fixed axis did not coincide with OC, but made with it 
any angle a, the equation would be, as in Art. 44, 

/:>'-2dpcos(^-a)+(?-r* = 0. 

If we suppose the pole on the circle, the equation will take a 
umpler form, for then r = <2, and the equation will be reduced to 

p^2r COS0, 

a result which we might have also obtained at once geometrically 
firom the property that the angle in a semicircle is right ; or else 
by substituting for x and y their polar values in the equation 
(Art 79) a:»+y» = 2nr. 



CHAPTER VIL 

THEOREMS AND EXAMPLES ON THE CIRCLE. 

96. Having in the last chapter shown how to form the 
equations of the circle, and of the most remarkable lines related 
to it, we proceed in this chapter to illustrate these equations by 
examples, and to apply them to the establishment of some of 
the principal properties of the circle. We recommend the 
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reader first to refer to the answers to the examples of Art. 49, 
to examine in each case whether the equation represents a circle^ 
and if so to determine its position either (Art. 80) by finding 
the oo-ordinates of the centre and the radius, or (Art. 84} by 
finding the points where the circle meets the axes. We add a 
few more examples of circular loci. 

Ex. 1. Given base and vertical angle, find the locus of vertex, the axes 
having any position. 

Let the co-ordinates of the extremities of base be x'y'^ aT}/'. Let the 
equation of one side be y -f/ ^mix- gf) 

then the equation of the other side, making with this the angle C, will be 
(Art. 33) (1 + m tanC) (y - y") = (m - tanC) (* - x"). 

Eliminating m, the equation of the locus is 
tan C {(y - y') (y - y'') + (J^ - a^) ( J? - ar')} + X (y' - y") - y (a:' - j:'') + xy- - sroj'' = 0. 

If C be a right angle, the equations of the sides are 

y - y e m (4? - «') ; m{y'f)^(x'' x") = 0, 
and that of the locus 

(y-y')(y-y") + (*-«')(*-O = 0. 

Ex. 2. Given base and vertical angle, find the locus of the intersection 
of perpendiculars of the triangle. 

The equations of the perpendiculars to the sides are 
m (y - y") + (« - x") = 0, (m - tanC) (y - y') + (1 + m tanC) (x - aO « 0. 
Eliminating m, the equation of the locus is 

tanC{(y-y0(y-y") + (*-*')(«-O} = *(y'-y")-y(«'-*") + *'y"-y'-»^'j 

an equation which only differs from that of the last article by the sign of 
tanC, and which is therefore the locus we should have found for the vertex 
had we been given the same base and a vertical angle equal to the supple- 
ment of the given one. 

Ex. 3. Given any number of points, to find locus of a point such that 
m times square of its distance from the first + m" times square of its dis- 
tance from the second + &c. = a constant; or (adopting the notation used 
in p. 61) such that S (mr^) may be constant. 

The square of the distance of any point xy from xy is (x - x')* + (y - y)*. 
Multiply this by m', and add it to the corresponding terms found by express- 
ing the distance of the point xy from the other points x"y"y &c. If we adopt 
the notation of p. 61 we may write, for the equation of the locus, 

2 (m) x" + 2 (m) y» - 22 (mx') x - 22 {my') y + 2 (t/ix'*) + 2 {my'*) = C. 
Hence the locus will be a circle, the co-ordinates of whose centre will be 

2 {mx') _ ^(mj/) 
*" 2(m) ' ^" 2lm) * 
that is to say, the centre will be the point which, in p. 52, was called the 
centre of mean position of the given points. 
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If we inyestigate the value of the radius of this circle, we shall find 

2?r (m) = 2 (mr*) - 2 (m^*), 
where £ (mr)* = C = sum of m times square of distance of each of the given 
points from any point on the circle, and S (mf/) » sum of m times square of 
distance of each point from the centre of mean position. 

Ex. 4. Find the locus of a point O, such that if parallels be drawn 
through it to the three sides of a triangle, meeting them in points B, C; 
C\ A' I A'\ B" \ the sum may be given of the three rectangles 

BO.OC+CrO.OA'^A'O.OB". 
Taking two sides for axes, the equation of the locus is 

or a:* + y" + 2xy cosC - ax - iy + m* = 0. 

This represents a circle, which, as is easily seen, is concentric with the cir- 
cumscribing circle ; the co-ordinates of the centre in both cases being given 
by the equations 2 (a f ^ cosCT) = a, 2 (/9 4- a cosC) = b. These equations 
enable us to solve the problem to find the locus of the centre of circumscrib- 
ing circle, when two sides of a triangle are given in position, and any relation 
connecting their lengths is given. * 

Ex. 6. Find the locus of a point O, if the line joining it to a fixed point 
makes the same intercept on the axis of x, as is made on the axis of y, by 
a perpendicular through O to the joining line. 

Ex. 6. Find the locus of a point, such that if it be joined to the vertices 
of a triangle, and perpendiculars to the joining lines erected at the vertices, 
these perpendiculars meet in a point. 

97. We shall next give one or two examples involving the 
problem of Art. 82, to find the co-ordinates of the points where 
a given line meets a given circle. 

Ex. 1. To find the locus of the middle points of chords of a given circle, 
drawn parallel to a given line. 

Let the equation of any of the parallel chords be 

X cosa + y sino -p = 0, 
where « is, by hypothesis, given, and p is indeterminate ; the abscissa of the 
points where this line meets the circle are (Art. 82) found from the equation 

«■ - 2px cosa +p* - r* sin'a = 0, 
Now, if the roots of this equation be a/ and x", the x of the middle point of 
the chord will (Art 7) be J («' + «"), or, from the theory of equations, will 
esp cos«. In like manner, the y of the middle point will equal p sin a. 
Hence the equation of the locus h y - x tana, that is, a right line drawn 
through the centre perpendicular to the system of parallel chords ; since a is 
the angle made with the axis of or by a perpendicular to any of the chords. 

Ex. 2. To find the condition that the intercept made by the circle on 
the line ar cos « + y sin « = p 

should subtend a right angle at the point xY» 
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We found (Art 96, Ex. 2) the condition that the lines joining the points 
^*y"i ^'W* ^ ^ should be at right angles to each other ; viz. 

(X - «") (« - Qi") + (y - y") (y - y"') = Q. 

Let x'V, sf'y^" be the points where the line meets the circle, then, by 
the last example, 
«"+«"' = %> cosa, «'V"=/i^-r«sin«a, y"+y'" = 2p sina, y'y"«/i^-r«coe*a. 

Patting in these values, the required condition is 

«^ + /" - JJp*' cosa - 2^ sina + 2p* - r» = 0. 

Ex. 3. To find the locus of the middle point of a chord which subtends 
a right angle at a given point. 

If X and y be the co-ordinates of the middle point, we have, by Ex. 1, 

/>cosa = x, /»sinasry, p* = «* + y*, 
and, substituting these values, the condition found in the last example becomes 

(« - «'/ + (y - y7 4 a:* + y« = r«. 

Ex. 4. Given a line and a circle, to find a point such that if any chord 
be drawn through it, and perpendiculars let fall from its extremities on the 
given line, the rectangle under these perpendiculars may be constant. 

Take tha given line for axis of x, and let the axis of y be the perpendicular 
on it from the centre of the given circle, whose equation will then be 

Let the co-ordinates of the sought point be x'%/ \ then the equation of any 
line through it will be y - y' « m (« - oi). Eliminate x between these two 
equations and we get a quadratic for y, the product of whose roots will be 
found to be (y^ - m:gO« + m« Q^ - r«) 

This will not be independent of m unless the numerator be divisible by 1 -i- m*, 
and it will be found that this cannot be the case, unless a/ = 0, y^ s ^6* - r*. 

Ex. 6. To find the condition that the intercept made on x cos a + y sin a -/>, 
by the circle «" + y« + 2yx + 2^ + c = 

may subtend a right angle at the origin. The equation of the pair of lines 
joining the extremities of the chord to the origin may be written down 
at once. For if we multiply the terms of the second degree in the equation 
of the circle by />', those of the first degree by /? (« cosa + y sina), and the 
absolute term by (x cosa 4 y sina)*, we get an equation homogeneous in x 
and y, which therefore represents right lines drawn through the origin; and 
it is satisfied by those points on the circle for which x cos a -i- y sina sp. 
The equation expanded and arranged is 
(T^ + 2^/> cosa + c* cos*a) ^ \*i(g sina +/cosa + c sina cos«) xy 

4 (p* + 2;5> sina + c* sin'a) / = 0. 
These two lines cut at right angles (Art. 74) if 

2?" + 2^ (y cosa +/8ina) + c" = 0. 

Ex. 6. To find the locus of the foot of the perpendicular from the origin 
on a chord which subtends a right angle at the origin. The polar co-ordi« 
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nates of the locus are p and « in the equation last found ; and the equation 
of the locus is therefore 

2 (a:" + y«) + ^a; + 2^ + c» = 0. 

It will be found on examination that this is the same circle as in Ex. 8. 

Ex. 7. If any chord be drawn through a fixed point on a diameter of a 
circle and its extremities joined to either end of the diameter, the joining 
lines cut off on the tangent at the other end, portions whose rectangle is 
constant. 

Find, as in Ex. 6, the equation of the lines joining to the origin the 
intersections of 2* 4 y* - 2rx with the chord y = m {x - xf) which passes 
through the fixed point {xf, 0). The intercepts on the tangent are found by 
putting 4; = 2r in this equation and seeking the corresponding values of y. 
The product of these values will be found to be independent of m, viz. 

«'-2r 



98. We shall next obtain from the equations (Art. 88) a few 
of the properties of poles and polars. 

If a point A lie on the polar of Bj then B lies on the polar of A, 
For the condition that x'y should He on the polar of x"ff" is 
x'x"+jf'ff" = t'; but this is also the condition that the point 
x'y should lie on the polar of x'y. It is equally true if we 
use the general equation (Art. 89) that the result of substituting 
the co-ordinates x"y" in the equation of the polar of x'y' is the 
same as that of substituting the co-ordinates x'y' in the polar 
of x"y". This theorem then, and those which follow, are true 
of all curves of the second degree. It may be otherwise stated 
thus : if the polar of B pass through a fixed point Ay the locus of 
B is the polar of A. 

99. Given a circle and a triangle ABC^ if we take the polars 
with respect to the circle, of -4, 5, C; we form a new triangle 
A'B'C called the conjugate triangle, A' being the pole of BO^ 
B' of GAy and C of AB. In the particular case where the polars 
of Ay By G respectively, are BCj CAy AB^ the second triangle 
coincides with the first, and the triangle is called a self<onjug(Ue 
triangle. 

The lines AA'j BB\ CC\ joining the corresponding vertices cf 
a triangle and of its conjugate^ meet in a point. 

The equation of the line joining the point x'y' to the inter- 
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section of the two lines xx" ^-yy' -/ = and xx" ^-yy^'—r^^O 

is (Art. 40) 

A A' (xV" + yy - r«) [xx" h- yy'' - r') 

- {XX + yy ' - r«) (aja;'" + yy' " - r') = 0. 
In like manner 

BB' [x'x" + yy ' - r*) (ara;"' + yy'" - r*) 

- (a:"a;'" + y'Y' - O (^' + VV' "0=0 ; 
and (7C" {x"x'" + y"y"' - r») {xx 4- yy' - r») 

- [xx" + y'y'" - O (axe" + yy" - r») » ; 

and by Art. 40 these lines must pass through the same point. 

The following is a particular case of the theorem just proved. 
If a circle be inscribed in a triangle^ and each vertex of the tnr 
angle joined to the point of contact of the circle with the opposite 
side J the three joining lines will meet in a point. 

The proof just given applies equally if we use the general 
equation. If we write for shortness P, =0 for the equation of 
the polar of x'y'^ [ax'x + &c. = 0) ; and in like manner P,, P^ for 
the polars of x"y'\ x"y" ; and if we write [Ij 2] for the result of 
substituting the co-ordinates x"y" in the polar oixy\ (aa?'a:"-f&c.), 
then the equations are easily seen to be 

AA [1,3] P. = [1,2] P., 

BB' [1,2] P. = [2, 3] P., 

CC [2, 3] p. = [1,3] p., 

which denote three lines meeting in a point. It follows (Art. 
60, Ex. 3) that the intersections of corresponding sides of a 
triangle and its conjugate lie in one right line. 

100. Given any point 0, and any two lines through it ; join 
hoik directly and transversely the points in which these lines meet 
a circle ; then^ if the direct lines intersect each other in P and the 
transverse in Q^ the line PQ will be the polar of the point 0, with 
regard to the circle. 

Take the two fixed lines for axes, and let the intercepts made 
on them by the circle be X and \', ^ and fi\ Then 

? + if_1.0, § + 4-1=0, 

A. ft ' A. ft ' 



THEOREMS AND EXAMPLES ON THE CIRCLE. 95 

will be the equations of the direct lines ; and 

the equations of the transverse lines. Now, the equation of the 
line FQ will be 

SC X tl "U 

^ + ^, + ^ + -^, -2 = 0, 

A \ fl IJL 

for (see Art. 40) this line passes through the intersection of 

and also of ^ + ^ - 1, ^, + - - 1. 

If the equation of the circle be 

ax^ + 2hocy + hy^ + 2gx + 2^ + c = 0, 

X and X' are determined from the equation aa;* + 2^a? + ^ = 
(Art. 84), therefore, 

11 2^ , 1 1 2/ 

^ + ^, = - -^ , and - + -, = --. 
XX c fi fi c 

Hence, equation of PQ is 

but we saw (Art. 89) that this was the equation of the polar of 
the origin 0. Hence it appears that if the point were given, 
and the two lines through it were not fixed, the locm of the 
points P and Q would be the polar of the point 0. 

101. Qiven any two points A and -B, and their polarsj with 
respect to a circle whose centre is 0: let fall a perpendicular AP 
from A on the polar of B^ and a perpendicular BQfrom B on the 

pohir of A; then jpc=: — . 

The equation of the polar of A {x'y') is xx'^-yy'— r^^ ; and 
BQ^ the perpendicular on this line from B[x"y"\ is (Art 34) 

aJx^ + yY-T^ 
s/{x'' + y'^ ' 

Hence, since V(a?'*+y'*) = 0-4, we find 

OA.BQ^x'x^'^yY-'i^', 
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and, for the same reason, 

„ OA OB 

Hence AP'^ BQ- 

102. In working out questions on the circle it is often con- 
venient, instead of denoting the position of a point on the curve 
by its two co-ordinates x'y\ to express both these in terms of a 
single independent variable. Thus, let ^ be the angle which 
the radius to x'y' makes with the axis of Xj then x'^^r cos^, 
y' = r sin0', and on substituting these values our formul» will 
generally become simplified. 

The equation of the tangent at the point x'y^ will by this sub- 
stitution become a; cos fl' + y sin ^ = r ; 
and the equation of the chord joining x'y'j x"y"j which (Art. 86) is 

X {x' + x") + y (y' + f) = r^ + x'x" + yV ', 
will, by a similar substitution, become 

X cosi(^ + ^') +y 8mi(^ + r) = r cos^^-r), 
ff and 0" being the angles which radii drawn to the extremities 
of the chord make with the axis of x. 

This equation might also have been obtained directly from 

the general equation of a right line (Art. 23) x cosa+y sinasj?, 

for the angle which the perpendicular on the chord makes with 

the axis is plainly half the sum of the angles made with the axia 

by radii to its extremities ; and the perpendicular on the chord 

= rcosi(fl'-r). 

Ex. 1. To find the co-ordinates of the intersection of tangents at two 
given points on the circle. The tangents being 

« cos ^ + y sin ^ = r, x cos ^' + y sin ^' « r, 
the co-ordinates of their intersection are 

cosi(g^4^) sinH^^+n 

cosi(^-^')' cos}(^-^')' 

Ex. 2. To find the locus of the intersection of tangents at the extremities 
of a chord whose length is constant. 

Making the substitution of this article in 

(a/ - a:^)' + (/ - y")« « constant, 
it reduces to cos (^ - ^) = const, or ^ - ^ ■= const If the given length of 
the chord be 2r sin i, then ^ - ^ » 2^. The co-ordinates therefore found in 
the last example fulfil the condition 

{«• + y*) cosM 8 r». 
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Ex. 3. What is the locus of a point where a chord of a constant length 
is cut in a giTen ratio ? 

Writing down (Art. 7) the co-ordinates of the point where the chord is out 
in a giTen ratio, it will be found that they satisfy the condition a^+f^^consL 

103. We have seen that the tangent to any circle a:* •hy*=r^ 
has an equation of the form 

X costf -hy sintf = r; 
and it would appear, in like manner, that the equation to the 
tangent to (a? - a)* + (y — fif = r' may be written 

(a; — a) co8tf-|-(y — )8) sm0 = r: 

conversely, then, if the equation of any right line contain an m- 
determinate in the form 

(a; — a) CQstf + (y — )8) sintf^r, 
that line will touch the circle (a? — a)* + (y — )8)" = r^. 

Ex. 1. If a chord of a constant length be inscribed in a circle, it will 
always touch another circle. For, in the equation of the chord 
X cos J (^ + ^') + y 8in}(^ + ^) = r cosH^ - H 
l)y the last article, & ^0' is Jinown, and Q^ \&' indeterminate ; the chords 
therefore, always touches the circle 

a:* + y« = r« cos'*. 

Ex. 2. Given any number of points, if a right line be such that ni times 
the perpendicular on it from the first point, + m" times the perpendicular 
from the second, + &c., be constant, the line will always touch a circle. 

This only differs from the question, p. 61, ih that the sum, in place of 
being = 0, is constant. Adopting then the notation of that Article, instead 
of the equation there found, 

{a:2 (m) - 2 (mx')} cosa + {yr (m) - 2 (m/)} sin a s 0, 
we have only to write 

{arSm - £ (mx )} cosa + {y2 (m) - S: {^%f^ siha = const 

Hence this line must always touch the circle 

whose centre is the centre of mean position of the given points. 

104. We shall conclude this Chapter with some examples of 
the use of polar co-ordinates. 

Ex. 1. If through a fixed point any chord of a circle be drawn, the rect- 
angle under its segments will be constant (Euclid ill. 35, 36). 

Take the fixed point for the pole, and the polar equation is (Art. 95) 

/>• - 2/>rf cos^ + <f - r* = ; 
the roots of which are evidently OF, OP^ the values of the radius vectot 
answering to any given value of or POC. 

H 
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Nowy by the theory of equations, OP.OP', the prodnet of these roots 
will a <{* - r*, a quantity independent of 0, and therefore constant, whaterer 
be the direction in which the line OP is drawn. If the point O be outside 
the circle, it is plain that d^'-f* must be >= the square of the tangent. 

Ex. 2. If through a fixed point O any chord of a circle be drawn, and 
OQ taken an arithmetio mean between the segments OP^ OP*; to find the 
locus of <2* 

We hare OP + OP', or the sum of the roots of the quadratic in the last 
example, » 2d cobO ; but OP-^OP'^ 20Q, 
therefore OQ » if cobO. 

Hence the polar equation of the locus is 

pod cobO. 

Now it appeals firom the final equation 
Art. 95, that this is the equation of a circle 
described on the line OCas diameter* 

The question in this example might hare been otherwise stated : ** To find 
the locus of the middle points of chords which all pass through a fixed point.** 

Ex* 8. If the line OQ had been taken a harmonic mean between OP 
and OP, to find the locus of Q. 

Thatistosay,OQ-^J^-:^ , but OP.OP'^d'-r', andOP+OP'«2rfcos^, 
therefore, the polar equation of the locus is 

^'T^0' or^cos^a— ^-. 
This is the equation of a right line (Art 44) perpendicular to 00, and 

at a distance firom O^d--^, and, therefore, at a distance firom Cs-r . Hence 

a a 

(Art 88) the locus is the j^o^ar of the point O. 

We can, in like manner, solve this and similar questions when the equa- 
tion is given in the form 

a («» + /) + 2^« + 2/V + c = 0, 
for, transforming to polar co-ordinates, the equation becomes 



f)' + 2 f? cos^ +•^sin^^ ^ +f - 0, 
\<i a / 



and, proceeding precisely as in this example, we find, for the locus of 
harmonic means, e 

^""^cos^+Zsin^' 
and| returning to rectangular co-ordinatea^ the equation of the locus is 

ffx ^fy + c " 0, 
the same as the equation of the polar obtained ahready (Art 89). 

Ex. 4. Given a point and a right line ; if OQ be taken inversely as OP, 
the radius vector to the right line, find the locus of Q. 

Ex. 6. Given vertex and vertical angle of a triangle and rectangle under 
•ides; if one base angle describe a right line or a circle, find locus described 
by the other base angle. 
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Take the vertex for pole; let the lengths of the sides be p and p\ and the 
angles they make with the axis and ^, then we have pp* = A" and ^ - ^ s C. 

The student must write down the polar equation of the loous which one 
base angle is said to describe ; this will give him a relation between p and \ 

then, writing for p, -- , and for Of Ci-ff. he will find a relation between 

P 

p* and ^, which will be the polar equation of the locus described by the 
other base angle. 

This example might be solved in like manner, if the raUo of the rideSi 
instead of their rectangle, had been given. 

Ex. 6. Through the intersection of two circles a right line is drawn ; find 
the locus of the middle point of the portion intercepted between the circles. 

The equations of the circles will be of the form 

/» * 2r cos(^ - «); /» = 2r' co8(^ - a*) \ 
and the equation of the locus will be 

p^r COS(d - a) + f^ C08(^ - «')| 

which also represents a circle. 

Ex. 7. If through any point O, on the oireumference of a cirele, any three 
chords be drawn, and on each, as diameter, a circle be described, these three 
circles (which, of course, all pass through O) will intersect in three other 
points, which lie in one right line. (See Canih. Math. Jour.f voL I., p. 160). 

Take the fixed point O for pole, then if ef be the diameter of the original 
circle, its polar equation Will be (Art 95) 

p^d cosd. 
In like manner, if the diameter of one of the other circles make an angle 
a with the fixed axis, its length will be ^dco%% and the equation of this 
circle will be p^d cosa cos(d - «). 

The equation of another circle will| in like manneif, be 

/> a d cos/3 cos(d - /3). 

To find the polar coordinates of the point of intersection of these two, 
we should seek what value of would ifender 

cos a C0S(^ - a) a C08/3 COS(^ - /9), 

and it is easy to find that must » « -f- /3» and the corresponding valoe of 
/9B dcosa cos/3. 

Similarly, the polar co-ordinates of the intersection of the first atid third 
circles are d «« + 7, and /» » efcosa COS7. 

Now, to find the polar equation of the line joining these two points, take 
the general equation of a right line, p cos(^ -$)^p (Art. 44) and substitute 
in it successively these values of 6 and p, and we shall get two equations td 
determine p and k. We shall get 

ptsd cosa C08/3 COS(ib - (a 4- /9)} a (^ COSa 008^ 00S{^ - (« -f 7)). 

Henoe ^ « « 4- /3 4- 7, and p'^d cosa oos/3 cos7* 

The symmetry of these values shows that it is the same right line whieh 
joins the intersections of the first and second, and of the second and third 
pircles, and, therefore, that the three points are in a right line. 

H3 




98 THEOBEMS AND EXAMPLES ON THE CIRCLE. 

Now, hj tlie theory of equationi, OP.OF', the prodnet of these Toots 
will = d* - r*, a quanlity independent of 0^ and therefore oonatant» whaterer 
be the direction in which the line OP ii drawn. If the point O be outside 
the drde, it is plain that d* - r* must be « the square of the tangent. 

Ex. 2. If through a fixed point O any chord of a circle be drawn, and 
OQ taken an arithmetic mean between the segments OP^ OP'i to find the 
locus of Q. 

We haye OP -i- OP^^ or the sum of the roots of the quadratic in the last 
example," 2i7 cos^; but OP-^OP*^ 20Q, 
therefore OQ = d cobO. 

Henoe the polar equation of the locus is 

pssd cobO, 

Now it appeara from the final equation 
Art. 96, that tiiis is the equation of a circle 
described on the line OCas diameter. 

The question in this example might haye been otherwise stated : ** To find 
the locus of the middle points of chords which all pass through a fixed point.'' 

Ex. 8. K the line OQ had been taken a harmonic mean between OP 
and OP^f to find the locus of Q. 

Thatisto say,OQ«^^~~^ , but OP.OP'^d^-f^, andOP+OP'=2rfcoe^, 
therefore, the polar equation of the locus is 

P^T^e^ or^cos^ = — ^-. 
This is the equation of a right line (Art 44) perpendicnlar to OCy and 

at a distance from O^d—^, and, therefore, at a distance firom Ce-^ . Henoe 

(Art 88) the locus is ihejpolar of the point O. 

We can, in like manner, soWe this and similar questions when the equa- 
tion is g^Yen in the form 

a(«« + y«) + 2^« + 2>V + c = 0, 
for, transforming to polar co-ordinates, the equation becomes 



/i^ + 2f? oos^+•^Bin^^^ + f - 0, 
\a a r a 



and, proceeding precisely as in this example, we find, for the locus of 
harmonic means, e 

^""iFcoe^+Zsin^* 
and| r etu rnin g to rectangular co-ordinates^ the equation of the locus is 

gx ^fy + c " 0, 
the same as the equation of the polar obtained already (Art 89). 

Ex. 4. Giyen a point and a right line ; if OQ be taken inyersely as OP^ 
the radius yector to the right line, find the locus of Q, 

Ex. 5. Giyen vertex and vertical angle of a triangle and rectangle under 
sides; if one base angle describe a right line or a circle, find locus described 
by the other base angle. 
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Take the vertex for pole; let the lengths of the sides be p and pf^ and the 
angles they make with tiie axis and ^, then we haye pp* = A" and ^ - ^ « C 

The student must write down the polar equation of the loous which one 
base angle is said to describe ; this will give him a relation between p and % 

then, writing for /o, -- , and for OtCi- ^, he will find a relation between 

P 

p' and ^, which will be the polar equation of the locus described by the 
other base angle. 

This example might be solved in like manner, if the raUo of the sideSi 
instead of their rectangle, had been given. 

Ex. 6. Through the intersection of two circles a right line is drawn ; find 
the locus of the middle point of the portion intercepted between the cirolea. 
The equations of the circles will be of the form 

ptM^r cos(^ - «); /» = 2r' co8(d - a*) \ 
and the equation of the locus will be 

/» = r cos(d - «) + f' cos(d - oQi 
which also represents a circle. 

Ex. 7. If through any point O, on the circumference of a drele, any three 
chords be drawn, and on each, as diameter, a circle be describedt these three 
circles (which, of course, all pass through O) will intersect in three other 
points, which lie in one right line. (See Canih, Math, Jour,, voL I., p. 160). 

Take the fixed point O for pole, then if ef be the diameter of the original 
circle, its polar equation will be (Art 95) 

p^d cos^. 
In like manner, if the diameter of one of the other circles make an angle 
a with the fixed axis, its length will be = ef cosa, and the equation of this 
circle will be /oedcosa cos(d -a). 

The equation of another circle wlllt in like manneif, be 

p^d C06/3 cos(d - p). 

To find the polar coordinates of the point of intersection df these two, 
we should seek what value of would ifender 

cos a C0S(^ - a) a cOS/3 COS(^ - /9), 

and it is easy to find that must » « -f- /Sy and the corresponding value of 
p^d cosa cos/3. 

Similarly, the polar coordinates of the intersection of the first atid third 
circles are ^ a o + »y, and p^d cos« cos7. 

Now, to find the polar equation of the line joining these two points, take 
the general equation of a right line, pc<M{k-0)op (Art 44) and substitute 
in it successively these values of and p, and we shdl get two equations id 
determine p and k. We shall get 

j9 B d cosa 008/3 C0B{^ - (a 4- /9)} a (^ C06« COS^ 00e{^ - (« -f 7)). 

Henoe h ^ a -k- fi -k- *iif and j^scfcosa oos/3cot7« 

The symmetry of these values shows that it is the same right line which 
joins the intersections of the first and second, and of the second and third 
and| ihereibrey that the three points are in a right line. 

H3 
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Now, by the theory of equationi, OP.OP', the prodnet of these Toots 
irill a d" - r*, a quantity independent of 0, and therefore constant, whaterer 
be the direction in which the line OP is drawn. If the point O be outside 
the drde, it is plain that d^^r* must be « the square of the tangent. 

Ex. 2. If through a fixed point O any chord of a circle be drawn, and 
OQ taken an arithmetic mean between the segments OP^ OP'i to find the 
locus of Q» 

We haye OP ^ OP'^ or the sum of the roots of the quadratic in the last 
example, « 2i7 cos^ ; but 0P^0P'^20Q, 
therefore qq a d cos^. 

Henoe the polar equation of the locus is 

pt^d cos^. 

Now it appears from the final equation 
Art. 95, that this is the equation of a circle 
described on the line OCas diameter. 

The question in this example might haTe been otherwise stated : ** To find 
the locus of the middle points of chords which all pass through a fixed point."* 

Ex. 8. K the line OQ had been taken a hamumie mean between OP 
and OP't to find the locus of Q. 

Thatisto say,OQ«~^^ , but OP.OP'^d^-f^, andOP+OP'-2rfcos^, 
therefore, the polar equation of the locus is 

f'^T^e^ or^cos^ = — ^-. 
This is the equation of a right line (Art 44) perpendicnlar to OCy and 
at a distance firom Oxf--^ , and, therefore, at a distance from Ce-^ • Henoe 

O 

(Art 88) the locus is the j9o/!ar of the point 0. 

We can, in like manner, sohe this and similar questions when the equa- 
tion is g^yen in the form 

a(«« + y«) + 2^« + 2/V + « = 0, 
for, transforming to polar co-ordinates, the equation becomes 



/|^ + 2f?cos^+•^sin^^^+f-0, 
\a a la 



and, proceeding predsely as in this example, we find, for the locus of 
harmonic means, e 

' p O — ,., I ,1 - 

|Fcosd+/sin^ 

and| returning to rectangular co-ordinates^ the equation of the locus Is 

gx ^fy + c " 0, 
the same as the equation of the polar obtained ahready (Art 89). 

Ex. 4. Given a point and a right line ; if OQ be taken inyersely as OP, 
the radius yector to the right line, find the locus of Q, 

Ex. 5. Giyen yertex and vertical angle of a triangle and rectangle under 
sides; if one base angle describe a right line or a circle, find locus described 
by the other base angle. 
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Take the vertex for pole; let the lengths of the sides be p and /»', and the 
angles they make with the axis 6 and ^, then we have pp* « A" and ^ - ^ b C. 

The student must write down the polar equation of the loous which one 

base angle is said to describe ; this will give him a relation between p and 1 

Jfc* 
then, writing for /o, -- , and for 0^ Ci-O't he will find a relation between 

p' and 0', which will be the polar equation of the locus described by the 
other base angle. 

This example might be solved in like manner, if the ratio of the rides, 
instead of their rectangle, had been given. 

Ex. 6. Through the intersection of two circles a right line is drawn ; find 
the locus of the middle point of the portion intercepted between the circles* 
The equations of the circles will be of the form 

/» * 2r cos(^ - «); ^ = 2r' cos(^ - a") | 
and the equation of the locus will be 

/9 = r cos(^ - o) + f^ cos(d - oQi 
which also represents a circle. 

Ex. 7. If through any point O, on the cireumfierence of a drele, any three 
chords be drawn, and on each, as diameter, a circle be described, these three 
circles (which, of course, all pass through O) will intersect in three other 
points, which lie in one right Une. (See Camh. Math, Soar.^ voL I., p. 160). 

Take the fixed point O for pole, then if ef be the diameter of the original 
circle, its polar equation will be (Art 95) 

p^d cosd. 
In like manner, if the diameter of one of the other circles make an angle 
a with the fixed axis, its length will be = d cosa, and the equation of this 
circle will be ^ ad cos a cos (^ - a). 

The equation of another circle wlllt in like manneif, be 

p^d cos/3 cos(d - /3). 

To find the polar coordinates of the point of intersection ef these two, 
we should seek what value of would ifender 

cos a C08(^ - a) a cOS/3 COS(^ - /9), 

and it is easy to find that must » « -f- /3> and the corresponding value of 
p^d cosa cos/3. 

Similarly, the polar co-ordinates of the intersection of the first atid third 
circles are ^ «« + 7, and /» » efcosa COS7. 

Now, to find the polar equation of the line joining these two points, take 
the general equation of a right line, p cos (A •'$)op (Art. 44) and substitute 
in it successively these values of and /», and we shall get two equations id 
determine |i and k. We shall get 

pf»d cosa eos/3 cos{ib - (a 4- /3)} » (^ cose e067 oos{^ - (« -f 7))* 
Henoe Apaa4-/3 4-7, and psefcos* oos/3cos7* 

The symmetry of these values shows that it is the same right line whieh 
joins the intersections of the first and second, and of the second and third 
and| thsrelbrey that the three points are in a right line. 

H3 
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CHAPTER VIIL 

PROPERTIES OF A SYSTEM OF TWO OR MORE CIRC|^S. 

105. To find ike eqmtion of the chord of intersection of two 
circles. 

If S= 0, 8' = Of be the equations of two circles, then any 
equation of the form 8-^ h8' = will be the equation of a figure 
passing through tHeir points of intersection (Art. 40). 

Let us write down the equations 

and it is evident that the equation S-^kS'^^O will in general 
represent it circle, since the coefficient of ay^O^ and that of 
fl^sthat of y. There is one case, however, where it will repre- 
sent a right line, namely, when A; = 1. The terms of the second 
degree then vanish, and the equation becomes 

This is, therefore, the equatioil of the right line passing through 
the points of intersection of the two circles. 

106. The points of intersection of the two circles are found 
by seeking, as in Art. 82, the points in which the line 8— 8' 
meets either of the given circles. These points will be real, co- 
incident, or miaginary, according to the nature of the roots of 
the resulting equation ; but it is remarkable that, whether the 
circles meet in real or imaginary points, the equation of the 
chord of intersection, 8-^ 8' = 0^ always represents a real line, 
having important geometrical properties in relation to the two 
circles. This is in conformity with our assertion (Art. 82), that 
the line joining two points may preserve its existence and its 
properties when those points have become imaginary. 

In order to avoid the harshness of calling the line 8^8' the 
chord. of intersectidn in the case where the circles do not geo^ 
metrically appear to intersect, it has been called* the radical 
axis of the two circles. 

* By M.Oaultier of Tours {Journal tU VEookPoiy technique, Caliier zvi., 1813.) 
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107. We saw (Art. 90) that if the co-ordinates of any point 
^ be substituted in 8^ it represents the square of the tangent 
drawn to the circle 8^ from the point xy^ So also 8* is the 
square of the tangent drawn to the circle 8* ; hence the equation 
/ff — 8' ^0 asserts, that if from any point on ihe radical axis tan* 
gents be drawn to ihe two circles^ these tangents will be equaiL 

The line [8— ff) possesses this property whether the circles 
meet in real points or not. When the circles do not meet in 
real points, the position of the radical axis is determined geome- 
trically by cutting the line joining their centres, so that the 
difference of the squares of the parts may = the difference of the 
squares of the radii, and erecting a perpendicular at this point ; 
as is evident, since the tangents from this point must be equal 
to each other. 

If it were required to find the locus of a point whence tan* 
gents to two circles have a given ratioj it appears, from Art. 90| 
that the equation of the locus will be 8— 1^8' =0, which (Art. 105) 
represents a circle passing through the real or imaginary points 
of intersection of 8 and 8\ When the circles 8 and 8* do not 
intersect in real points, we may express the relation which they 
bear to the circle S- V8' by saying that the three circles have 
a common radical axis. 

108. CKven any three circles^ if we take the radical axis of 
each pair of circles^ these three lines toill meet in a pointy which 
is called ihe radical centre of the three circles. 

For the equations of the three radical axes are 

5-5' = 0, 8'-8" = 0, ^"-5-0, 

which, by Art. 40, meet in a point. 

From this theorem we immediately derive the following : 
If several circles pass through two fixed points^ their chords of 
intersection with a fixed circle will pass through a fixed point. 

For, imagine one cirele through the two given pobts to bo 
fixed, then its chord of intersection with the given circle will be 
fixed; and its chord of intersection with any variable circle 
drawn through the given points will plainly be the fixed line join- 
ing the two given points. These two lines determine, by their 
intersection, a fixed point through which the chord of interseetion 
of the variable circle with the first given circle murt pass. 
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Ex. 1. Find the radical axis of 

«" + y"-4«-5y + 7o0; j^ + y^ + to + Sy-QaO. 

Am. lOc + 13y « 16. 
£x« 2. Find the radical centre of 

(«-l)«+(y-2)« = 7; (a?-3)« + y« = 6; (« + 4)" + (y + l)«-9. 

-^«». (- Ai - ft)- 

*109. A system of circles having a common radical axis pos- 
sesses many remarkable properties which are more easily inves- 
tigated by taking the radical axis for the axis of y, and the line 
joining the centres for the axis of x. Then the equation of any 
circle will be al' + t/'^2kx±S' = 0, 

where S* is the same for all the circles of the system, and the 
equations of the different circles are obtained by giving different 
values to k. For it is evident (Art. 80) that the centre is on 
the axis of Xy at the variable distance k ; and if we make x^O 
in the equation, we see that no matter what the value of k may 
be, the circle passes through the fixed points on the axis of y, 
y'-tS^ssO. These points are imaginary when we give S* the 
sign +1 and real when we give the sign — . 

♦110. Thepolars of a given pointy with regard to a system of 
circles having a common radical aocisy always pass through a 
fixed poinU 

The equation of the polar of x*y' with regard to 

ic'+y"-2&B + S* = 0, 

is (Art. 89) a»j'+yy' -&(« + «') + S* = 0; 

therefore, since this involves the indeterminate k in the first 
degree, the line will always pass through the intersection of 
«»' + yy' + S* = 0, and a: + a?' = 0. 

♦111. There can always he found two points^ however^ such 
that their polarsj toith regard to any of the circles^ unll not only 
pass through a fixed pointy hut will he altogether fixed. 

This will happen when xx' + yy' + 8* = 0, and a; + a?' = 0, re- 
present the same right line, for this right line will then be the 
polar whatever the value of k. But that this should be the case 
we must have y ^q ^nd a?'* = S«, or x' = ±S. 

The two points whose co-ordinates have been just found have 
many remarkable properties in the theory of these circles, and 
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are such that the polar of either of them, with regard to any of 
the circles, is a line drawn through the other perpendicular to 
the line of centres. These points are real when the circles of 
the system have common two imaginaiy points, and ima^naiy 
when they have real points common. 

The equation of the circle may be written in tihe form 

which evidently cannot represent a real cirde if ifc^ be less than 
8* ; and if £* = S*, then the equation (Art. 80) will represent a 
circle of infinitely small radius, the co-ordinates of whose centre 
are y = 0, a; = ± S. Hence the points just found may themselyes 
be considered as circles of the system, and have, accordingly, 
been termed by Poncelet* the limiting points of the system of 
circles. * 

*112. If from any point on the radical axis we draw tan<^ 
gents to all these circles, the locus of the points of contact must 
be a drcle, since we proved (Art. 107) that all these tangents 
were equal. It is evident, also, that this cirde cuts any of the 
given system at right angles, since its radii are tangents to the 
^ven system. The equation of this cirde can be readily found. 

The square of the tangent from any point (a; » 0, y » A) to the 

being found by substituting these co-ordinates in this equation, 
is A* + ^i and the circle whose centre b the point (a?sO, y ai), 
and whose radius squared s A* + S*, must have for its equation 

ir^ + (y-A)««A«f8-, 

or aj* + y-*2Ay = S*. 

Hence, whatever be the point taken on the radical axis (t.e. 
whatever the value of h may be), still this circle will always pass 
through the fixed points (y « 0, a; » ± S) found in the last Article, 
And we infer that all circles which cut the given system at righi 
angles pass through the limiting points of the system. 

Ex. 1. Find the cixde outting orthogonally t^ three circlesy Art. 108» 

^"t-C^+Ar + ty + W-VA*. 

• Traiti des PrapriHh Prqf^etivts, p. 41. 
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Ex. 2. If AB be a diameter of a circle, the polar of A with respect to 
any circle which cuts the first orthogonally, will pass through B. 

Ex. 3. Find the circle cutting three given circles orthogonally. This 
is done as in Ex. 1, or else (Ex. 2], by seeking the locus of a point 
whose polars with respect to the three circles meet in a point 

Ex. 4« The square of the tangent from any point of one circle to 
another is in a constant ratio to the perpendicular from that point lipon 
their radical axis. 

Ex. 5. To find the angle («) at which two circles intersect 

Let the radii of the circles be R, r, and let D be the distance between 

their centres, then JD" = i2« + r« - 2Itr cosa. 

Since the angle at which the circles intersect is equal to that between the 

radii to the point of intersection. 

Ex. 6. If a moveable circle cut two fixed circles at constant angles, it 
will cut all circles having the ^me radical axis at constant angles. 

Let the equations of the two fixed circles be S^Q, S' ^ 0, and their 
i^tdii r, r'; then the co-ordinates of the centre of the moveable circle fulfil 
the relations, ^- 2i2r cosa = ^, ^ - 276^ cos^ = iS', 
since JD'-r'a the square of the tangent to the first fixed circle = 8 (Art 90). 
Then, we have „_ ifcr cosa 4 /r'cos/S hS ^ 18' 

IC — ZJtC = r = = J— , 

A; I- / A? + / 

which is precisely the condition that the moveable circle should cut the circle 
h8 + 18* at the constant angle 7 ; where (A; + /) f" cos 7 = A;r cosa + /r' cos^, 
1^ being the radius of the curcle kS + 18\ 

Ex. 7. A circle which cuts two fixed circles at constant angles will also 
tQuch two fixed circles. 

For we can determine the ratio ^ : /, so that 7 shall = 0, or C0S7 s 1. It 
will easily be found that if D be the distance between the centres of iSand 8', 

{k + /)• r''« --- {k + /) {ki^ + Ir^) - klD\ 
Substituting this value fqr r" in the equation of the last example, we get a 
quadratic to determine k : L 

• 113. To draw a common tangent to two circles. 
Let their equations be 

(a:-a)« + (y-)8r = r- . (5), 

and (aJ-ar+(y-)87 = r'' [8'). 

We saw (Art. 85) that the equation of a tangent to [8) was 

(aj-a)(a:'-a) + (y-/3)(y-)8)=r-; 
pr^ as in Art. 102, writing 

= 008^, ^ — — = Bin 0. . 

r ' r ' 
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fa; — a) cosO + (y — /8) sin d = r. 

In like manner, any tangent to [S') is 

{x- a') coBff + iy- ff) smff = r\ 

Now, if we seek the conditions necessary that these two 
equations should represent the same right line ; first, from com- 
paring the ratio of the coefficients of x and y, we get tan = tan ff^ 
whence ff either = 5, or = 180° + 0. If either of these conditions 
be fulfilled, we must equate the absolute terms, and we find, in 
the first case, 

(a-a') cosd + 08-/9') sind + r-r' = 0, 

and in the second case, 

(a-a') cose + ()8-/8') sin^ + r + r' = 0. 

Either of these equations would give us a quadratic to deter- 
mine 0. The two roots of the first equation would correspond 




to the direct or exterior common tangents, Aa^ A a! ; the roots 
of the second equation would correspond to the transverse or in- 
terior tangents, Bh^ B'V. 

If we wished to find the co-ordinates of the point of contact 
of the common tangent with the circle (/S), we must substitute, 

X ~~ CL 

in the equation just found, for cosd, its value, , and for 



in^, - — - , and we find 



sm 

r 



(a-a')(a;'-a) + 08-i9'j(y'-)8) + r(r-/)=O; 
or else, 

The first of these equations, combined with the equation [8) 
of the circle, will give a quadratic, whose roots will be the oo« 
ordinates of the points A and ^',,in which the direct common 
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tangents touch the circle [8) ; and It will appear, as in Art 88| 

Aat (a'-a)(a.-a) + ()8'-/3)(y-/3)=r(r-r') 

is the equation of AA*^ the chord of contact of direct conunon 
tangents. So, likewise, 

(a'-a)(a?-a) + (/3'-i9)(y-i9)=r(r + r') 

is the equation of the chord of contact of transverse common 
tangents. If the origin be the centre of the circle (/S), then a and 
j9 = ; and we find, for the equation of the chord of contact, 

a'x + /8 y = r (r T /). 

Ex. 1. Find the common tangents to the circles 

«* + y*-4a:-2y + 4 = 0, a* + y» + 4« + 2y-4»0. 
The chords of contact of common tangents with the first circle are 

2* + y = 6, 2i; 4 y a 3. 
The first chord meets the circle in the points (2, 2), (^^, f), the tangents at 
which are y =, 2, 4«-3y=10, 

and the second chord meets the circle in the points (1, 1), (i, i), the tan- 
gento at which are « = 1, 3x + 4y = 5. 

114. The points and (7, in which the direct or transverse 
tangents intersect, are (for a reason explained in the next 
Article) called the centres of similitude of the two circles. 

Their co-ordinates are easily found, for is the pole, with 
regard to circle (/8), of the chord AA'j whose equation is 

Comparing this equation with the equation of the polar of the 
point xy, (a.'. a) (;c. a) + (y'-^) (y-^S) =r«, 

, (a— a)r , aV — ar 
we get a? - a = -^ f— , or a? = r- % 

^ ^ r-r ^ ^ r-r 

So, likewise, the co-ordinates of 0' are found to be 

aV + ar' , /S'r + /Sr' 

X = r- 1 and y = ?— . 

r + r ' ^ r + r 

These values of the co-ordinates indicate (see Art. 7) that the 
eentres of similitude are the points where the line joining the 
centres is cut extemallj and ifitemallj in the ratio of the radii. 



^ 
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Ex. Find the common tangents to the circles 

«* + y*-6«-8y = 0, «" + y«-4x-ey»3. 
The equation of the pair of tangents through :ry to 

(x-ay + Cy-iSr-^r* 
is found (Art 92) to be 

NoW| the co-ordinates of the exterior centre of similitude are found to be 
(- 2, - 1), and hence the pair of tangents through it is 
25(««+y*-6«-8y)=(5jp + 5y-10)'; or ay + « + 2y + 2«0; or («+2)(y + 1) = 0. 
As the given circles intersect in real points, the other pair of common tan- 
gents become imaginary; but their equation is found, by calculating the pair 
of tangents through the other centre of similitude (V^, V'), to be 

40j:» + «y + 40y" - 199z - 278y + 722 = 0. 

115. Every right line drawn through the intersection of comr 
mon tangents is cut similarly by the two circles. 

It is evident that if on the radius vector to any point P there 
be taken a point Q, such that OP=m times OQ^ then the x and 
y of the point P will be respectively m times the x and y of the 
point Q ; and that, therefore, if P describe any curve, the locus 
of Q is found by substituting mx^ my for x and y in the equation 
of the curve described by P. 

Now, if the common tangents be taken for axes, and if we 
denote Oa by a, OA by a', the equations of the two circles are 
(Art. 84, Ex. 2) 

a?' +y + 2a:y cosw — 2ax — 2ay + a" =0, 

a?-\'^ + 2xy coBm- 2a'a? - 2a'y + a'* = 0. 

But the second equation Is what we should have found If we 

ax ati 

had substituted — 7- , -^ , for a;, y, In the first equation ; and it 

therefore represents the locus formed by producing each radius 
vector to the first circle In the ratio a : a\ 

CoR. Since the rectangle Op, Op Is constant (see fig. next 
page), and since we have proved OB to be In a constant ratio to 
Op, it follows that the rectangle OB. Op' =^ OR. Op is constant, 
however the line be drawn through 0. 

116. If through a centre of similitude we draw any two lines 
meeting the first circle in the points B^ E^ 8^ /S*, and the second in 
the points p, p\ o-, o-', then the chords B8^ pa ; S!8'^ p V ; will be 
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parallel J and the chords liSj pa ] -B'5', per] will meet on the 
radical axis of the two circles. 

Take OR^ 08 for axes, then 
we saw (Art. 115) that OR=^m Opj 
08=^m0<ry and that if the equa- 
tion of the circle pap' a be 

a (a^ + 2xy coso) + y*) 

+ 25'a; + 2/y4c = 0, 

that of the other will be 

a(aj" + 2a?y cosw+y*) 

+ 2m igx+fy) + w*c = 0, 

and, therefore, the equation of the 
radical axis will be (Art. 105.) 

2{gx'^jy) + {m-^l)c = 0. 

Now let the equations of pa and of pa be 

- + ^=1 - + ^ = 1 

then the equations of R8 and R!8' must be 

X 

ma 

It is evident, from the form of the equations, that R8 is 
parallel to pa ; and R8 and pa must intersect on the line 

or, as in Art. 100, on 

2{gx+fy)-\-{m + l)c = 0j 

the radical axis of the two circles. 

A particular case of this theorem is, that the tangents at 22 
and p are parallel, and that those at R and p meet on the radical 
axis. 

117. Given three circles 8^ 8\ 8"; the line Joining a centre 
of similitude of 8 and 8' to a centre of similitude of 8 and 8" 
will pass through a centre of similitude of 8 and 8". 

Form the equation of the line joining the points 

[ r^r' ' r-r' J' \ r^r" ' r^r"~ )' 



mb 



+ ^=1, 



X y 

ma mV 
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(Art. 114), and we get (see Ex. 6, p. 24), 

{r(/9'-.i8") + r'(/9"-/3) + r"(^-.)8')}a: 

" {r (a' - a") +r' {a" - a) + r" (a - a')} y 

+ r iff a" - ffW) + / {fi"a - /8a") + r" {fia' - )8'a) = 0. 

Now the symmetry of this equation sufficiently shows, that the 
line It represents must pads through the third centre of similitude. 



« = 






y 



r'/3"-r"/8' 




r —r ' " r --r 

This line is called an axis of similitude of the three circles. 

Since for each pair of 
circles there are two cen- 
tres of similitude, there 
will be in all six for the 
three circles, and these 
will be distributed along 
four axes of similitude, 
as represented in the 
figfbre. The equations 
of the other three will 
be found by changing 
the signs of either r, or 
r', or r", in the equation 
just given. 

Cor. If a circle (S) touch two others {8 and 8') the linejoin" 
%ng the points of contact vnllpass through a centre of similitude of 
8 and 8\ For when two circles touch, one of their centres of 
similitude will coincide with the point of contact. 

If 2 touch 8 and 8\ either both externally or both internally, 
the line joining the points of contact will pass through the exter^ 
nal centre of similitude of 6 and 8". If S touch one externally 
and the other internally, the line joining the points of contact 
will pass through the internal centre of similitude. 

*118. To find the locus of the centre of a circle cutting three 
given circles at equal angles. 

Let the equation ofti circle be /8^=0, or 

(a;-a)'+(y-y9)»-r'=0, 

then the sqnare of the distance of any point from its centre is 
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(a? — a)" + (y — i8)", or S+r*. If then a circle whose radius is 
It cut 5 at an angle a, the co-ordinates of its centre must fulfil 
the condition (Art. 112, Ex. 5) 5=^ — 2-Br coso. And in like 
manner, if it cut two other circles at the same angle, we have the 

conditions 5' = i?'-2i?r'co8a, >8" = i?-.2i?r" cosa. 

From these conditions we can at once eliminate ^ and 
B cosa. Thus, bj subtraction, 

8" 8' = 2R if - r) cosa, 8- 8" = 2R (r" - r) cosa, 

whence {8 - 8') (r - r") = (5- 8") (r - r'), 

the equation of a line on which the centre must lie. It obvionslj 
passes through the radical centre (Art. 108) ; and if we write for 
iS— 5, /S— S", their values (Art. 105), the coefficient of a; in 
the equation is found to be 

-2 {a(r' -O + «' ir'-r) + a" (r-/)}, 
while that of ^ is 

- 2 {^ (/ - r") + /S' (r" -r) + /3" (r- r')}. 

Now if we compare these values with the coefficients in the 
equation of the axis of similitude (Art. 117), we infer (Art. 82), 
that the locus is a perpendicular let fall from the radical centre 
on an axis of similitude. 

It is of course optional which of two supplemental angles we 
consider to be the angle at which two circles intersect. The 
formula (Art. 112) which we have used, assumes that the angle 
at which two circles cut, is measured bj the angle which the 
distance between their centres subtends at the point of meeting : 
and with this convention the locus under consideration is a per- 
pendicular on the external axis of similitude. If this limitation 
be removed, the formula we have used becomes 8=11? ±2Br cosa ; 
or, in other words, we may change the sign of either r, r , or r" 
in the preceding formuIsB, and therefore (Art. 117) the locus is a 
perpendicular on any of the four axes of similitude.* 

* In fact all circles cutting three circles at equal angles have one of the 
axes of similitude for a common radical axis. Let S, £", 2^ be three circles 
cutting the given circles at angles a, fi, 7 respectively. Then the co-ordi- 
nates of the centre of 8 must fulfil the conditions 

2 = r« - 2rR cosa, 2' « r« - 2rR cos/3, IT = r« - 2rl2" COS7; 
whence (J2 cosa - JR" C0S7) (S - Sq e (12 cos « - JT cos/3) (S - r*). 
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When two circles touch internallj, their angle of interseo- 
lion vanishes, since the radii to the point of meeting coincide. 
But if they touch externally, their angle of intersection accord- 
ing to the preceding convention is 180*', one radius to the point 
of meeting being a continuation of the other. It follows, from 
what has been just proved, that the perpendicular on the external 
axis of similitude, contains the centre of a circle touching three 
given circles, either all externally or all internally. If we 
diange the sign of r, the equation of the locus which we found 
denotes a perpendicular on one of the other axes of similitude 
which will contain the centre of the circle touching 8 externally, 
and the other two internally, or vice versd. Eight circles in all 
can be drawn to touch three given circles, and their centres lie, 
a pair on each of the perpendiculars let fall from the radical 
centre on the four axes of similitude. 

*119. To describe a circle touching three given circles. We 
have found one locus on which the centre must lie, and we could 
find another by eliminating It between the two conditions 

The result however would not represent a circle, and the solu- 
tion will therefore be more elementary, if instead of. seeking 
the co-ordinates of the centre of the touching circle, we look for 
those of its point of contact with one of the given circles. We 
have already one relation connecting these co-ordinates, mnce 
the point lies on a given circle, therefore another relation be* 
tween them will suffice completely to determine the point.* 

Let us for simplicity take for origin the centre of the circle, 
the point of contact with which we are seeking, that is to say, 
let us take a = 0, ^8 = 0, then if A and B be the co-ordinates of 
the centre of 2, the sought circle, we have seen that they fulfil 
the relations 

flf- flf' = 2JS (r - r'), S- flf" = 2JS (r - r"). 

Now this which appears to be the equation of a right line is satisfied by the 
co-ordinates of the centre of 8^ of 8% and of 8"^ three points which are not 
supposed to be on a right line. It denotes therefore an identical relation 
of the form 2 » A^S" f /S^ shewing that the three circles have a common 
radical axis. 

* This solution is bj M. Gergonnei Annales d$$ Math&matiques, toL vn;, 
p. 289. 
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But if X and y be the co-ordinates of the point of contact of 2 
with 8y we have from similar triangles 

r ' r * 

Now if in the equation of any right line we substitute mxj my for 
X and ifj the result will evidently be the same as if we multiply 
the whole equation by m and subtract (m — 1) times the absolute 
term. Hence, remembering that the absolute term in S— 8' is 
(Art. 105) r" — r* — a" — )8'*, the result of making the above sub- 
stitutions for ^ and ^ in (5- 5") = 25 (r - r) is 

or (i? + r)(5-iS') = i?{(r-r7^a'*-i8^}. 

Similarly (5 + r) (5- S") ^It{{r- rj - a"^ - fi"*}. 

Eliminating JS, the point of contact is determined as one of 
the intersections of the circle 8 with the right line 

8-8' _ 8 "8" 

a'- + ^'-- (r-r7 " o^^ ^ 0'* ^ {r •- rj ' 

120. , To complete the geometrical solution of the problem it 
is necessary to show how to construct the line whose equation has 
been just found. It obviously passes through the radical centre 
of the circles; and a second point on it is found as follows. Write 
at full length for 8— 8' (Art. 105), and the equation is 

2a^a; -h 2/3> + r^- r'- a '-fi'* _ 2a"a; 4- 2y 3"y -f /^- r'- a ^^-/y^ 

a" + fi" - (r - rf " a"^'+ '$""'" (r - rj 

Add 1 to both sides of the equation, and we have 

a!x + ffy-\-{r- r)r a"x + ff'y + jr' ''r) r 
a" + jS'^^r^ry" " a'" + /S"« - (r - r'Y ' 

showing that the above line passes through the intersection of 
a'aj + iS'y + (/- r) r = 0, a"a; + iS'y + (/' - r) r = 0. 

But the first of these lines (Art. 113) is the chord of common 
tangents of the circles /Sand 8' ; or, in other words (Art. J 14), is 
the polar with regard to 8 of the centre of similitude of these 
circles. And in like manner the second line is the polar of the 
centre of similitude of 8 and 8"] therefore (since the intersection 
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of any two lines is the pole of the line joining theii* poles) the 
intersection of the lines 

a'a? + i8'y4(r'-r)r = 0, a"a: + /8"y + (r" - r) r « 0, 

is the pole of the axis of similitude of the three circles, with 
regard to the circle S. 

Hence we obtain the following construction : 

Drawing anj of the four axes of similitude of the three 
circles, take it^i pole with re- 
spect to each circle, and join S, , 
the points so found (P, P, P") 
with the radical centre ; then, 
if the joining lines meet the 
circles in the points g' ? '/^ 

(a,J;o',y;o",6"), ^ ' '' 

the circle through a, a', a" will ^\. 
be one of the touching circles, 
and that through i, h\ V* will 
be another. Repeating this 
process with the other three 
axes of similitude, we can determine the other six touching 
circles. 

121. It is useful to show how the preceding results may be 
deriyed without algebraical calculations. 

(1) Bj Cor., Art. 117, the Imes aby clh\ a"V* meet in a point, 
viz., the centre of similitude of the circles aa!a!\ hb*V\ 

(2) In like manner aV, Vb" intersect in 8^ the centre of 
simUitude of C, C'\ 

(3) Hence (Art. 116) the transverse lines a*h\ ci'h" intersect 
on the radical axis of C7', C*\ So again a*'b'\ ah intersect on 
the radical axis of C7", (7. Therefore the point B (the centre of 
similitude of aa'a*^ bVV) must be the radical centre of tl^e 
circles (7, 0\ G\ 

(4) In like manner, since a'V^ a!*b" pass through a centre of 
similitude of aa!a'\ W6"; therefore (Art 116) aV, Vb" meet on 
the radical axis of these two circles. So again the points B* and 
8" must lie on the same radical axis ; therefore B8'8'\ the axU cf 
similitude cfihe circles 6', C\ C", is the radical axis of the circles 
aaW'y Wb". 

I 
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(5) Since a"ft" passes through the centre of similitude of 
aa!a!\ hb'b'\ therefore (Art. 116) the tangents to these circles 
where it meets them intersect on the radical axis S8'8". But 
this point of intersection must plainly be the pole of a"b" with 
regard to the circle C". Now since the pole of a"b" lies on 
8S'8"y therefore (Art. 98) the pole of 88' 8" with regard to C" 
lies on a'b". Hence a"b" is constructed by joining the radical 
centre to the pole of 88' 8" with regard to C", 

(6) Since the centre of similitude of two circles is on the line 
joining their centres, and the radical axis is perpendicular to that 
line, we learn (as in Art. 118) that the line joining the centres of 
aa'a'y hb'b" passes through i2, and is perpendicular to 88' 8". 



♦CHAPTER IX. 

APPUCATION OP ABRIDGED NOTATION TO THE EQUATION 

OP THE CIRCLE. 

122. Ip we have an equation of the second degree expressed 
in the abridged notation explained in Chap. lY., and if we desire 
to know whether it represents a circle, we have only to transform 
to X and y co-ordinates, by substituting for each abbreviation (a) 
its equivalent (a;cosa-hy sina—^) ; and then to examine whether 
the coefficient of a^ in the transformed equation vanishes, and 
whether the coefficients of a? and of y* are equal. This is suffi- 
ciently illustrated in the examples which follow. 

When will the locus of a point be a circle if the product of 
perpendiculars from it on two opposite sides of a qucuirilateral be 
in a given ratio to the product of perpendiculars from it on the 
other two sides ? 

Let a, )3, 7, S be the four sides of the quadrilateral, then the 
equation of the locus is at once written down ay = kffSj which 
represents a curve of the second degree passing through the 
angles of the quadrilateral; since it is satisfied by any of the four 
suppositions, 

a = 0, )8 = 0; a = 0, 8 = 0; ^8 = 0, 7 = 0; 7 = 0, 8 = 0. 
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Now, in order to ascertain whether this equation represents a 
circle, write it at fall length 

(x cosa +y sina — j?) {x cosy+y sin7— p") 

# 

== ^ (a: cos^S +y sin)8 — j?') {x cosS +y sinS — i>'")* 

Multiplying out, equating the coefficient of as^ to that of y*| and 
putting that of ory = 0, we obtain the conditions 

cos (a + 7) = A cos ()8 + S) ; sin (a + 7) = i sin (i9 + 8). 

Squaring these equations, and adding them, we find Je^±l} Mid 
if this condition be fulfilled, we must haye 

a + 7 = i8 + S, or else =180'4i9 + S; 

whence a — ^8 = 8 — 7, or 180+8 — 7. 

Becollecting (Art. 61) that a- ^8 is the supplement of that 
angle between a and ^, in which the origin lies, we see that this 
condition will be fulfilled if the quadrilateral formed by 0^78 be 
inscribable in a circle (Euc III. 22). And it will be seen on 
examination that when the origin is within the quadrilateral we 
are to take i = -" 1, and that the angle (m which the origin lies) 
between a and fi is supplemental to that between 7 and 8 ; but 
that We are to take A: = + 1, when the origin is without the quad- 
rilateral, and that the opposite angles are equal. 

123. When toill the locus of a point be a circle^ if the square 
of its distance from the base of a triangle be in a constant ratio to 
the product of its distances from the sides t 

Let the sides of the triangle be a, /8, 7, and the equation of 
the locus is a^S = kr/. If now we look for the points where the 
line a meets this locus, by making in it a = 0, we obtain the 
perfect square 7*=0. Hence a meets the locus in two coincident 
points, that is to say (Art. 83), it touches the locus at the point 
07. Similarly, /3 touches the locus at the point ^87. Hence a 
and fi are both tangents, and 7 their chord of contact. Now, 
to ascertain whether the locus is a circle, writing at full length 
as in the last article, and applying the tests of Art. 80, we obtain 
the conditions 

cos(a + )8) =i COS27; sin(a+^) = A; sin27; 

whence (as in the last article) we get A = 1, a - 7 = 7 - ^9, or the 
triangle is isosceles. Hence we may infer that if from any point 

12 
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^f a circh perpendiculars he let fall on any two tangents and on 
their chord of contact^ the square of the last vyUl he equal to the 
rectangle under the other two, 

Ex. When will the locus of a point be a circle if the sum of the squares 
of the perpendiculars fVom it on the sides of any triangle be constant. 

The locus is a' + /3'-i-7*ec': and the conditions that this should re- 
present a circle are 

cos 2a + cos 2/3 + cos 27 s ; sin 2a -I- sin 2/3 + sin 27 s 0. 

cos2a = - 2 cos(/3 + 7) cos(/3 - 7) ; sin 2a = - 2 sin(/3 + 7) to%{p - 7). 

Squaring and adding, 1 = 4 cos"(/3 - 7) ; /3-7 = 60*». 

And so, in like manner, each of the other two angles of the triangle is 
proved to be 60°, or the triangle must be equilateraL 

124. To obtain the equation of the circle circumscribing the 
triangle formed by the lines a » 0, ^8 = 0^ 7 = 0. 

Any equation of the form 

l^ + mrfa + nafi = 0, 

denotes a curve of the second degree circumscribing the given 
triangle, ednce it is satisfied by any of the suppositions 

a = 0, i8 = 0; i8 = 0, 7 = 0; 7 = 0, a = 0. 

The conditions that it should represent a circle are found, by the 
same process as in Art. 122, to be 

?co8(^ + 7)+m cos(7 + a) + n cos(a + /8) = 0, 

Zsin()9 + 7) + m sin(7 + a)+n sin(a + i8)=0. 

Now we have seen (Art. 65) that when we are given a pwr 
of equations of the form 

?a' + mis' + ny = 0, 7a" + m)8" + n7" = 0, 

Z, m, n must be respectively proportional to iS'^'— /8'y, 7V-7V, 
a'/8" — a"/8'. In the present case then ?, wi, n must be pro- 
portional to sin(/8-7), sin (7 -a), sin(a-i8), or (Art. 61) to 
sinul, sih£, sin (7. Hence the equation of the circle circum- 
scribing a triangle is 

fiy An A + 7a sin£+ a^S sin (7= 0. 

125. The geometrical interpretation of the equation just 
found deserves attention. K from any point we let fall per- 
pendiculars OP, Q, on the lines a, )9, then (Art 54) a, fi are 



V 
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the lengths of these perpendiculars; and since the angle be- 
tween them is the supplement of C^ the 
quantity a/9 sin C is double the area of the 
triangle OPQ. In like manner, 7a sin J? 
and ^87 sin^ are double the triangles 
OPB, OQR. Hence the quantity 
^87 sin-4 4 7a sinJ? + a^ sin (7 

is double the area of the triangle PQR^ 

and the equation found in the last article 

asserts, that if the point be taken on the circumference of 

the circumscribing circlci the area PQR will vanish, that is 

to say (Art. 36, Cor. 2), the three points P, Q, B will lie on 

one right Une. 

K it were required to find the locus of a point from which, 
if we let fall perpendiculars on the sides of a triangle, and join 
their feet, the triangle PQR so formed should have a constant 
magnitude, the equation of the locus would be 

^7 sin-4 -f 7a sin-B+ afi sinC= const., 

and, since this only differs from the equation of the circum- 
scribing circle in the constant part, it is (Art. 81) the equation 
of a circle concentric with the circumscribing circle. 

126. The following inferences may be drawn from the equa-- 
tion l^y -f- vn^OL + nafi = 0, whether or not Z, m, n have the values 
sin^, siujS, sin (7; and therefore lead to theorems true not only 
of the circle but of any curve of the second degree circum- 
scribing the triangle. Write the equation in the form 

7(Zi8 + ma) + nai8 = 0; 

and we saw in Art. 124 that 7 meets the curve in the two points 
where it meets the lines a)3; since if we make 7=^0 in the 
equation, it reduces to ayS = 0. Now, for the same reason, the 
two points in which 2)3 + ma meets the curve, are the two points 
where it meets the lines a and )9. But these two points coin- 
cide, since 1/3 + ma passes through the point a/S. Hence the line 
Ifi + may which meets the curve in two coincident points, b 
(Art. 83) the tangent at the point afi. 

In the case of the circle the tangent is a siujB-f^ sin^. 
Now we saw (Art. 64) that a sm^ +^3 sinJ? denotes a- parallel 
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to the base 7 drawn througli the vertex. Hence (Art. 55] the 
tangent makes the same angle with one side that the base makes 
with the other (Euc. ill. 32). 

Writing the equations of the tangents at the three yertices 
intheform ^^ ^ „ „ o 

m 71 ^ n I ^ I m ' 
we see that the three points in which each intersects the opposite 
side are in one right line, whose equation is 

? + ^ + I = o. 

c m n 
Subtracting one from another, the equations of the three 
tangents, we get the equations of the lines joining the yertices 
of the original triangle to the corresponding vertices of the 
triangle formed bj the three tangents : viz., 

E^l^O ^-^=0 ?-^-0 
m n ^ n I ^ I m ' 

three lines which meet in a point (Art. 40).* 

127. K al3'y\ a")8'V be the co-ordinates of any two points 
on the curve, the equation of the line joining them is 

la mff ny 

for if we substitute in this equation a'/S'y' for 0^7, the equation 

is satisfied, since ct'^'y" satisfy the equation of the curve which 

may be written I m n 

- + 3 + - = 0. 
a P 7 

In like manner the equation is satisfied by the co-ordinates 
a"/3"y". It follows that the equation of the tangent at any 
point a'/S'y may be written 

toL mfi W7_ 

and conversely, that if Xa + /i/S + K7 = is the equation of a tan- 
gent, the co-ordinates of the point of contact a')8 7', are given by 
the equations I m n 

* The theorems of this article are by M. Bobillier {Annales de Mather 
matiquMt VoL zviil. p. 320). The first equation of the next article is by 
M. Hermet. 
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Solving for a', P^ y' from these equatioDS, and substitnting in 
the equation of the cuire, which must be satisfied bj the point 
a'^y, we get ^(/x) + ^{mp,) + V(wv) = 0. 

This is the condition that the line Xa^ fMJ3-{-vy may touch 
Wy + ^ya + wa/8 ; or it may be called (see Art. 70) the tan- 
gential equation of the curve. The tangential equation might 
also be obtained bj eliminating 7 between the equation of the 
line and that of the curve ; and forming the condition that the 
resulting equation in a : )3 may have equal roots. 

128. To find the condition that the general equation of the 
second degree in a, /8, 7, 

aa* + JyS* + C7" -I- 2/J37 + 2fl7a + 2Aai8 = 0, 

mag r^esent a circle, [Dublin Exam. Papers, Jan. 1857.J 

It is convenient to avail ourselves of the result of Art. 124. 
Since the terms of the second degree, a?'\-y^^ are the same in 
the equations of all circles, the equations of two circles can only 
differ in the linear part ; and if 8 represent a circle, an equation 
of the form 5+tc + my + n = may represent any circle what- 
ever. In like manner, in trilinear co-ordinates, if we have found 
one equation which represents a circle, we have only to add to 
it terms la + iw/8 + W7, (which in order that the equation may be 
homogeneous we multiply by the constant asinjl+i8sinj5+7sin(7) 
and we shall have an equation which may represent any circle 
whatever. Thus then (Art. 124) the equation of any circle may 
be thrown into the form 
(fa + mfi -h ny) (a sin-4 + fi sin J?+ 7 sin (7) 

+ k {fiy sin A + 7a sin-B+ afi sin (7) = 0. 

If now we compare the coefficients of a*, )8*, 7* in this form 
with those in the general equation, we see that, if the latter re- 
present a circle, it must be reducible to the form 

(•:; — 7*+ •;— ^/8 + -:— 7,7) (a sin-4 + /8 sin5+7 sinC) 
\sm^ sm^ smC/ / ' ' 

+ k{Py sin-4 + 7a sinJ? + a/8 sinC7) = 

and a comparison of the remaining coefficients, gives 

2^sinJ? 8in(7 = c sin*-B+ I sin'C-t-A: sin-4 sin^sin(7, 

2g sin C sin^ = a sin'C-f c %m*A + k AvlA siujB sinC, 

2h An A BinB=b sinM + a sin'jB+A; sin^ siaB sin^ 



120 THE CIKCLG — ABRIDGED NOTATION. 

whence eliminating h^ we have the required conditions, viz. 

6 8in*C7+ c sin'-B— 2/8in-Bsm<7= c sin*-4 + a8in*(7- 25r sinOsinJ. 

= a sin" 5 + J sinM — 2A sin^ sinJ?. 

If we have the equations of two circles written in the form 

(fa + mP + nrf) (a sin-4 + ^8 sin-B+ 7 sin (7) 

+ h {/3y sin A + 7a sin-B+ a^ sin (7) = 0, 

(?a + m'^4 ny){a sin^ + iS sinB+y sin (7) 

+ A;(^7 8in-4 4-7a 8in-B+ 0/9 sin(7) =0, 

it is evident that their radical axis is 

la + mfi + ny-- {Va + m'fi + n 7), 

and that la + mfi + ny is the radical axis of the first with the 
circumscribing circle. 

Ex. 1. Verify that a/S - 7" represents a circle d A = B (Art 123). 
The equation may be written 

ap sinC I- /37 sinui + 70 sinB - 7 (« 8in-4 f )9 sinB + 7 sinC). 

Ex. 2. The three middle points of sides, and the three feet of perpen- 
diculars lie on a circle. The equation 

a* sin^ cosil + ^ sinB cosB r7*sinCcosC-(/378in-4+7asin-B ha/3sinC)=0, 
represents a curve of the second degree passing through the points in ques* 
tion. For if we make 7 = 0, we get 

a* sin ^ cos ui -I- /S* sin J9 cos ^ - ap (sin ^ cos B + sin ^ cos A) « 0, 
the factors of which are a gin ^ - ^ gin ^ and a cos ^ - /3 cos B. Now 
the curve is a circle, for it may be written 
(a cos^ -^ /3 cos B + 7 cosC) (a sin ^ + /3 sin B + 7 sinC) 

- 2 (^7 sin^ + 7a sin JB + a/3 sinC) = 0. 
Thus the radical axis of the circumscribing circle and of the circle through 
the middle points of sides is a cos^ + /3 cosB -i- 7 cosC, that is, the axis 
of homology of the given triangle with the triangle formed by joining the 
feet of perpendiculars. 

129. We shall next show how to foim the equations of the 
circles which touch the three sides of the triangle a, ^8, 7. The 
general equation of a curve of the second degree touching the 
three sides, is 

Pa* + m^^ 4 nV - 2mnPy - 2«Z7a - ^hnafi « 0.* 



* Strictly speaking, the double rectangles in this equation ought to be 
written with the ambiguous sign +, and the argument in the text would 
apply equally. If however we give all the rectangles positive signs; or if 
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Thus 7 is a tangent^ or meets the curve in two coincident 
points, since if we make 7 = in the equation, we get the per- 
fect square Pa* + m^^S" — 2lmafi = 0. This equation may also be 
written in a convenient form 

V(fa) + ^/[ml3) + V(n7) = ; 
for if we clear this equation of radicals, we shall find It to be 
identical with that just written. 

Before determining the values of Z, fw, w, for which the equa- 
tion represents a circle, we shall draw from it some inferences 
which apply to all curves of the second degree inscribed in the 
triangle. Writing the equation in the form 

n7 (n7 - 2fot - 2w)8) + (ix - w)8)" = 0, 

we see that the line (2a — m^S), which obviously passes through 

the point a)8, passes also through the point where 7 meets the 

curve. The three lines, then, which join the points of contact 

of the sides with the opposite angles of the circumscribing 

triangle are 

?a— ^^8 = 0, wiy8-n7 = 0, n7 — Za = 0, 

and these obviously meet in a point. 

The very same proof which showed that 7 touches the*curve 
shows also that ny — 2la - 2w/8 touches the curve, for when this 
quantity is put = 0, we have the perfect square [la — mfiY = ; 
hence this line meets the curve in two coincident points, that is, 
touches the curve, and la — mfi passes through the point of con- 
tact. Hence, if the vertices of the triangle be joined to the 
points of contact of opposite sides, and at the points where the 
joining lines meet the circle again, tangents be drawn, their 
equations are 

2fot + 2m/8 - n7 = 0, 2m/8 + 2n7 - fa = 0, 2ny + 2la - mfi = 0. 

Hence we infer that the three points, where each of these tan- 
gents meets the opposite side, lie in one right line, 

la + mfi 4 «7 = 0, 

we give one of them a positive sign, and the other two negatire, the equation 
does not denote a proper curve of the second degree, but the square of some 
one of the lines h ± m/3 + ny. And the form in the text may be considered 
to include the case where one of the rectangles is negative and the other 
two positive, if we suppose that /, m, or n may denote a negative as well 
as a positive quantity. 
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for this line passes through the Intersection of the first line with 
7, of the second with a, and of the third with )3. 

*130. The equation of the chord joining two points o!/3'y\ 
a!'fi"y'j on the curve is 

a VW W(^y") + V(/3'V)} + /8 VCm) {V(7'«") + V(7"«')} 

+ 7 V(n) {V(a'/8") + VCa'W) = * 
For substitute a', /3', 7' for a, j8, 7, and it will be found that the 
quantity on the left-hand side may be written 

{VKW) + V(/3Va") + V{7'«'/3")} {V(W) + ^(mff) + V(«7')} 

- V(a'/3V) {V(/a") + VC^n/S") + V(«7")), 
which vanishes, since the points are on the curve. The equation 
of the tangent is found by putting a", ^', y" = a', ^S*, 7 in the 
above. Dividing by 2 s/[a^'y\ it becomes 

Conversely, if Xa + fifi + vy is a tangent, the co-ordinates 
of the point of contact are given by the equations 

7©='^' \/(i)='*' yi^)""- 

Solving for OLffy\ and substituting in the equation of the curve, 
we get I m n ^ 

r- + - + - = 0, 

which is the condition that Xa + At/9 + vy may be a tangent ; 
that is to say, is the tangential equation of the curve. 

The reciprocity of tangential and ordinary equations will be 
better seen, if we solve the converse problem, viz. to find the 
equation of the curve, the tangents to which fulfil the condition 

/ 7/1 w ^ 

r- + — +- = 0. 

We follow the steps of Art. 127. Let Va + /a')8 + v'7, 
V'a + /i"/8 + v"7 be any two lines, such that X>V', X'>"v ' satisfy 
the above condition, and which therefore are tangents to the 
curve whose equation we are seeking ; then 

l\ ma nv 

L __1_. J = 

It i^ I It i^ I It ^} 



Xt-\ It i I It t It 
X flfA VV 



* This equation is Dr. Hart's. 
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is the tangential equation of their point of intersection. For 

(Art. 70) any equation of the form A\ -f Bii + Cv = 0, is the 

condition that the line Xa + /ii)8 -f vy should pass through a 

certain point, or, in other words, is the tangential equation of a 

point ; and the equation we have written being satisfied bj the 

tangential co-ordinates of the two lines is the equation of their 

point of intersection. Making V, fi,\ v= V, fi", v" we learn that if 

there be two consecutive tangents to the curve, the equation of 

their point of intersection, or in other words, of their point of 

contact, is 

iK mil nv 

The co-ordinates then of the point of contact are 

Solving for X', fi\ y' from these equations, and substituting in the 
relation, which by hypothesis X'/jlv satisfy, we get the required 
equation of the curve 

V(fc) + V(w/3) + V(n7) = 0. 

131. The conditions that the equation should represent a 
circle are (Art. 128) 

m* sm"(7+w'' sin*J? + 2mn sinJ?sinC=n« sinM4 P sin'C 

+ 2nl sin A sin (7= P sin*5+ m" sin* -4 + 2?m sin^ sin J?, 

or m sinC+n sinj5= ± (n sin-4 + ?sin(7) = ± (Zsin-B+ m sin-4). 

Four circles then may be described to touch the sides of the 
given triangle, since by varying the sign, these equations may 
be written in four difierent ways. If we choose in both cases 
the 4- sign, the equations are 

I sin (7- m sin (7+ n (sin-4 — sinJ3) = ; 
Zsin J?+ w (sin^ — sinC7) — n sinjB= 0. 
The solution of which gives (see Art. 124), 

Z=3 sin^ (sinj5+ sin(7— 8in-4), m = sin-B(sinC+ sin-4 - sin£), 

w = sin C (sin -4 + sin-B — sin C). 
But since in a plane triangle 

sin^ + sin (7— sin^ = 4 co&^A sin ^B sin ^ (7, 
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these values for ?, m, n are respectively proportional to cos*4-4, 
cos' ^5, cos' ^(7, and the equation of the corresponding drcle, 
which is the inscribed circle, is 

cos^^ V(a) + cos^^ V(i9) + cos^ C VM = * 
or 

a*cos*i^+^cos*iB+7»cos*iC-2ai8co8*i^ cos'i-B 

-2)87C08*iBcos*iC- 27acosHCcosH^ = 0. 

We may verify that this equation represents a circle by 
writing it in the form 

facoff\A ficos^^B 7COs*J(7\, > a , a ' r> , • rr\ 
{ — T—f- -f . p + -^-v— ^- )(asin^ + ^smJ?+78inC7) 
\ sin .4 sin^ sin (7 / ^ 

cos' 4-4 cos* ^5 cos' 4(7 ,^ - j , - ry , a ' n\ /\ 

: A ' ry ' ^ (/87Sin^-|-7asinJ?+a^8inc;) = 0. 

sin-4 sin^smC \ > > 

In the same way, the equation of one of the exscribed circles ia 

found to be 

a' cos*^^ +/9" 8in*ijB+ 7*801* JC- 2/87sm'ijBsin'ia 

+ 27a sin' i C cos'i^ -I- 2a fi sin'^-B cos'i-4 = 0, 
or cosi^ V( - a) + sin^^ V(i8) + sin^ C ^{y) = 0. 

The negative sign given to a is in accordance with the fact, that 
this circle and the inscribed circle lie on opposite sides of the 
line a. 

Ex. Find the radical axis of the inscribed circle and the circle through, 
the middle points of sides. 

The equation formed by the method of Art. 128, is 
2 COB*iA QOS*iB C08"jC{a cos^ + ^ cosJB + 7 cosC} 

cos^i^ ^ cos*JB cos*} C^ 



' A ' -D ' n cos*}^ . ^ COS* J J . cos*}t7\ 

\ sm^ '^ wiiB smC f 



DiTide by 2 cos}^ cos|B cosi C, and the coefficient of a in this equation Is 

cos|^ {2 cos'}^ sinJB sin|C- cos^ cos}J9 cosJC}, 
or cos}^ sin}(^ - B) sin}(-4 - C). 

* Dr. Hart derives this equation from that of the circumscribing circle 
as follows : Let the equations of the sides of the triangle formed by joining 
the points of contact of the inscribed circle be a' = 0, ^ = 0, Y « j and 
let its angles be A', B, C \ then (Art. 124) the equation of the circle is 

P^ sin A' + ia* sin B + a'^ sinC = 0. 
But (Art 123) for every point of the circle we have a^ = )87, p* - 7a, 
y* B a/3, and it is easy to see that ^' = 90 - f^, &c. Substituting these 
values, the equation of the circle becomes, as before, 

C08J-4 ^(o) + cosJ-B ^|{fi) + cosiC V(7) "= 0, 
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The equation of the radical axis then may be written 

a COS ^^ fi CObIB 7C08}C ^ 

8mJ(5"l"C) "*" 8inJ(C- A) ^ BinHA - B)" ' 

and it appears from the condition of Art. 130, that this line touches the 
inscribed circle, the co-ordinates of the point of contact being 8in'J(^ - C)» 
Bin*i{C'-A)t sin'^(^ > B). These values shew (Art 66) that the point of 
contact lies on the line joining the two centres whose co-ordinates are 
1, 1, 1, and cos(^ - C), cos((7- A), cob(A - B). 

132. If the equation of a circle in trilinear co-ordinates is 
equivalent to an equation in rectangular co-ordinates, in which 
the coefficient of aj* -h y* is ?», then the result of substituting in 
the equation the co-ordinates of any point is m times the square 
of the tangent from that point. This constant m is easily de- 
termined in practice if there be any point, the square of the 
tangent from which is known by geometrical considerations; 
and then the length of the tangent from any other point may be 
inferred. Also, if we have determined this constant m for two 
circles, and if we subtract, one from the other, the equations divided 
respectively by m and in\ the difference which must represent the 
radical axis, will always be divisible by a sin^ 4 /8 sinJ9+ 7 sinC7. 

Ex. 1. Find the yalue of the constant m for the circle through the 
middle points of the sides, 

a' sin^ cos^ + ^ BinB cobB + 7* sinCcosC- ^ sin^ - 7a sin^ - a)3 sinCo 0. 

Since the circle cuts any side 7 at points whose distances from the vertex A^ 
are }e and b cwA, the square of the tangent from A ia ^bc oosA. But 
since for A we have /3 » 0, 7^0, the result of substituting in the equation 
the co-ordinates of J! is o^ sin A cos A^ (where a' is the perpendicular from 
A on the opposite side), or is 6e sin ^ sin ^ sin C cos ^. It follows that the 
constant mis2sin^sin^sinC 

Ex. 2. Find the constant m for the circle /37 sin ^ f 7a sin ^ •)- a)3 sinC 
If from the preceding equation we subtract the linear terms 

(a cos^ +/3co6^ + 7 cosC)(a sin^ -I-/3 sin^ + 7 sinC), 

the coefficient of «* + y" is unaltered. The constant therefore for ^ unA^ 
&0. is-sinu^sin^sinC 

' Ex. 8. To find the distance between the centres of the inscribed and 

ciroumsoribing circle. We find 2)^ - 22*, the square of the tangent from 

the centre of the inscribed to the circumscribing circle, by substituting 

^ V H(8in^ +sin-F + sinC) , „, * 1 

« = )3a7Br, to be ,;„ j ,;^ p ,;^ n — * ^^* ^y * ^ell-known formula, 

sin A sm jj sm U 

a-222f. Hence 2^ a JT - 2J2r. 
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Ex. 4. Find the distance between the centres of the inscribed circle and 
of that through the middle points of sides. If the radius of the latter be />, 
making use of the formula, 

sin^ cos^ + 8in^cos^ + sinCco8C=2 sin J! sin^sinC, 
•we have D* - p*.- r* - rR, 

Assuming then that we otherwise know B. = 2p, we have Dt^r-p^ot 
the circles touch. 

Ex. 6. Find the constant m for the equation of the inscribed circle 
given above. Ans. ^r* cos'^il cos'^^ cos'|C 



CHAPTER X. 

PROPERTIES COMMON TO ALL CURVES OF THE SECOND 
DEGREE, DEDUCED FROM THE GENERAL EQUATION. 

133. The most general form of the equation of the second 
degree is 

where a, 5, c,y, g^ h are all constants. 

It is our object in this chapter to classify the different curves 
which can be represented by equations of the general form just 
written, and to obtain some of the properties which are common 
to them all.* 

Five relations between the coefficients are sufficient to deter- 
mine a curve of the second degree. For though the general 
equation contains six constants, the nature of the curve depends 
not on the absolute magnitude^ but on the mutual ratios of these 
coefficients ; since, if we multiply or divide the equation by 
any constant, it will still represent the same curve. We may, 
therefore, divide the equation by c, so as to make the absolute 
term = 1, and there will then remain but five constants to be 
determined. 

* We shall prove hereafter, that the section made by any plane in a 
cone standing on a circular base is a curre of the second degree, and, con- 
versely, that there is no curve of the second degree which may not be con- 
sidered as a conic section. It ivas in this point of view that these curvet 
were first examined by geometers. We mention the property here, because 
we shall often find it convenient to use the terms "conic section," or ''coniCy** 
instead of the longer appellation, '' curve of the second degree." 
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Thus, for example, a conic section can be described through 
five points. Substituting in the equation (as in Art. 93) the 
co-ordinates of each point {xy) through which the curve must 
pass, we obtain five relations between the coe£5cients, which will 

enable us to determine the five quantities, - , &c. 

134. We shall in this chapter often have occasion to use the 
method of transformation of co-ordinates ; and it will be useful 
to find what the general equation becomes when transformed to 
parallel afices through a new origin {xy). We form the new 
equation by substituting x-^-x' for a?, and y + y' for y (Art. 8), 
and we get 

a(aj-f a;')'+2A [x-Vx] {y+y')'\-b (y+y7+2^ (a?+a;')+2/(y+y')+c=0. 

Arranging this equation according to the powers of the vari- 
ables, we find that the coefficients of a;*, osy, and y*, will be, as 
before, a, 2A, b ; that 

the new ^, ^' = ^a?' + Ay' +^ 5 
the new /, f = hx' + by' +/; 
the new c, c' :=^ax'* -{•2hx'y' ^by"^ + 2gx' + 2jy' + c. 

Hence, if the equation of a curve of the second degree be trans* 
formed to parallel axes through a new origin^ the coefficients of the 
highest powers of the variables wUl remain unchanged^ while the 
new absolute term will be the result of substituting in the original 
equation the co-ordinates of the new origin.* 

135. Every right line meets a curve of the second degree in 
two real J coincident^ or imaginary points. 

This is inferred, as in Art. 82, from the fact that we get a 
quadratic equation to determine the points where any line 
y^mx-^-n meets the curve. Thus, substituting this value of y 
in the equation of the second degree, we get a quadratic to 
determine the x of the points of intersection. In particular 
(see Art. 84) the points where the curve meets the axes, are 
determined by the quadratics 

aa?-^ 2^a?-f c = 0, by" + 2fy + c = 0. 

* This is equally true for equations of any degree, as can be proved in 
like manner. 
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An apparent exception however may arise which does not 
present itself in the case of the circle. The quadratic may re- 
duce to a simple equation in consequence of the vanishing of the 
coefficient which multiplies the square of the variable. Thus 

(cy -i-2/ + a;-H 5^ + 3 = 

is an equation of the second degree ; but if we make y = 0, we 

get only a simple equation to determine the points of meeting 

of the axis of x with the locus represented. Suppose, however, 

that in any quadratic ^a^ + 25a?+ (7=0, the coefficient O 

vanishes, we do not say that the quadratic reduces t9 a simple 

equation ; but we regard it still as a quadratic, one of whose 

2B 
roots is 0? = 0, and the other a? = — -j . Now this quadratic 

may be also written 

and we see by parity of reasoning, that if A vanishes, we ought 
to regard this still as a quadratic equation, one of whose roots 

is -=0, or a: = 00 : and the other - = — 7=-, or a; = — —=.. The 
X ^ ' X C ^ 2B 

same thing follows from the general solution of the quadratic, 

which may be written in either of the forms 

^■" A " ^BTs/[B^--AGy 

the latter being the form got by solving the equation for the 
reciprocal of x^ and the equivalence of the two forms being 
easily verified by multiplymg across. Now the smaller A is, the 
more nearly does the radical become = ± jS ; and therefore the 
last form of the solution shows, that the smaller A is, the larger 
is one of the roots of the equation ; and that when A vanishes 
we are to regard one of the roots as infinite. When therefore 
we apparently get a simple equation to determine the points in 
which any line meets the curve, we are to regard it as the 
limiting case of a quadratic of the form O.o^ + 2Bx -f C = 0, one 
of whose roots is infinite ; and we are to regard this as indi- 
cating, that one of the points where the line meets the curve is 
infinitely distant. Thus the equation, selected as an example, 
which may be written (y + 1) (a? + 2y + 3) = 0, represents two 



\ 
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right lines, one of which meets the axis of a; in a finite point, 
and the other being parallel to it meets it in an infinitely 
distant point. 

In like manner, if in the equation Ax^ + 2Bx + C= 0, both B 
and C vanish, we say that it is a quadratic equation, both of whose 
roots are a; = 0; so if both B and A vanish we are to say that 
it is a quadratic equation, both of whose roots are a? = oo . With 
the explanation here given, and taking account of infinitely 
distant, as well as of imaginary, points, we can assert that every 
right line meets a curve of the second degree in two points. 

136. The equation of the second degree transformed to 
polar co-ordinates* is 

(a coe!'0 + 2h cos^ sin5 + b s\n^6) fi'-^ 2 [g cos5 +/8in^) /> + c = ; 

and the roots of this quadratic are the two values of the length 
of the radius vector corresponding to any assigned value of 0, 
Now we have seen in the last article that one of these values 
will be infinite, (that is to say, the radius vector will meet the 
curve in an infinitely distant point,) when the coefficient of p* 
vanishes. But this condition will be satisfied for two values 
of ^, namely those given by the quadratic 

aH-2Atan^ + 6 tan*^ = 0. 

Hence, there can be drawn through the origin two real^ com" 
cident^ or imaginary lines^ which will meet the curve at an infinite 
distance ; each of which lines also meets the curve in one finite 
point whose distance is given by the equation 

2 (^ cos^ +-/8in tf) /) + c = 0. 

If we multiply by p* the equation 

a cos'^ + 2A cos^ sin 5 + J sin"^ = 0, 

and substitute for p cosd, p sinO their values x and y, we obtain 
for the equation of the two lines 

aa;* +• 2hxy + jy = 0. 

There are two directions in which lines can be drawn through 

_ ^ m - *• I II ■■___■_»-■ ^^ !■■■ ^11 -■ - - ^^^^^^^^ 

* The following processes apply equally if the original equation had 
been in oblique co-ordinates. We then substitute mp for x, and np for y, 

where m is -: and n is — \"^ " (Art. 12): and proceed as in the text. 

smii; Bincu ^ 

K 
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cmf point to meet the curve at infinitj ; for bj transformation 
of eo-ordinates we can make that point the origin, and the 
preceding proof applies. Now it was proved (Art. 134) that 
a, Ji^ h are micbangCMi by such a transformation ; the JUrections 
are therefore always determined by the sixim quadratic 

a C06*^4 ih coB^ sin^-l- & nn*d= 0. 

Hence, if through any paint two real lines eon he drawn to meet 
the curve at infinity^ parallel lines through any other point will 
meet the curve at infinity!^ 

137. The most important question we can ask, concerning 
the^^>rwi of the curve represented by any equation, is, whether 
it be limited in every direction, or whether it extend in any 
direction to infinity. We have seen, in the case of the circle, 
that an equation of the second degree may represent a limited 
curve, while the case where it represents right Unes shows ub 
that it may also represent loci extending to infinity. It is 
necessary, therefore, to find a test whereby we may distinguish 
which class of locus is represented by any particular equation 
of the second degree. 

With such a test we are furnished by the last article. For 
if the curve be limited in every direction, no radius vector drawn 
from the origin to the curve can have an infinite value ; but we 
found in the last article, that when the radius vector becomes in- 
finite, we have a + 2 A tan 0-\-h tan*^ = 0. 

(1) If now we suppose V — ab to be negative, the roots of 
this equation will be imaginary, and 
no real value of can be found which 
will render 
a C08V + 2A cos^sin^ + J sin"^=0. 

In this case, therefore, no real line 

can be drawn to meet the curve at 

infinity, and the curve mil he limited 

in every direction^ We shall show, in the next chapter, that 

its form is that represented in the figure. A curve of this class 

is called an Ellipse. 

* This indeed is evident geometricallj, since parallel lines may be con- 
sidered as passing through the same point at infinity. 
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(2) If A* — oft be positive^ the roots of the equation 

a + 2*tan5 + itan"5 = 

will be real; consequently, there 

are two real values of which will 

render infinite the radius vector to 

the curve. Hence, two real lines 

(aa5* + 2hxy 4 iy* = 0) can, in this 

case, be drawn through the origin 

to meet the curve at infinity. A 

curve of this class is called an 

Hyperbola^ and we shall show^ in the next chapter, that its form 

is that represented in the figure. 

(3) If V — ab = 0, the roots of the equation 
a + 2Atan^ + Jtan'5 = 

will then be equal, and, therefore, 
the two directions in which a right 
line can be drawn to meet the 
curve at infinity will in this case 
coincide. A curve of this class is 
called a Parabola^ and we shall 
(Chap. XII.) show that its form is 
that here represented. The condition here found may be other- 
wise expressed, by saying* that the curve is a parabola when 
the first three terms of the equation form a perfect square. 

138. We find it convenient to postpone the deducing the 
figure of the curve from the equation^ until we have first by 
transformation of coordinates, reduced the equation to its 
simplest form. The general truth however of the statements 
in the preceding article may be seen if we attempt to construct 
the figure represented by the equation, in the manner explained 
(Art. 16). Solving for y in terms of a?, we find (Art. 76) 

&y = -(^a:+/)±V{(A«-aJ)a^ + 2(A/-Jy)a: + (/'-Jc)}. 

Now, since by the theory of quadratic equations, any quantity 
of the form aj* -|- /?a? + y is equivalent to the product of two real 
or imaginary factors (a?— a) (a; — )8), the quantity under the 
radical may be written (A' -'ab){x'- a) {x — ff). If then V-^ab 
be negative, the quantity under the radical is negative, (and 

K2 
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therefore y Imaginary), when the factors x-^a^x-^fi are either 
both positive, or both negative. Beal values for y are only 
found when x is intermediate between a and /8, and therefore 
the curve only exists in the space included between the lines 
x = ayX=^/3 (see Ex. 3, p. 14). The case is the reverse when 
A' — oi is positive. Then we get real values of y for any values 
of ar, which make the factors a? — a, x — fi either both positive 
or both negative ; but not so if one is positive and the other 
negative. The curve then consists of two branches stretching 
to infinity both in the positive and in the negative direction, but 
separated by an interval included by the lines a; = a, a; = i9, in 
which no part of the curve is found. If h*—ab vanishes, the 
quantity under the radical is of the form either a?— a or a — a?. 
In the one case we have real values of y, provided only that x 
is greater than a ; in the other, provided only that it is less. 
The curve therefore consists of a single branch stretching to in- 
finity either on the right or the left-hand side of the line x=^au 

If the factors a and /3 be imaginary, the quantity under the 
radical may be thrown into the form (A" — oi) ((a; — 7)* + 8*}. 
If then A^ — ai \& positive, the quantity under the radical is 
always positive, and lines parallel to the axis of y always meet 
the curve. Thus in the figure of the hyperbola, p. 131, lines 
parallel to the axis of y always meet the curve, although lines 
parallel to the axis of x may not On the othbr hand, if A* — a& 
is negative, the quantity under the radical is always negative, 
and no real figure is represented by the equation. 

Ex. 1. CoDBtruct, as in Art 16, the figures of the folio wing coryeSi and 
determine their species : 

3«" + 4ay + y" - 3x - 2y + 21 «= 0. Ana, Hyperbola. 
6«* + 4xy + / - 6r - 2y - 19 = 0. Ana, Ellipse. 
4«" + 4iry + y' - 5x - 2y - 10 = 0. Ans. Parabola. 

Ex. 2. The circle is a particular case of the ellipse. For in the most 
general form of the equation of the circle, a s 6, A = a cos a; (Art. 81); and 
therefore h* - ab'is negative being = - a' sin' a;. 

Ex. 3. What is the species of the curre when A = ? Ans, An ellipse 
when ci and b have the same sign, and an hyperbola when they have opposite 
signs. 

Ex. 4. If either a or & =0, what is the species? Ans. A parabola if 
also A s ; otherwise a hyperbola. When a = the axis of x meets the 
curve at infinity; and when 6 ° 0, the axis of y. 
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Ex. 5. What is represented by 

«• 2a?y y« 2x 2y 

a' ao 0* a o 
Am, a parabola touching the axes at the points x = a, y - b. 

139. If in a quadratic Ax^-^^Bx^ C=0, the coeflScient B 
vanishes, the roots are equal with opposite signs. This then 
will be the case with the equation 

(a cos'tf 4- 2A cos ^ sin ^ + J sin*5) p' + 2 (^ cos^+/8in5) p + c = 0, 

if the radius vector be drawn in the direction determined by 
the equation g cos^ -f /sin^ = 0. 

The points answering to the equal and opposite values of p 
are equidistant from the origin, and on opposite sides of it; 
therefore, the chord represented by the equation gx •\-fy = is 
bisected at the origin. 

Hence, through any given point can in general he drawn one 
chord ^ which mil be bisected at that point, 

140. There is one case, however, where more chords than one 
can be drawn, so as to be bisected, through a given point. 

If, in the general equation, we had ^ = 0, f= 0, then the 
quantity g cos ^+/ sin 5 would be =0, whatever were the value 
of ; and we see, as in the last article, that in this case every 
chord drawn through the origin would be bisected. The origin 
would then be called the centre of the curve. Now, we can in 
general, by transforming the equation to a new origin, cause 
the coefficients g and / to vanish. Thus equating to nothing 
the values given (Art. 134) for the new g and f^ we find that 
the co-ordinates of the new origin must fulfil the conditions 

ax+hy'+g = Oj Aoj' -f Jy' +/= 0. 

These two equations are sufficient to determine x' and g\ and 
being linear^ can be satisfied by only one value of x and y ; 
hence, conic sections have in general one and only one centre. Its 
co-ordinates are found, by solving the above equations, to be 

h'-ab' ^ "h^^ab' 

In the ellipse and hyperbola K'—ah is always finite (Art. 137); 
but in the parabola A'— ai=0, and the co-ordinates of the centre 
become infinite. The ellipse and hyperbola are hence often 
classed together as centred curves, while the parabola is called 
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a non-central curre. Tbe staclent must be carefot, however, 
to remember that, Btrictly epeaking, eveiy curve of the aecoDcl 
degree has a centre, although in the case of the parabola this 
centre is situated at an infinite distance. 

141. Tojind the locas of the middle points of chords, parcdl^ 
to a given line, of a curve cfthe second degree. 

We saw (Art. 139] that a chord through the ori^ is bi- 
sected if g COB 0+/ sin = 0. Now, transfonning the origin to 
any point, it appears, in like manner, that a parallel chord will 
' be bisected at the new orig^ if the new g multiplied by coBd + 
the new /multiplied by sinl? = 0, or (Art. 134) 

co«(? ((Kc' + ky +y) + sin [hx + hy' +f) = 0. 
This, therefore, is a relation which mnat be satisfied by the co- 
ordinates of the new origin, if it be the middle point of a chord 
making with the axis of x the angle 0. Hence the middle point 
of any parallel chord muBt lie on the right line 

coB0{ax + hy + g) + R\n6{hx + by +f) = 0, 
which is, therefore, the required locus. 

Every right line bisecting a system of parallel chords is called 
a diameter, and tbo lines which it bisects are called its ordinatea. 

The form of the equation shows (Art. 40} that every diameter 
must pass through the intersection of 
the two lines 

ax + hg+g = 0, and hx-i-bg+f=0; 
but, these being the equations by 
which we detennined the co-ordinates 
of the centre (Art. 140), we infer that 
every diameter passes through t/te centre of the curve. 

It appears by making ff 
alternately =0, and =90° in 
the above equation, that 

ax + hy+g^O 
is the equadon of the'diameter 
bisecting chords parallel to the 
azu of X, and that 

/tx + by+f=0 
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is the equation of the diameter biMCting cbordfl parallel to the 
axis of y.* 

In the parabola i* = a^, or 1 = 11 &i><l hence the line 
ax + hy+ff is parallel to the line 
Aar+Ajr+/; (xmseqnently, oA (2ta- 
metera of a parabola are parallel 
to each other, Thtfl, indeed, 10 
evident, since we have proved 
that all diameters of any ctmic 
section must pass through the 
centre, which, in the case of the 
parabola, is at an infinite distance; 
and since parallel right lines may be considered se meeting in 
a point at infinit^.f 

The familiar example of the circle will sufficiently illustrate to 
the beginner the nature of the diameters of curves of the second 
degree. He most observe, however, that diameters do not in 
general, as in the case of the circle, cat their ordinates at right 
angles. In the parabola, for instaace, the direction <^ the dia- 
meter being invariaUe, while that of the ordinates may be any 
whatever, the angle between them may take any poanble value. 

142. The direction of the diameters of a parabola ia the mme 
as that of the line through the origin which meets the curve at an 
infinite ^staitoe. 

For the lines through the orig^ which meet the carve at in- 
finity are (Art. 13G) aa^+2^ + jy« = o, 

* The equaaon (Art, 138) vbich u of the form iiy - - (At t/) ± R i» 
moat easily conatnicted by fint laying down the line Ac + ty +/, and thea 
takiDg on each ordinate JIfP of Uiat line, portion! PQ, FQf, above and 
below P and equal to JL Thiu alio it appean that each ordimate is biaected 
by At + Jy +/. 

f Hence, a portion of any conic aection being drawn on paper, we can 
find ita centre end detennine ita apecie*. For if we draw any two parallel 
chords, and join their middle pointi, we have one diameter. In like manner 
we can find another diameter. Then, if these two diameters be partJIel, the 
curve is a parabola, but if not, the point of intersection is the centre. It 
will be on the concave side when the curve is an ellipse ; and on the convex 
when it ii a hyperbola. 
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or, writing for h its value *^{ab)^ 

But the diameters are parallel to aa;+%=0 (by the last article), 
which, if we write for h the same value ^/{ab)^ will also reduce to 

Hence every diameter of the parabola meets the curve once at 
infinity, and, therefore, can only meet it in one finite point. 

143, y two diameters of a conic section be suchy that one of 
tliem bisects all chords parallel to the other ^ then^ conversely ^ the 
second will bisect all cJiords parallel to the first. 

The equation of the diameter which bisects chords making 
an angle d with the axis of x is (Art. 141) 

{ax + hy^-g)^- {hx + by +/) tan^ = 0. 

But (Art. 21) the angle which this line makes with the axis is ff 

where afAtan^ 

tan^ = - , r-7 7| , 

A + Jtan^' 

whence J tan ^ tan 6'-\-h (tan + tan ^') + a = 0. 

And the sjrmmetry of the equation shows that the chords making 
an angle 0' are also bisected by a diameter making an angle 0. 

Diameters so related, that each bisects every chord parallel 
to the other, are called conjugate diameters,^ 

If in the general equation A = 0, the axes will be parallel to 
a pair of conjugate diameters. For the diameter bisecting chords 
parallel to the axis of x will, in this case, become cu? 4 ^ = 0, 
and will, therefore, be parallel to the axis of y. In like manner, 
the diameter bisecting chords parallel to the axis of y will, in 
this case, be Jy-i-/=0, and will, therefore, be parallel to the 
axis of x. 

144. If in the general equation c=0, the origin is on the curve 
(Art. 81) ; and accordingly one of the roots of the quadratic 

[a C08"^ + 2A cos^ sin^-f-i mn*0)p' + 2{g cos0+fsm0)p = O 

is always p = 0. The second root will be also /) = 0, or the 
radius vector will meet the curve at the origin in two coincident 
points, if g cos 5+/ sin 5 = 0. Multiplying this equation by p, 

* It is evident that none but central curves can have conjugate diameten, 
since in the parabola the direction of all diameters is the same. 
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we have the equation of the tangent at the origin, viz. gx-]-fy=0.^ 
The equation of the tangent at any other point on the curve, 
may be found by first transforming the equation to that point 
as origin, and when the equation of the tangent has been then 
found, transforming it back to the original axes. 

Ex. The point (1, 1) is on the curve 

3a:* - 44ry + 2y* + Tar - 5y - 3 « ; 
transfonn the equation to parallel axes through that point, and find the 
tangent at it. 

Ana. Oa? - 5y = referred to the new axes, or 9 (x - 1) = 5 (y - 1) re- 
ferred to the old. 

If this method is applied to the general equation, we get for 
the tangent at any point xy'^ the same equation as that found 
by a different method (Art. 86), viz. 

ax'x + h{xy -\- yx) -^bi/'t/ -^-g {x + x) +f{t/ -{■ y) -^ c = 0. 

145. It was proved (Art. 89) that if it be required to draw 
a tangent to the curve from any point xy not supposed to be 
on the curve, the points of contact are the intersections with 
the curve of a right line whose equation is identical in form 
with that last written ; and which is called the polar of x'y'. 
Consequently, since every right line meets the curve in two 
points, through any point x'y there can be drawn two realj coin' 
cidenty or imaginary tangents to the curve,'\ 

It was also proved (Art. 89) that the polar of the origin is 
gx ^-fy H- c = 0. Now this line is evidently parallel to the chord 
gx-\-Jy^ which (Art. 139) is drawn through the origin so as to 
be bisected. But this last is plainly an ordinate of the diameter 
passing through the origin. Hence, the polar of any point is 
parallel to the ordinates of the diameter passing through that point. 
This includes as a particular case : The tangent at the extremity 
of any diameter is parallel to the ordinates of that diameter. Or 
again, in the case of central curves, since the ordinates of any 

* The same argument proves that in an equation of any degree, when 
the absolute term vanishes the origin is on the curve, and that the terms of 
the first degree represent the tangent at the origin. 

f A curve is said to be of the rC^ class, when through any point n tan- 
gents can be drawn to the curve. A conic is therefore a curve of the second 
degree and of the second class: but in higher curves the degree and class 
of a curve nre commonly not the same. 
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diameter are parallel to the coDJugate diameter, we infer that, 
the polar of any point on a diameter of a central curve is parallel 
to the conjugate diameter. 

146. The principal properties of poles and polars have been 
proved by anticipation in former chapters. Thus it was proved 
(Art. 98) that if a point A lie on the polar of B^ then B lies on 
the polar of A. This may be otherwise stated, If a point move 
along a fixed line [the polar of B'\ its polar passes through a 
fixed point [E] ; or conversely, If a line [the polar of A\ pass 
through a fixed pointy then the locus of its pole A is a fixed 
right line. Or again, The intersection of any two lines is the 
pole of the line joining their poles ; and conversely, The line 
joining any two points is the polar of the intersections of the polars 
of these points. For if we take any two points on the polar 
of A^ the polars of these points intersect in A. 

It was proved (Art. 1 00) that if two lines be drawn through 
any pointy and the points joined where they meet the curve^ the 
joining lines unll intersect on the polar of that point. Let the 
two lines coincide, and we derive, as a particular case of this, 
If through a point any line OR he drawn^ the tangents at R 
and IC' meet on the polar cf : ^ property which might also be 
inferred from the last paragraph. For since RR\ the polar of 
P, passes through 0, P must lie on the polar of 0. 

And it was also proved (Ex. 3, p. 98), that if on any radius 
vector through the origin, OR be 
taken a harmonic mean between OR 
and 0R\ the locus of R is the polar 
of the origin; and therefore that, 
any line dravm through a point is 
cut harmxmically by the pointy the 
curvCj and the polar of the point ; as 
was also proved otherwise (Art. 91). 

Lastly, we infer that, if any line 
OR be drawn through a point 0, and 
P the pole of that line be joined to 0, then the lines OP, OR 
will form a harmonic pencil with the tangents from 0. For 
since OR is the polar of P, PTRT is cut harmonically, and 
therefore OP, OT, OjB, OT form a harmonic pencil. 
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Ex. 1. If a quadrilateral ABCD^ be inscribed in a conic section, any 
of the points E^ F, O, is the pole of the 
line joining the other two. 

Since JEC, JED, are two lines drawn 
through the point E, and CD, AB, one 
pair of lines joining the points where they 
meet the conic, these lines must intersect 
on the polar of E; 90 must also AD and 
CB\ therefore, the line OF is the polar 
of E, In like manner it can be proved A B 

that -^^is the polar of O, and EO the polar of F. 

Ex. 2. To draw a tangent to a given conic section from a point outside, 
with the help of the ruler only. 

Draw any two lines through the given point E, and complete the quad- 
rilateral as in the figure, then the line OF will meet the conic in two points, 
which, being joined to E, will give the two tangents required. 

Ex. 3. If a quadrilateral be circumscribed about a conic section, any 
diagonal is the polar of the intersection of the other two. 

We shall prove this Example, as we might have proved Ex. 1, by means 
of the harmonic properties of a quadrilateral. It was proved (p. 60) that 
EA, EO, EB, EF, are a harmonic pencil. Hence, slhce EA, EB, are, 
by hypothesis, two tangents to a conic section, and EF a line through their 
point of intersection, by Art 146, EO must pass through the pole of EF; 
for the same reason, FO must pass through the pole of EF: this pole must 
therefore be O. 

147. We have proved (Art 92) that the equation of the pair 
of tangents to the curve from any point x'y'y is 

(aa;'*+2Aajy-fJy'"4-2^a;'-f2>^'+c)(aa'+2Aay+jy+25ra?+2^+c) 

= {ax'x + hix'y + y'x) -f hy'y-^ g[x* -^ x) +/(y' + y) +cj". 

The equation of the pair of tangents through the origin may be 
derived fix)m this by making a?' = y' = ; or it may be got directly 
by the same process as that used Ex. 4, p. 80. If a radius 
vector through the origin touch the curve, the two values of p 
must be equal, which are given by the equation 

(a cos*(? + 2A cosO sini? + h sin*^) />' + 2 (^r cos^ +/8in^) p + c = 0. 

Now this equation will have equal roots if satisfy the equation, 

(a cos'^ + 2h cos^ sin^ + h sin* 5) c = (^ cos^ +/sin^)". 

Multiplying by p', we get the equation of the two tangents, viz. 
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This equation again will have equal roots ; that is to say, the 
two tangents will coincide if 

or, c [abc + 2f(jh -af - J/ - ck*) = 0. 

This will be satisfied if c = 0, that is, if the origin be on the 
curve. Hence, any point on the curve may be considered as the 
intersection of two coincident tangents^ just as any tangent may 
be considered as the line joining two consecutive points. 

The equation will have also equal roots, if 

abc + 2fgh -af- bf - cA* = 0. 

Now we obtained this equation (p. 74) as the condition, thai the 
equation of the second degree should represent two right lines. 
To explain why we should here meet with this equation again, 
it must be remarked that by a tangent we mean in general a line 
which meets the curve in two coincident points ; if then the 
curve reduce to two right lines, the only line which can meet 
the locus in two \joincident points is the line drawn to the point 
of intersection of these right lines, and since two tangents can 
always be drawn to a curve of the second degree, both tangents 
must in this case coincide with the line to the point of inter- 
section. 

148, If through any point two chords be drawn^ meeting the 
curve in the points R ^ R'\ 8\ 8'\then the ratio of the rectangles 

nQ*nQ" ^*^^ ^^ constant^ whatever be the position of the point 0, 

provided that the directions of the lines OJRj OS be constant. 

For, from the equation given to determine p in Art. 136, it 
appears that 

" a cos*^ + 2h cos^ sin^ + J sin'^ * 
In like manner 



hence 



^^'^^ a cos' 0' + 2A cos 0' sin 0' + b sin' 0' ' 
OR . OB' a cos" 0' 4- 2 A cos 0' sin ff-^b sin* 0' 



OS'. 08" a QQs^0^2h QOS0 sine + J sin'd ' 

But this is a constant ratio: for a, A, J, remain unaltered 
when the axes are transformed to any new origin (Art. 134), 
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and 6^ 6' are evidently constant while the direction of the radii 
vectores is constant. 

The theorem of this Article may be otherwise stated thus : 
If through two fixed points and 0' any two parallel lines OR 

and O'p he dravm^ then the ratio of the rectangles ^, ' ^ „ will 

he constant^ whatever he the dinction of these lines. 
For, these rectangles are 



a cos'^ + 2A cosd sind + & sin'^ ' a corj*^ +2A cosd 8in^+ b sin*^ * 
(c' being the new absolute term when the equation is transferred 

to Cy as origin) ; the ratio of these rectangles = — , and is, there- 
fore, independent of 0. 

This theorem is the generalization of Euclid ill. 35, 36. 

149. The theorem of the last Article includes under it several 
particular cases, which it is useful to notice separately. 

I. Let 0' be the centre of the curve, then (yp = ffp" and 
the quantity Op , O'p" becomes the square of the semidiameter 
parallel to OR. Hence, The rectangles under the segments of two 
chords which intersect are to each other as the squares of the dia^ 
meters parallel to those chords. 

II. Let the line OR be a tangent, then OR = OR"y and the 
quantity OR. OR' becomes the square of the tangent; and, 
since two tangents can be drawn through the point 0, we may 
extract the square root of the ratio found in the last paragraph, 
and infer that Two tangents draum through any point are to each 
other as the diameters to which they are parallel. 

III. Let the line 00' be a diameter, and 05, 0'/^, parallel to 
its ordinates, then OR = OR" and O'p = O'p". Let the diameter 



meet the curve in the points -4, J3, then ^ ^p = j^ fyzi • 

Hence, The squares of the ordinates of any diameter are propor^ 
tional to the rectangles under the segments which they make on the 
diameter. 

150. There is one case in which the theorem of Article 148 
becomes no longer applicable, namely, when the line 08 is pa- 
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rallel to one of the lines which meet the curve at infinity ; the 
segment 08" is then infinite, and 08 only meets the curve In 
one finite point. We propose, In the present Article, to inquire 

whether, in this case, the ratio jfpr-7y^, will be constant. 

Let us, for simplicity, take the line 08 for our axis of Xy and 
OR for the axis of y. Since the axis of x is parallel to one of 
the lines which meet the curve at infinity, the coefficient a will = 
(Art. 138, Ex. 4), and the equation of the curve will be of the form 

Making y = 0, the intercept on the axis of x is found to be 

cepts on the axis o(y is =-f. 

„ 08' _ b 

^•°*^ 'OEl>R'~~¥g' 

Now, If we transform the axes to any parallel axes (Art. 134), 
h will remain unaltered, and the new g = hy' +g. 
Heace the new ratio will be 

b 

^W + 9)' 
Now, if the curve be a parabola, A = 0, and this ratio is constant ; 
hence, if a line parallel to a given one meet any diameter 
(Art. 142) of a parabola^ the rectangle under its segments is in a 
constant ratio to the intercept on the diameter. 

If the curve be a hyperbola, the ratio will only be constant 
while y is constant ; hence The intercepts made by two parallel 
chords of a hyperbola^ on a given line meeting the curve at infinity ^ 
are proportional to the rectangles under the segments of the chords, 

•151. To find the condition that the line 7iX + fiy-{-v may 
touch the conic represented hy the general equation. Solving for y 
from \a?4-/Ay-f v = 0, and substituting in the equation of the 
conic ; the abscissae of the intersections of the line and curve are 
determined by the equation 

(afi} - 2h\fi + 6X*) x' + 2 (^/x' - hfiv -ffiX + b\v) x 

+ (^/x' - 2ffiv + bv^ = 0. 
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The line will tonch when the quadratic has equal roots, or when 

(a/A* - 2h\fi -h 6\*) (c/i* - 2ffiy + bv*) = {fffi'' - hfiv -ffiX -f hXvf. 

Multiplying out, the equation proves to be divisible by /n*, and 
becomes 

+ 2(Af-Jj) v\-\-2[fg-ch)\fi^0. 

We shall afterwards give other methods of obtaining this 
equation, which may be called the tangential equaticm of the 
curve. We shall often use abbreviations for the coefficients, and 
write the equation in the form 

-4X* + J9/i» 4- Cv' -f 2 JF>F + 2 (?kX + 2B'X/i = 0. 

The values of the coefficients will be more easily remembered by 
the help of the following rule. Let A denote the diacriminant 
of the equation ; that is to say, the function 

abc -f 2fgh - of - 6/ - cA*, 

whose vanishing is the condition that the equation may represent 
right lines. Then A is the derived ftmction formed from A, 
regarding a as the variable ; and J?, (7, 2 J^, 2 G^ 2H are the 
derived ftmctions taken respectively with regard to J, c,/, g^ A. 

Miscellaneous Examples. 
Ex. 1. Fonn the equation of the conic making intercepts X, X', ^, /t' 
on the axes. Since if we make y » 0, or x » in the equation, it must 
reduce to 

«• - (X + xo « + XX' = 0, y* - (a* + A**) y + /^' = ^; 

the equation is 

/i^V + 2hxy V XXy - /t/t'(X + XQa: - XX' (|i 4 fk^y + XX'^// = 0, 

and h is undetermined, unless another condition be giyen. Thus two par** 
bolas can be drawn through the four giyen points; for in this case 

* = ± v(xv/*^'). 

Ex. 2. Giyen four points on a conic, the polar of any fixed point passes 
through a fixed point. We may choose the axes so that the giyen points 
may lie two on each axis, and the equation of the cunre is that found in 
Ex. ] . But the equation of the polar of any point xy (Art. 146) inyolyea 
the indeterminate A in the first degree, and therefore passes through a 
fixed point 

Ex. 3. find the locus of the centre of a conic passing through four fixed 
points. The centre of the conic in Ex. 1 is given by the equations 

2/*/t'jp + 2Ay - ^/i'(X + X*) = 0, 2XX'y + 2Aa? - XV (^ 4 fi') - Oj 
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whence eliminating the indeterminate h, the locus is 

a conic passing through the intersections of each of the three pairs of lines 
which can be drawn through the four points, and through the middle points 
of these lines. The locus will be a hyperbola when \, X' and /i, ft.' have 
either both like, or both unlike signs ; and an ellipse in the contrary case. 
Thus it will be an ellipse when the two points on one axis lie on the same 
side of the origin, and on the other axis, on opposite sides. In other words, 
when the quadrilateral formed by the four given points has a re-entrant 
angle. This is also geometrically evident : for a quadrilateral with a re-en- 
trant angle evidently cannot be inscribed in a figure of the shape of the ellipse 
or parabola. The circumscribing conic must therefore always be a hyper* 
bola, so that some vertices may lie in opposite branches. And since the 
centre of a hyperbola is never at infinity, the locus of centres is in this 
case an ellipse. In the other case, two positions of the centre will be at 
infinity, corresponding to the two parabolas which can be described through 
the given points. 



k 



CHAPTER XL 

EQUATIONS OF THE SECOND DEGREE REFERRED TO THE 

CENTRE AS ORIGIN. 

152. In investigating the properties of the ellipse and hyper- 
bola, we shall find our equations much simplified by choosing 
the centre for the origin of co-ordinates. If we transform the 
general equation of the second degree to the centre as origin, we 
saw (Art. 140) that the coefficients of x and y will =0 in the 
transformed equation, which will be of the form 

aa^ + 2Aa?y + Jy' + c = 0. 

It is sometimes useful to know the value of c in terms of the co- 
efficients of the first given equation. We saw (Art. 134) that 

c = ax*'' + 2/ix't/' H- by"" + 2gx + 2/y' + c, 

where x\ y\ are the co-ordinates of the centre. The calculation 
of this may be facilitated by putting c into the form 

c = (aV + hy' + jr) ^ 4- [hii + iy +/) y' +gx* +fy' + c. 
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The first two sets of terms are rendered = by the co-ordi- 
nates of the centre, and the last (Art. 140) 

153. If the numerator of this fraction were = 0, the trans- 
formed equation would be reduced to the form 

03^ + ^hxy + 5y* = 0, 

and would, therefore (Art. 73), represent two real or imaginary 
right lines, according as oJ — A' is negative or positive. Hence, 
as we have already seen, p. 74, the condition that the general 
equation of the second degree should represent two right lines, is 

abc 4- "Ifgh - af -ig" -ch* = 0. 

For it must plainly be fulfilled, in order that when we transfer 
the origin to the point of intersection of the right lines, the abso- 
lute term may vanish. 

Ex. 1, Transform 3z*+4ary 4 ^•-5j:-6y-3 = to the centre (-, -4j. 

Ans, 12a:« + 16«y -j 4/ + 1 = 0. 

Ex. 2. Transform a:* f 2xy -y* + 8* f 4y - 8 = to the centre (- 3, - 1). 

Jna, a:* + 2jy - y* = 22. 

154. We have seen (Art. 136) that when satisfies the 
condition ^ cos'' 5 + 2A cos ^ sin ^ + J sin' ^ x= o, 

the radius vector meets the curve at infinity ; and also meets 
the curve in one other point, whose distance from the origin Is, 

c 

^ ff cos0-\-fsin0 * 

But if the origin be the centre^ we have 5^ = 0, /= 0, and this 
distance will also become infinite. Hence two lines can be drawn 
through the centre, which will meet the curve in two coincident 
points at infinity, and which therefore may be considered as tan- 
gents to the curve whose points of contact are at infinity. These 
lines are called the asymptotes of the curve ; they are imaginary 

* It is evident in like manner that the result of substituting af^j the 
co-ordinates of the centre, in the equation of the polar of any point x"^', viz., 

{oaf + V +^) *" + C**' + V +/) y" + 9^ "^fif + <?» 

is the same as the result of substituting x'y' in the equation of the curve. 
For the first two sets of terms vanish in both cases. 

L 



146 CENTRAL EQUATIONS OF THE BECOND DEGREE* 

in the case of the ellipse, but real in that of the hjrperbola. We 
shall show hereafter that though the asymptotes do not meet the 
curve at any finite distance, yet the further they are produced 
the more nearly they approach the curve. 

Since the points of contact of the two real or imaginary tan- 
gents drawn through the centre are at an infinite distance, the 
line joining these points of contact is altogether at an infinite 
distance. Hence, from our definition of poles and polars (Art. 89) 
the centre may be considered as the pole of a line situated aUogether 
at an infinite distance. This inference may be confirmed from 
the equation of the polar of the origin, gx -^fy + c = 0, which, 
if the centre be the origin, reduces to c == 0, an equation which 
(Art. 67) represents a line at infinity. 

155. We have seen that by taking the centre for ori^ the 
coefficients g and / in the general equation can be made to 
vanish ; but the equation can be further simplified by taking a 
pair of conjugate diameters for axes, since then (Art. 143) h will 
vanish, and the equation be reduced to the form 

«ic*+^-f-c = 0. 

It is evident, now, that any line parallel to either axis is bisected 
by the other, for if we give to x any value, we obtain equal and 
opposite values for y. Now the angle between conjugate diame- 
ters is not in general right; but we shall show that there is 
always one pair of conjugate diameters which cut each other at 
right angles. These diameters are called the axes of the curve, 
and the points where they meet it are called its vertices. 

We have seen (Art. 143) that the angles made with the axis 
by two conjugate diameters are connected by the relation 

Jtan^tan^ + A(tanfl + tan^)+a = 0. 

But if the diameters are at right angles, tan^ = - — ^ 
(Art. 25). Hence ^^ 

Atan'5+(a-.J)tan5-A = 0. 

We have thus a quadratic equation to determine 0. Multiply- 
ing by p*5 and writing a?, y, for p cos 5, p sin^, we get 

ha? — (a — J) ajy — htf = 0. 

This is the equation of two real lines at right angles to each other 
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(Art. 74) ; we perceive, therefore, that central curves have two, 
and only two, conjugate diameters at right angles to each other. 
On referring to Art. 75 it will be found, that the equation 
which we have just obtained for the axes of the curve is the same 
as that of the lines bisecting the internal and external angles be- 
tween the real or imaginary lines represented by the equation 

a«^ -h 2Aa?y + Jy* =a 0. 

The axes of the curve, therefore, are the diameters which bisect 
the angles between the asymptotes ; and (note, p. 72) they will 
be real whether the asymptotes be real or imaginary : that is to 
say, whether the curve be an ellipse or a hyperbola. 

156. We might have obtained the results of the last Article 
by the method of transformation of co-ordinates, since we can 
thus prove directly that it is always possible to transform the 
equation to a pair of rectangular axes, such that the coefficient 
of oi^iy in the transformed equation may vanish. Let the ori^nal 
axes be rectangular; then, if we turn them round through any 
angle tf, we have (Art. 9) to substitute for a?, a; costf — y sintf, 
and for y, x sind+y cosd; the equation will therefore become 

a{x coaO — y Bindy ■\-2h{x cos^-y sin^) (xsin^ + y costf) 

+ b{x sin^ + y cos^" + c = 0; 

or, arranging the terms, we shall have 

the new a^^a cos*^ + 2A cos5 Bm0 + b sin*^; 

* the new A = J sln^ cos^ + A (cos'5 — sin*^) — a sin^ cosO ; 

the new J = a sin'^ — 2A costf sin5 + J cos*^. 

Now, if we put the new A = 0, we get the very same equation, 
as in Art. 155, to determine tand. This equation gives us a 
simple expression for the angle made with the given axes by 
either axis of the curve, namely, 

tan2e=-^. 
a — o 

157. When it is required to transform a given equation to 
the form ax* + &y* + c = 0, and to calculate numerically the value 
of the new coefficients, our work will be much facilitated by the 
following theorem : If we transform an equation of the second 

L2 
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degree from one set of rectangular aoce3 to another^ the quantities 
a 4- i, and ab — A*, will remain unaltered. 

The first part is proved immediately by adding the values of 
the new a and h (Art. 156), when we have 

a' + i' = o + i. 
To prove the second part, write the values in the last article, 

2a' = a + J + 2A sm2^ + (a - J) cos2tf, 

2J'=a + J-2A8m25-(a-i) cos2tf. 

Hencp 4a'J' = (a 4 J)» - {2A sm 2^ + (a - J) cos2tfl'. 

But 4A" = {2A co32^ - (a - i) sin2^}' ; 

therefore 4 (a'J' - A'«) = (a+ J)«-4A«~ (a- J)»=4 (ftJ- A'). 

When, therefore, we want to form the equation transformed 
to the oo^, we have the new A = 0, 

• a' + y = a + J, a'&' = a5-A'. 

Having, therefore, the sum and the product of a and h\ we can 
form the quadratic which determines these quantities. 

Ex. 1. Find the axes of the ellipse Hx* - Axy + 11^ » 60, and transform 
the equation to them. 

The axes are (Art 165) 44:* + 6ary - 4/ = 0, or (2« - y) (« + 2y) = 0. 

We have 0^ + d' » 25 ; ah' =^ 150; a' » 10; ft' = 15 ; and the transformed 
equation is 2^^ + 3^ a 12. 

Ex. 2. Transform the hyperbola llx* -f 84j:y - 24^* = 156 to the axes, 
a* + 6' = - 13, ii'ft' - - 2028; a' = 39, 6' = - 52. 

Transformed equation is 3«* - 4y* =■12. 
Ex. 3. Transform aai^ + 2hxy + ^y* a c to the axes. 
An9. (a + 6- JJ)4:* + (o + 6 + JJ)y* = 2c: where JB" = 4A« + (a r ft/. 

♦158. Having proved that the quantities a+5 and ah^V re- 
main unaltered when we transform from one rectangular system 
to another, let us now inquire what these quantities become if 
we transform to an oblique system. We may retain the old axis 
of a;, and if we take an axis of y inclined to it at an angle a», 
then (Art. 9) we are to substitute x + g cosw for x, and y sin or 
for y. We shall then have 

a =ay h'=sa cos a> + A sin o), 
J' = a cos"© + 2h cos o) sin cd + J sin"o>. 
Hence, it easily follows 

a' + J' - 2A' cos en , a'b' - A'* , „ 

7—z = a + o. — r-o — =ao^ n . 

sm ft> ' sm « 
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If^ theuy we transform the eqtuUian from one pair of aocea to any 

^z ,7 , . . a + i -- 2>l cosQi ^ah — K' . ja j 

other, the cruantittes ^-^ and -r-s — remain unalterea. 

^ sin Q> Bin « 

We may, by the help of this theorem, transform to the aoces 
an equation given in oblique co-ordinates, for we can still ex- 
press the sum and product of the new a and b in terms of the 
old coefficients. 

Ex. 1. If COSH; » - transfonn to the axes, IOob* -f 6xy -i- 5^ » 10. 

o 

. 285 ^ 1025 c . 205 

» r V 16 ' ^ 16 ' ' 16 

Am. l&B* + 41y* = 32. 

Ex. 2. Transfonn to the axes, x* - dxy 4 y* ^ 1 « 0, where iv = 60°. 

Am. «" - 15/ = 3. 

Ex. 3. Transform ox* -f 2hxy -i- 5/ = c to the axes. 
Am. (a + 5 - 2A coBiu^B)j^^(a-^h-2hcoBw +i2)/=' 2c siD'«u, yhere 
JB" « {2A - (a + 6) cosh;}' + (a - b)* sinV 

*159. We add the demonstration of the theorems of the last 
two articles given by Professor Boole ( Cambridge Math. Jour^ 
III. 1, 106, and New Series, vi. 87). 

Let us suppose that we are transforming an equation from 
axes inclined at an angle o>, to any other axes incUned at an 
angle 12 ; and that, on making the substitutions of Art. 9, the 
quantity aa^ + 2hxy -\- by^ becomes a'X'-\-2h'XY-\-b'Y^. Now 
we know that the effect of the same substitution will be to make 
the quantity a? + 2xy coso) + y* become X" + 2XY cosl2 + l^, 
since either is the expression for the square of the distance of 
any point from the origin. It follows, then, that 

aa? •^2hxy +by* '{-\[a? +2xy cosm +y* ) 

= a'x» + 2A'xr+ y r« 4 X (x« + 2xr C0S12 + r^. 

And if we determine X so that the first side of the equation may 
be a perfect square, the second must be a perfect square also. 
But the condition that the first side may be a perfect square is 

(a + X) (J + X) = (A + X cos 6>)", 

or X must be one of the roots of the equation 

X* sin" CO 4- (a 4- J — 2A cosoi) X + oft — A* = 0. 

We get a quadratic of like form to determine the value of X, 
which will make the second side of the equation a perfect square ^ 
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bat Blnce both sides become perfect squares for the same valaes 
of X, these two quadratics must be identical. Equating, then, 
the coefficients of the correpsonding terms, we have, as before, 

a + ft-2Acos« a +i'- 2 A' cos 12 oi-A* a'S'-A" 
sin'co ~ sin*X2 ' sin'© sin'il 

Ex. 1. The sum of the squares of the reciprocals of two semi-diameters 
at right angles to each other is constant. 

Let their lengths be a and fi ; then making alternately x = 0, y « 0, in the 
equation of the curve, we have aa* = c, 5/3* » e, and the theorem just stated 
is only the geometrical interpretation of the fact that a + & is constant. 

£x. 2. The area of the triangle formed by joining the extremities of two 
conjugate semi-diameters is constant. 

The equation referred to two conjugate diameters is -;« + -^ ° ^t and 

since . , IS constant, we hare a p sin to constant 
sm'ci; ^ 

Ex. 3. The sum of the squares of two conjugate semi-diameters is constant 

Q. a + 6 - 2A cosa; . ^ ■ 1/1 1\. , ^ j-^ 

omce i-i IS constant -r-r- l-i + •:^1 is constant; and since 

sura; sm"w\o^ prj 

o'/S' Sinn; is constant, so must a^ -f fi^ 
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160. We saw that the equation referred to the axes was of 
the form Ax^ + By^=G, 

B being positive in the case of the ellipse, and negative in that 
of the hyperbola (Art. 138, Ex. 3). We have replaced the 
small letters by capitals because we are about to use the letters 
a and b with a different meaning. 

The equation of the ellipse may be written in the following 
more convenient form : — 

Let the intercepts made by the ellipse on the axes be a; = a, 
y^h^ then making y = and a; = a in the equation of the curve, 

C C 

we have Ac? = C, and -4 = -« . In like manner 5= rr: . Sub- 

' a b 

stituting these values, the equation of the ellipse may be written 

2 II 

~ + 2. = i 

Since we may choose whichever axis we please for the axis 
of x^ we shall suppose that wo have chosen the axes so that a 
may be greater than b. 
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The equation of the hyperbola, which, we saw, only differs 
from that of the ellipse in the sign of the coefficient of y, may 
be written in the corresponding form 

a b 

The intercept on the axis of x is evidently ^±a^ but that on 
the axis of y, being found from the equation y's- i* is imaginary; 
the axis of y, therefore, does not meet the curve in real points. 

Since we have chosen for our axis of x the axis which meets 
the curve in real points, we are not in this case entitled to as- 
sume that a is greater than h. 

161. To find the polar equation of the ellipse^ the centre being 
the pole. 

Write p cos^ for x^ and p sind for y, in the preceding equa- 
tion, and we get 1 cos'g sin'^ 

an equation which we may write in any of the equivalent forms, 

g*^ g'y o'y 

f" " a^Bm'0 + Vcos^0 ~ J« + (a«- i*) sin«5 "" a^-^ia^-- b') cos"d ' 

It is customary to use the following abbreviations : 

a —0 =ssc I — 5 — =c , 
' a ' 

and the quantity e is called the eccentricity of the curve. 

Dividing by a* the numerator and denominator of the fraction 
last found, we obtain the form most commonly used, viz,, 

^ ""l-c-cos'^' 

162. To investigate the figure of the ellipse* 

The least value that b*+ (a* — i") sin*^, the denominator in 
the value of p', can have, is when d = ; therefore the greatest 
value of p is the intercept on the axis of a:, and is = a. 

Again, the greatest value of J*+(a* — J") sin*^, is, when 
sin = 1, or d^^Qt'y hence the least value of p is the intercept 
on the axis of y, and is = b. The greatest line, therefore, that 
can be drawn through the centre is the axis of x^ and the least 
line, the axis of y. From this property these lines are called 
the axis major and the a^s minor of the cture. 
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It is plain that the smaller is, the greater p will be ; hence, 
the nearer any diameter is to the axis 
mcyovj the greater it will be. The 
form of the curve will, therefore, be 
that here represented. 

We obtain the same value of p 
whether we suppose ^ = a, or tf =-- a. 
Hence, 7W diameters which make 
equal angles with the axis will be equal. And it is easy to show 
that the converse of this theorem is also true. 

This property enables us, being given the centre of a conic, 
to determine its axes geometrically. For, describe any concen- 
tric circle intersecting the conic, then the semidiameters drawn 
to the points of intersection will be equal ; and by the theorem 
just proved, the axes of the conic will be the lines internally 
and externally bisecting the angle between them. 

163. The equation of the ellipse can be put into another 
form, which will make the figure of the curve still more ap- 
parent. If we solve for y we get 

Now, if we describe a concentric circle with the radius a, its 
equation will be y = ^(a« - of). 

Hence we derive the following construction : 

" Describe a circle on the axis major ^ and take on each ordinate 
LQ a point P, such that LP rnay be to 
L Q in the constant ratio b : a, then the 
locus of P will be the required ellipse.'*^ 

Hence the circle described on the 
axis major lies wholly without the curve. ^\ 
We might, in like manner, construct the 
ellipse, by describing a circle on the axis 
minor, and increasing each ordinate in 
the constant ratio a : b. 

Hence the circle described on the axis minor lies wholly 
within the curve. 

The equation of the circle is the particular form which the 
equation of the ellipse assumes when wc suppose i = a. 
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164. To find the 'polar equation of the hyperbola. 
Transforming to polar co-ordinates, as in Art. 161, we get 



/>^ = 



a^V aW a"i« 



V cos*0 - a* Bin'O i" - (a« + i*) sin'^ (a* + b') cos«0 - a" ' 

Since formolse concerning the ellipse are altered to the corre- 
sponding formulae for the hyperbola by changing the sign of J*, 
we must, in this case, use the abbreviation c* for a' -f J', and 

e" for — J— , the quantity e being called the eccentrictty of the 
a 

hyperbola. Dividing then by a^ the numerator and denominator 
of the last found fraction, we obtain the polar equation of the 
hyperbola, which only differs from that of the ellipse in the sign 
of i*, viz., ^_ y 

^ ""e*cos«e-l' 

165. To investigate the figure of the hyperbola. 

The terms axis major and axis minor not being applicable to 
the hyperbola (Art. 160), we shall call the axis of x the trans^ 
verse axis, and the axis of y the coryugate axis. 

Now J' — (a*-f V) sin" 5, the denominator in the value of p', 
will plainly be greatest when tf = 0, therefore, in the same case, 
p will be least ; or the transverse axis is the shortest line which 
can be drawn from, the centre to the curve. 

As increases, p continually Increases, until 

when the denominator of the value of p becomes = 0, and p be- 
comes infinite. After this value of d, p* becomes negative, and 
the diameters cease to meet the curve In real points until again 

8in^= -77-5 — Y^ , (or tan^ = ) , 

Vl^ \by \ ay ' 

when p again becomes infinite. It then decreases regularly as 
6 increases, until 6 becomes = 180**, when It again receives its 
minimum value = a. 

The form of the hyperbola, therefore, is that represented by 
the dark curve on the figure, next page. 

166. We found that the axis of y does not meet the hyper- 
bola in real points, since we obtained the equation y^^ — b^ to 
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determine its point of intersection with the curve. We shall, how- 
ever, still mark off 
on the axis of y por- 
tions CB, CB'^±bj 
and we shall find 
that the length OB 
has an important 
connexion with the 
cm:Te, and may be conveniently called an axis of the curve. 
In like manner, if we obtained an equation to determine the 
length of any other diameter, of the form p* = — JP, although 
this 'diameter cannot meet the curve, yet if we measure on it 
firom the centre lengths = ± -B, these lines may be conveniently 
spoken of as diameters of the hyperbola. 

The locus of the extremities of these diameters which do not 
meet the curve is, by changing the sign of p"* in the equation of 
the curve, at once found to be 

i _ sin'^ cos'g 

or ?5--i = l- 

o or 

This is the equation of a hyperbola having the axis of y for 
the axis meeting it in real points, and the axis of x for the axis 
meeting it in imaginary points. It is represented by the dotted 
curve on the figure, and is called the hyperbola conjugate to the 
g^ven hyperbola. 

167. Wo proved (Art. 165) that the diameters answering to 

h . . 

tand=± - meet the curve at infinity; they are, therefore, the 

same as the lines called, in Art. 154, the (isymptotes of the curve. 
They are the lines OiT, CL on the figure, and evidently separate 
those diameters which meet the curve in real points from those 
which meet it in imaginary points. It is evident also, that two 
conjugate hyperbolae have the same asymptotes. 

The expression tan^ = ± - enables us, being given the axes 

in magnitude and position, to find the asymptotes, for, if we form 
a rectangle by drawing parallels to the axes through B and A^ 
then the asymptote OK must be the diagonal of this rectangle. 
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° * C08g= ,f ^ lav = -> 

But, since the asymptotes make equal angles with the axis of x^ 
the angle which they make with each other must ba =2d. 
Hence, being given the eccentricity of a hyperbola^ toe are given 
the angle between iJie asymptotes^ which is double the angle whose 
secant is the eccentricity. 

Ex. To find the eccentricity of a conic given by the general equation. 

We can (Art 74) write down the tangent of the angle between the lines 
denoted by ox* -f 2hxy -i- dy' = 0, and thence form the expression for the 
secant of its half; or we may proceed by the help of Art. 167, Ex. 3. 

mhare i="-i^. 4 = ^4^. 

a« 2e ' ^ 2c ' 

where 1? » 4A« + (a - 6)« = 4A« - 4ai + (a + 6)«. 

„ 1 1 -R a«-/3« 2R 
Hence a ~ "i *" ~ » — r- = 1 — 5 • 

CONJUGATE DIAMETERS. 

168. We now proceed to investigate some of the properties 
of the ellipse and hyperbola. We shall find It convenient to 
consider both carves together, for, since their equations only 
differ In the sign of &', they have many properties in common 
which can be proved at the same time, by considering the sign 
of b^ as indeterminate. We shall, in the following Articles, use 
the signs which apply to the ellipse. The reader may then 
obtain the corresponding formulae for the hyperbola by chan^ng 
the sign of b*. ^ , 

We shall first apply to the particular form -j -f ^ = 1, some 

of the results already obtained for the general equation. Thus 
(Art. 86) the equation of the tangent at any point x'y' being 
got by writing x'x and y'y for a^ and y", Is 

The proof given In general may be repeated for this particular 
case. The equation of the chord joining any two points on 
the carvels 

{a:-x'){x-x") (y-y')(y-y") ..x',y' . 



a a 

(x' 
or 



{x' + x")x (jr+ y") y x-x" ^ yV ' , . 
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which, when x\ y' = x'\ y'\ becomes the equation of the tangent 
abready written. 

The argument here used applies whether the axes be rect- 
angular or oblique. Now if the axes be a pair of conjugate 
diameters, the coefficient of xy vanishes (Art. 143); the coefficients 
of X and y vanish, since the origin is the centre ; and if a! and V 
be the lengths of the intercepts on the axes, it is proved exactly, 
as in Art. 160, that the equation of the curve may be written 

~ + ^=l 

And it follows from this article, that in the same case the equa- 
tion of the tangent is 

a" i'" ■■ 

169. The equation of the polar, or line joining the points 
of contact of tangents, from any point xy\ is similar in form to 
the equation of the tangent (Arts. 88, 89), and is therefore 

XX vy XX yy' 
L ^^ =1 or u -~ = 1 • 

the axes of co-ordinates in the latter case being any pair of 
conjugate diameters ; in the former case, the axes of the curve. 

XiC 

In particular, the polar of any point on the axis of x is —^ = 1. 

Hence the polar of any point P is found by drawing a diameter 
through the point, taking CP. CP = to the square of the semi- 
diameter, and then drawing through P a parallel to the con- 
jugate diameter. This includes, as a particular case, the theorem 
proved already (Art. 145), viz.. The tangent at the extremity of 
any diameter is parallel to the conjugate diameter. 

Ex. 1. To find the condition that Xj? + um = 1 may touch -^ + ~ = 1. 
/ ' a tr 

Comparing t + ^ = li Xj: + ^y = 1, we find x' = Xa*, y' = Xi*, and 

Ex. 2. To find the equation of the pair of tangents from afy to the 
curve (see Art 92). 

Ex. 3. To find the angle between the pair of tangents £rom xt/ to 
the curve. 
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When an equation of the second degree represents two right lines, the 
three highest terms being put = 0, denote two lines through the origin 
parallel to the two former ; hence, the angle included by the first pair of 
right lines depends solely on the three highest terms of the general equation. 
Arranging, then, the equation found in the last Example, we find, by Art. 74, 

Ex. 4. Find the locus of a point, the tangents through which intersect 
at right angles. 

Equating to the denominator in the value of tan0, we find 2*4- y*- a'+5*, 
the equation of a circle concentric with the ellipse. The locus of the inter- 
section of tangents which cut at a given angle is, in general, a curve of the 
fourth degree. 

170. To find the equation^ referred to the dxes^ of the diameter 
conjugate to that passing through any point x'y' on the curve. 

The line required passes through the origin, and (Art. 169) is 
parallel to the tangent at x'y' ; its equation is therefore 

Let 0j & be the angles made with the axis of x by the original 

diameter and its conjugate; then plainly tand^ — , ; and from 

^ JV 
the equation of the conjugate we have (Art. 21) tan^ = 5-, . 

Hence tan ^ tan ^= — 5 ; as might also be inferred from Art. 143. 

The corresponding relation for the hyperbola (see Art, 168) is 

A* 
tan^tan5'=-.. 

a 

171. Since, in the ellipse, tanO t^n^' is negative, if one of 
the angles d, &^ be acute (and, therefore, its tangent positive), 
the other must be obtuse (and, therefore, its tangent negative). 
Hence, conjugate diameters in the ellipse lie on different sides of 
the axis minor (which answers to ^=90°). 

In the hyperbola, on the contrary, tan ^ tan ^ is positive, 
therefore, 6 and ff must be either both acute or both obtuse. 
Hence, in the hyperbola^ conjugate diameters lie on the same side 
of the conjugate axis. 
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The angle between the diameters is equal to the angle be- 
tween either, and the tangent parallel to 
the other. Now 

UJr a 

Hence sin 6 (or PCF) = —pr, . 

^ ab 

The equation a'V 8\n<l>=:ab proves, that the triangle formed 
by joining the extremities of conjxigate diameters of an ellipse or 
hyperbola has a constant area (see Art. 159, Ex. 2). 

177. The sum of the squares of any two conjugate diameters 
of an ellipse being constant, their rectangle is a maximum when 
they are equal ; and, therefore, in this case, sin^ is a minimum ; 
hence the acute angle between the two equal conjugate dia- 
meters is less (and, consequently, the obtuse angle greater) than 
the angle between any other pair of conjugate diameters. 

The length of the equal conjugate diameters is found by 
making a'— V in the equation a" -f b"^ = a' + i", whence a'* is half 
the sum of a' and b^^ and in this case 

The angle which either of the equiconjugate diameters makes 
with the axis of a; is found from the equation 

tan5tan5' = - -., 

a 

by making tan 5 = — tan 5', for any two equal diameters make 
equal angles with the axis of x on opposite sides of it (Art. 162). 

Hence % 

tan0=-. 
a 

It follows, therefore, from Art. 167, that if an ellipse and hyper- 
bola have the same axes in magnitude and position, then the 
asymptotes of the hyperbola will coincide with the equiconjugate 
diameters of the ellipse. 

The general equation of an ellipse, referred to two conjugate 
diameters (Art. 168), becomes a;*+y* = a'*, when a' = i'. We 
see, therefore, that, by taking the equiconjugate diameters for 
axes, the equation of any ellipse may be put into the same form 
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as the eqaation of the circle, ic*+^ = r*, but that in the case of 
the ellipse the angle between these axes will be cbUque. 

178. To express the perpendicular from the centre on the tan- 
gent in terms of the angles which it makes icith the axes. 

If we proceed to throw the eqaation of the tangent 

-5. +^ = 1 J into the form x cosa-f y sina=/> (Art. 23), 

we find immediately, by comparing these equations, 

x' _ cosa y' sina 

Substituting in the equation of the curve the values of a?', y\ 
hence obtained, we find 

p* = a* cos*a 4- i* sin* a.* 
The equation of the tangent may, therefore, be written 

X cosa + y sina — ^/{c? cos"a + ft* sin* a) = 0. 

Hence, by Art. 34, the perpendicular from any point [x*y') on 
the tangent is 

\/(«* cos'a + i' sin* a) — x' cosa — y' sin a, 

where we have written the formula so that the perpendiculars 
shall be positive when x'y* is on the same side of the tangent 
as the centre. 

Ex. To find the locus of the intersection of tangents which cut at right 
angles. 

Letpfj/ be the perpendiculars on those tangents, then 
p* = a' cos*a + b* sin'a, p^ = t^ sin* a + ft" cos'a, />• + p^ = o" + ft*. 
But the square of the distance from the centre of the intersection of two 
lines, which cut at right angles, is equal to the sum of the squares of its 
distances from the lines themselves. The distance, therefore, is constant) 
and the required locus is a circle (see p. 157, Ex. 4). 

179. The chords which join the extremities of any diameter 
to any point on the curve are called supplemental chords. 

Diameters parallel to any pair of supplemental chords are 
conjugate. 

For if we consider the triangle formed by joining the extre- 
mities of any diameter AB to any point on the curve D ; since, 

* In like manner, p* - c^ cos'a + If* cos'/3, a and /3 being the angles the 
perpendicular makes with any pair of conjugate diameters. 

M 
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by elementary geometry^ the line joining the middle points of 
two udes must be parallel to the third, the diameter bisecting 
AD will be parallel to BD^ and the diameter bisecting BD will 
be parallel to AD. The same thing may be proved analytically, 
by forming the equations of AD and BDy and showing that the 
product of the tangents of the angles made by these lines with 

the axis is « . 

a 

This property enables us to dl*aw geometrically a pair of con- 
jugate diameters making any angle with each other. For if we 
describe on any diameter a segment of a circle containing the 
^ven angle, and join the points where it meets the curve to the 
extremities of the assumed diameter, we obtain a pair of supple- 
mental chords inclined at the given angle, the diameters parallel 
to which will be coi^qgate to each other. 

Ex. 1. TftDgents at the extremities of any diameter are paralleL 
Their equations are xsf yrf 

V Ir 

Thii alio follows from the first theorem of Art 146, and from oonaidering 
that the centre is the pole of the line at infinity (Art 154). 

Ex. 2. If any Tariable tangent to a central conic section meet two fixed 
{Mrallel tangents, it will intercept portions on them, whose rectangle is con- 
stant, and equal to the square of the semi-diameter parallel to them. 

Let U8 take for axes the diameter parallel to the tangents and its conju- 
igate, then the equations of the ourre and of the variable tangent will be 

The intercepts on the fixed tangents are found by making x alternately 
» ± 1^ in the latter equation, and we get 

and« therefore, their product is 

which, substituting for y^ from the equation of the curre, reduces to 2^. 

Ex. 8. The same construction remaining, the rectangle under the 
segments of the variable tangent is equal to the square of the semi-diameter 
parallel to it 

For, the intercept on either of the parallel tangents is to the a^aeent 
segment of the variable tangent as the parallel semi-diameters (Art 149) » 
therefore, the rectangle under the intercepts of the fixed tangents is to the 
rectangle under the segments of the vaxiable tangent as the ejuorsf of 



THE NORMAL. 168 

these semi- diameters; and, since the first rectangle is equal to the square 
of the semi-diameter parallel to it, the second rectangle must be equal to 
the square of the semi-diameter parallel to it. 

Ex. 4. If any tangent meet any two conjugate diameters, the rectangle 
under its segments is equal to the square of the parallel semi-diameter. 

Take for axes the semi-diameter parallel to the tangent and its conjugate ; 
then the equations of any two conjugate diameters being (Art. 170) 

the intercepts made by them on the tangent are found, by making x » a% to be 

y^^^af, andy---p, 

whose rectangle is evidently s ^. 

We might, in like manner, have given a purely algebraical proof of Ex. 3. 

Hence, also, if the centre be joined to the points where two parallel taor 
gents meet any tangent, the joining lines will be conjugate diameters. 

Ex. 5. Given, in magnitude and position, two coigugate semi-diameters, 
Oa, 06, of a central conic, to determine the axes. 

The following construction is founded on the theorem proved in the last 
Example : — ^Through a, the extremity of either dia- p 

meter, draw a parallel to the other; it must of 
course be a tangent to the curve. Now, on Oa take / yr 
a point P, such that the rectangle Oa,aP^ Oft* (on i 
the side remote from O for the ellipse, on the same "^i 
side for the hyperbola), and describe a circle through O^^— — — i 
O, P, having its centre on aC^ then the lines OA^ 
OB, are the axes of the curve; for, since the rect- 
angle Aa.aB = Oa.aP ° Ot^^ the lines OA, OB are conjugate diameters, 
and since AB is a diameter of the circle, the angle AOB is right. 

Ex. 6. Given any two semi-diameters, if from the extremity of each an 
ordinate be drawn to the other, the triangles so formed will be equal in area. 

Ex. 7. Or if tangents be drawn at the extremity of each, the triangles 
so formed will be equal in area. 

THE NORMAL. 

180. A line drawn through anj point of a carve perpen- 
dicular to the tangent at that point is called the Normal. 

Forming, by Art. 32, the equation of a line drawn through 

(a?y) perpendicular tof— j- + ^ = l],we find for the equation 

of the normal to a conic 

M2 
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or 



— r "■ ""7" •" ^^ 1 
X y 



(? being used, as in Art 161, to denote a* — V. 

Hence we can find the portion CN intercepted by the normal 
on either axis ; for, making y = in the 
equation just given, we find 



a? = -k a?*, or a? = eV. 




We can thus draw a normal to 
an ellipse from any point on the axis, 
for given CN we can find x\ the abscissa of the point through 
which the normal is drawn. 

The circle may be considered as an ellipse whose eccentricity 
s=0, since c* = a* — 6' = 0. The intercept CW, therefore, is con- 
stantly = in the case of the circle, or every normal to a circh 
passes through its centre. 

181. The portion MN intercepted on the axis between the 
normal and ordinate is called the SuhnormaL Its length is, by 
the last Article, ^t ^s 

X "~ ^\ X — " "^ X • 

a a 

The normal, therefore, cuts the abscissa into parts which are in 
a constant ratio. 

If a tangent drawn at the point P cut the axis in Tj the in- 
tercept MT is, in like manner, called the Suhtangent 

Since the whole length CT=^ —, (Art. 169), the subtangent 

X 



= -,-a!' = 
x' 



a^'-x'^ 



X' 



The leng^ of the normal can also be easily found. For 
PN'^PM' + NM'=y''+ ^i a?'«= ^, (Jy'"+ ^ ^'") • 

But if b' be the semi-diameter conjugate to CP, the quantity 
within the parentheses = i** (Art. 173). Hence the length of the 

normal PN^ — . 

a 
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If the sormal be produced to meet the axis minora it can be 

proved, in like manner, that its length s -^ . Hence, the rect^ 

angle under the segments of the normal i$ equal to the square of 
the conjugate semi-diameter. 

Again, we found (Art. 175) that the perpendicular from the 

centre on the tangent = jr . Hence, the rectangle under the 

normal and the perpendicular from the centre on the tangent^ is 
constant and equal to the square of the semi-axis minor. 

Thus, too, we can express the normal in terms of the angles 
it makes with the axis, for 

Ex. 1. To draw a normal to an ellipse or hyperbola passing through a 
given point. 

The equation of the normal, a^xy - 6Vy « i^aCy', expresses a relation 
between the co-ordinates acfi/ of any point on the curve, and xy the co- 
ordinates of any point on the normal at o/y'. We express that the point 
on the normal is known, and the point on the curve sought, by removing 
the accents from the co-ordinates of the latter point, and accentuating those 
of the former. Thus we find that the points on the curve, whose normals 
will pass through (dr'y^ are the poiots of intersection of the given curve with 
the hyperbola ^j^^ „ aVy - h't/x. 

Ex. 2. If through a given point on a conic any two lines at right angles 
to each other be drawn to meet the curve, the line joining their extremities 
will pass through a fixed point on the normaL 

Let us take for axes the tangent and normal at the given point, then the 
equation of the curve must be of the form 

oj^ + 2hxf/ + 6y* + 2/V » 

(for e = 0, because the origin is on the curve, and ^ » (Art. 144), because 
the tangent is supposed to be the axis of «, whose equation is y «= 0.) 
Now, let the equation of any two lines through the origin be 

«* + 2pjy + j'y" H 0. 

Multiply this equation by a, and subtract it from that of the curve, and we 
get 2(A - ap)xy + (6 - aj^)/ + 2yV = 0. 

This (Art. 40) is the equation of a figure passing through the points of 
intersection of the lines and conic; but it may evidently be resolved into 
y = (the equation of the tangent at the given point), and 

2 (A - op) « + (t - ay) y + 2/ - 0, 
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irhich must be the equation of the chord joining the extremities of the 
given Enes. 

The point where this chord meets the normal (the axis of y} is y » — ^^ ; 

aq — o 

but if the lines are at right angles ^ a -. 1 (Art 74), and the intercept on 
the normal has the constant length 

a +6' 

If the cnnre be an equilateral hyperbola, a 4 5 » 0, and the line la 
question is constantly parallel to the normal. Thus then, if through any 
point on an equilateral hyperbola be drawn two chords at right angles, the 
perpendicular let fall on the line joining their extremities is the tangent to 
the curre. 

Ex. 3. To find the co-ordinates of the intersection of the tangents at 
the points *'y', afY' 

The co-ordinates of the intersection of the lines 

are ^^ ^(S^-y^O Vj^-^n 

Ex. 4. To find the co-ordinates of the intersection of the normals at the 
points ary, x"y\ 

where X, Y are the co-ordinates of the intersection of tangents, found in 
the last Example. 

The values of X and T may be written in other forms, since by com- 
bining the equations 

■?*^ = '' ?*¥ = »' 

we get the results, 

a^y"* - y*«^ » 6* (*^ -«"•)«-«"( y^ - y"^. 

Hence X^%^, r-£^±^'. 

y + y^' a/ + ar 

We can also prove 

(a?^4g^ y^^J^LLSH 






* This theorem will be equally true if the lines be drawn so as to make 

with the normal angles, the product of whose tangents is constant, for, in 

2/ 
this case, q is constant; and, therefore, the intercept , is constant 




THE FOCI. 167 

THE FOCI. 

182. If on the axia major of an ellipse we take two points 
eqnidigtant from the centroi whone com- 
mon distance ^/- — ^^^^f^T 

these points are called the foci of the 
curve* 

The foci of a hyperbola are two points on the transverse 
a^ at a distance from the centre still ^±c^ e being in the 
hyperbola ^VCa'+fi'). 

To escpresa the dietance of any point on an ellipse from the 
focus. 

Since the co-ordinates of one focns are (rcts + CiynO)! the 
sqoare of the distance of any point from it 

«(«'-c)''+y'» = «'« + y'«-2caj' + c". 
But (Art. 173) 

x'*+y'*^V + ^x'*j and V+i^«^a\ 
Hence jFP* « o? - 2caj' + e"aj^ ; 

and recollecting that e s o^ we have 

[We reject the valne (eocf^a) obtained by giving the other 
sign to the square root. For, since x' is less than a, and e less 
than Ij the quantity ea:' — a is constantly negative, and, there- 
fore, does not concern us, as we are now considering, not the 
direction, but the absolute magnitude of the radius vector FFJ] 

We have, simllarlyi the distance from the other focus 

jF"P= a + ex\ 

since we have only to write^c for +c in the preceding formulas. 

Hence •FP+ JF"P= 2a, 

or. The sum of the distances of any point on an ellipse from Ae 
foci is constantyand equal to the axis major. 

183. In applying the preceding proposition to the hyperbola^ 
we obtain the same value for jF!P* ; but in extracting the square 
root we must change the sign in the value of .FP, for in the 
hyperbola a! is greater than a, and e is greater than 1. 
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Hence, a — ea?' is constantly negative ; the absolute magni- 
tude, therefore, of the radius vector is 

FP=ex'-a. 

In like manner, FP^ ex' + a. 

Hence FP- FP^ 2a. 

Therefore, in the hyperbola^ the difference of the focal radii is 
constant J and equal to the transverse axis. 

The rectangle under the focal radii = ± (a^ — 6*a;'), that is 
(Art. 173) = b\ 

184. The reader may prove the converse of the above results 
by seeking the locus of the vertex of a triangle, if the base and 
either sum or difference of sides be given. 

Taking the middle point of the base (=2c) for origin, the 
equation is 

Vb^ + (c + xY} ± V{3^ + (c - a;)"} = 2a, 

which, when cleared of radicals, becomes 

a a - cr 

Now, if the sum of the sides be given, since the sum must 
always be greater than the base, a is greater than c, therefore 
the coefficient of y' is positive, and the locus an ellipse. 

If the difference be given, a is less than c, the coefficient of y* 
Is negative, and the locus a hyperbola. 

1 85. By the help of the preceding theorems, we can describe 
an ellipse or hyperbola mechanically. 

If the extremities of a thread be fastened at two fixed points 
^and F^ it is plain that a pencil moved about so as to keep the 
thread always stretched will describe an ellipse whose foci are F 
and F^ and whose axis major is equal to the length of the thread. 

In order to describe a hyperbola, let a ruler be fastened at 
one extremity (i^), and capable of moving 
round it, then if a thread, fastened to a 
fixed point F^ and also to a fixed point on 
the ruler (iZ), be kept stretched by a ring 
at P, as the ruler is moved round, the point 
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P Will describe a hyperbola ; for, since the sum of FP and PR 
is constant, the difference of FP and FP will be constant. 

186. The polar of either focus is called the directrix of the 
conic section. The directrix must, therefore 
(Art. 169), be a line perpendicular to the axis 

major at a distance from the centre =± — . 

Knowing the distance of the directrix from 
the centre, we can find its distance from any 
point on the curve. It must be equal to 

x.ov =- [a — ex) =^-' (a — ex u 

c ^ c^ ' e^ ' 

But the distance of any point on the curve from the focus 
=^a — ex\ Hence we obtain the important property, that the 
distance of any paint on the curve from the focus is in a constant 
ratio to its distance from the directrix^ viz., as e to 1. 

Conversely, a conic section may be defined as the locus of a 
point whose distance from a fixed point (the focus) is in a con- 
stant ratio to its distance from a fixed line (the directrix). On 
this definition several writers have based the theory of conic 
sections. Taking the fixed line for the axis of x, the equation 
of the locus is at once written down 

which it is easy to see will represent an ellipse, hyperbola, or pa- 
rabola, according as e is less, greater than, or equal to 1. 

Ex. If a curve be such that the distance of any point of it from a fixed 
point can be expressed as a rational function of the first degree of its co- 
ordinates, then the curve must be a conic section, and the fixed point its 
focus (see O'Brien's Co-^>rd%nate Oeometry, p. 85). 

For, if the distance can be expressed 

since Ax + By + C is proportional to the perpendicular let fall on the right 
line whose equation is {Ax + By + C = 0), the equation signifies that the dis- 
tance of any point of the curve from the fixed point is in a constant ratio to 
its distance from this line. 

187. To find the length of the perpendicular from the focus on 
the tangent. 
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The length of the perpendicular fiDm the focus (+ c, 0) ou 
the line (^ + ^ = l) ^S) ^7 ^^- ^^^ 



1 ^ — 



but, Art. 175, ^(^4-^:)=:^. 

Hence FT^^,{a^ex')^^,FF. 

Likewise, FT = |, (a + ex') = 1 2?"P. 

Hence ^ FT.F' T = J* (since a* - e'o?'' = J'"), 

or, 7^ rectangle under the focal perpendiculara on Ae tangent is 
constant^ and equal to the square of the semv-aads minor. 

This property applies equally to the ellipse and the hyperbola. 

188. The focal radii make equal angles with the tangent. 

Forwehad FT^^.FP, or^=:|,; 

FT 
but ~ = sini?Pr. 

Hence the sme of the angle which the focal radius yector FP 

makes with the tangent = t> • But we find, in like manner, 

the same value for sin^'PT', the sine of the angle which the 
other focal radius vector F'F makes with the tangent. 

The theorem of this article is true both for the ellipse and 
hyperbola, and, on looking at the 
figures, it is evident that the tangent 
to the ellipse b the eodemal bisector 
of the angle between the focal radii, 
and the tangent to the hyperbola the 
internal bisector. 

Hence, if an ellipse and hyperhola^ 
having the same fodj pass through the same pointy theg vnU cut 
each other at right angles j that is to say, the tangent to tibe ellipse 
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at that point will be at right angles to the tangent to the 
hyperbola. 

Ex. 1. ProTe analytically that confocal conies cut at right angles. 
The oo-ordinates of the intersection of the conies 

satisfy the relation obtained by subtracting the equations one firom the other, 

But if the conies be confocal, tf-t^^V-V*, and this relation becomes 

But this is the condition (Art. 32) that the two tangents 

should be perpendicular to each other. 

Ex. 2. Find the length of a line drawn through the centre parallel to 
either focal radius yector, and terminated by the tangent. 

This length is found by dividing the perpendicular from the centre on 

the tangent l-jA by ( ~ j , the sine of the angle between the radius yeetor 

and tangent, and is therefore = a. 

Ex. 3. Verify that the normal, which is a bisector of the angle be- 
tween the focal radii, divides the distance between the foci into parts 
which are proportional to the focal radii (Euc Yi. 3). The distance of the 
foot of the normal from the centre is (Art 180} s t^af. Hence its distances 
from the foci are c -f s^x" and e - s^j^, quantities which are evidently e times 
a-{ eif and a - ea^, 

Ex. 4. To draw a normal to the ellipse from any point on the axis minor. 
Ans, The circle through the given point, and the two foci, will meet the 
cnnre at the point whence the normal is to be drawn. 

189. Another important consequence may be deduced from 
the theorem (of Art. 187), that the rectangle under the focal per- 
pendiculars on the tangent is constant. 

For, if we take any two tangents, we have (see figure next 

page) FT.FT'^Ft.Wi!,orq^^,, 

FT 

but -vr b the ratio of the sines of the parts into which the line 

Ft' 
FP divides the angle at P, and ^77^7 is the ratio of the ones of 
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the parts into which F'P divides the same angle ; wB have, there- 
fore, the angle 2!PF= iPF, 

If we conceive a conic section to pass 
through P, having F and F for foci, it 
was proved in Art. 188, that the tangent 
to it must be equally inclined to the lines 
JP!P, FP\ it follows, therefore, from 
the present Article, that it must be also 
equally inclined to PT, Pt ; hence we learn that if through any 
point (P) of a conic section we draw tangents (PT^ Pt) to a con- 
focal conic section^ these tangents tviU be equally inclined to the 
tangent at P. 

190. To find the locus of the foot of the perpendicular let fall 
from either focus on the tangent. 

The perpendicular from the focus is expressed in terms of 
the angles it makes with the axis by putting a;' = c, y' = in the 
formula of Art. 178, viz., 

p = /^(a* cos^a + 6' sin' a) — oi cosa - y sina. 

Hence the polar equation of the locus is 

p = ^(a" cos*a + V sin* a) - c cosa, 

or p' + 2cp cosa + c' cos'a = a* cos'a + V sin' a, 

or p' + 2cp cos a = V. 

This (Art. 95) is the polar equation of a circle whose centre 
is on the axis of a?, at a distance from the focus = — c ; the circle 
is, therefore, concentric with the curve. The radius of the circle 
is, by the same Article, = a. 

Hence, If we describe a circle having for diameter the transverse 
axis of an ellipse or hyperbola^ the perpendicular from the focus 
will meet the tangent on the circumference of this circle. 

Or, conversely, if from any point F (see figure, p. 167) toe 
draw a radius vector FT to a given circle^ and draw TP perpen" 
dicular to FT^ the line TP will always touch a conic section having 
Ffor its focus ^ which will be an ellipse or hyperbola^ according as 
Fis unthin or without the circle. 

It may be inferred from Art. 188, Ex. 2, that the line CT^ 
whose length = a, is parallel to the focal radius vector FP. 
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191. To find the angle subtended at the focus by the tangent 
drawn to a central conic from any point [xy). 

Let the point of contact be [x'y')^ the centre being the origin, 
then, if the focal radii to the points [xy)^ (^V)) ^^ P^ p\ &nd make 
angles 0, ff^ with the axis, it is evident that 

0080= , 8in5 = -; C08^ = — r-i 8in^ = ~. 

P P P P 

Hence cos (5 - ^) = (^±^H^-^I±^^^ 

PP 

bat from the equation of the tangent we must have 

a" ■*■ i" "^• 
Substituting this value of yy\ we get 

or = ^Qcx' + co; + ca?' + a" = (a + eic) (a 4- ex) ; 

or since p' = a + ea?' we have, (see O'Brien's " Co-ordinate Oeo- 

P 

Since this value depends solely on the co-ordinates ocy^ and does 
not involve the co-ordinates of the point of contact, either tan- 
gent drawn from xy subtends the same angle at the focus. 
Hence, The angle subtended at the focus by any chord is bisected 
by the line Joining the focus to its pole. 

192. Hie linejoinhig the focus to the pole of any chord pass- 
ing through it is perpendicular to that chord. 

This may be deduced as a particular case of the last Article, 
the angle subtended at the focus being in this case ISO"* ; or di- 
rectly as follows : — The equation of the perpendicular through 

any point x*y to the polar of that point f— 5- +^=l) is, asi 

Art 180, a^x Vy _ ^ 

X y 

But if xy' be anywhere on the directrix, we have a;' = — , and 

c 

it will then be found that both the equation of the polar and that 



m 



a 
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of the perpendicular are satisfied by the co-ordinates of the focus 
(aj = c, y = 0). 

When in any carve we use polar co-cordinates, the portion 
intercepted by the tangent on a perpendicular to the radius vector 
drawn through the pole is called the polar subtangent. Hence 
the theorem of this Article may be stated thus : The focus being 
tkepole^ the locus of the extremity of the polar subtangent is the 
directrix. 

It will be proved (Chap. Xll.) that the theorems of this and 
the last Article are trae also for the parabola. 

Ex. 1. The angle is constant which is subtended at the focus, by the por- 
tion intercepted on a yariable tangent between two fixed tangents. 

By Art. 191, it is half the angle subtended by the chord of contact of the 
fixed tangents. 

Ex. 2. If any chord PP' cut the 
directrix in D, then FD is the ex- 
ternal bisector of the angle PFP'. 
For FT\a the internal bisector (Art. 
191} ; but D is the pole of FT (since 
it is the intersection of PP', the polar 
of T, with the directrix, the polar of 
F) ; therefore, DP is perpendicular to 
FTf and is therefore the external bisector. 

[The following theorems (communicated to me by the Rev. W. D. Sadleir) 
are founded on the analogy between the equations of the polar and the 
tangent] 

Ex. 3. If a point be taken anywhere on a fixed perpendicular to the axis, 
the perpendicular from it on its polar will pass through a fixed point on the 
axis. For the intercept made by the perpendicular will (as in Art 180) be 
^x'i and will therefore be constant when x' is constant 

Ex. 4. Find the lengths of the perpendicular from the centre and from 
the foci on the polar of ory . 

Ex. 5. ProTe CM,PN' b 5*. This is analogous to the theorem that the 
rectangle under the normal and the central per- 
pendicular on tangent is constant 

Ex. 6. ProTe PiV'. JV^" = ^ (a» - e»0- 
When P is on the curve this equation gives 

us the known expression for the normal b — 
(Art 181). * 

Ex.7. Prove FG.F'O' = CM.NN\ When P is on the curve this 
theorem becomes FO . F'CP -= h\ 





\ 
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193. To find the polar equation cfihe ellipse or hyperbola^ the 
Jbcue being the pole. 

The length of the focal radios vector (Art. 182)=ia — ex'; 
bat of (being measured from the centre) =p cos^ + c. 

Hence pssa — ep cosd^ecj 

or ._ «(!-«*) __i\ 1 

l+ecos5 a*l + e cobO* 

The doable ordinate at the focas is called ^e parameter ; its 
half is found by making = 90** in the equation just given, to be 

» — Bia(l — e"). The parameter is commonly denoted by the 

letter p. Hence the equation is often written 

^p 1 

The parameter is also called the Lotus Bectum. 

Ex. 1. The harmonic mean between the segments of a focal chord is 

oonstantf and equal to the semi-parameter. 

For, if the radius rector FP^ when produced backwards through the 

» 1 

foouty meet the curve again in P', then FP being^ .; ^ , FP*, which 

^* ' ''21 + e cos^ 

anffwen to (^+ 180°), will o^.- — t — 

2 1 - « 0080 

,T 114 

FP FP p 

Ex. 2. The rectangle under the segments of a focal chord is to the 
whole chord in a constant ratio. 

This is merely another way of stating the result of the last Example ; 

bat it may be proved directly by calculating the quantities FP.FP', 

^P + FP^ whieh are easily seen to be, respectively 

6* 1 , 2ft" 1 

and — 



a^l-«»cosV' a l-**coafd' 

Ex. 3. Any foeal chord is a third proportional to the transverse axis and 
the parallel diameter. 

For it will be remembered that the length of a semi-diameter making 
an angle $ with the transverse axis is (Art IdO) 

« h^ 

l-e*cosV 

2J2* 
Hence the length of the chord FP + FP found in the last Example » — • 

Ex. 4. The sum of two focal chords drawn parallel to two coi^jugate 
diameters is constant. 
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For the sum of the squares of two conjugate diameters is constant 
(Art 173). 

Ex. 5. The sum of the reciprocals of two focal chords at right angles 
to each other is constant. 

194. The equation of the ellipse, referred to the vertex, is 

a* "^ J« ■" ^' 

Hence, in the ellipse, the square of the ordinate is less than the 
rectangle under the parameter and abscissa. 

The equation of the hyperbola is found in like manner, 

y» =^a; + -i aj*. 

Hence, in the hyperbola, the square of the ordinate exceeds the 
rectangle under the parameter and abscissa. 

We shall show, in the next chapter, that in the parabola 
these quantities are equal. 

It was from this property that the names ^ra5o2a, hyperbola^ 
and ellipse^ were fiu^t given (see Pappus, M(Uh. ColLj Book Tii.). 
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195. We have hitherto discussed properties common to the 
ellipse and the hyperbola. There is, however, one class of pro- 
perties of the hyperbola which have none corresponding to them 
in the ellipse, those, namely, depending on the asymptotes, 
which in the ellipse are imaginary. 

We saw that the equation of the asymptotes was always 
obtained by putting the highest powers of the variables = 0, the 
centre being the origin. Thus the equation of the curve, re- 
ferred to any pair of conjugate diameters, being 

.« -.a 

1, 



a" h'^ " 



that of the asymptotes is 



-15 - f^ = 0, or ^ - |( = 0, and -, + ^ = 0. 
a ^ a ^ a 
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Hence the asymptotes are parallel to the diagonals of the paral- 
lelogram, whose adjacent sides are any pair of conjugate semi- 
diameters. For, the equation of 

CT is «^ = -7 , and must) therefore, 
05 a ' 

coincide with one asymptote, while 
the equation of AB ('^ + f? = 1 ) 

is parallel to the other (see Art.167). 

Hence, given any two conjugate diameters, we can find the 
asymptotes ; or, given the asymptotes, we can find the diameter 
conjugate to any given one ; for if we draw A parallel to one 
asymptote, to meet the other, and produce it till OB^AO^ we 
find B^ the extremity of the conjugate diameter. 

196. The portion of any tangent intercepted by the asymptotes 
is bisected at the curve^ and is equal to the conjugate diameter. 

This appears at once from the last Article, where we have 
proved A r= V — AT ] or, directly, taking for axes the diameter 
through the point and its conjugate, the equation of the asymp- 
totes is Q^ if 



a^ J" 



Hence, if we take x = a', we have y=^±V \ but the tangent at 
A being parallel to the conjugate diameter, this value of the 
ordinate is the intercept on the tangent. 

197.. If any line cut a hyperbola^ the portions DEj FOy in- 
tercepted between the curve and its asymptotes^ are equal. 

For, if we take for axes a 
diameter parallel to DO and 
its conjugate, it appears from 
the last Article, that the por- 
tion DO IB bisected by the 
diameter ; so is also the portion 
EF; hence DE=FO. 

The lengths of these lines can immediately be found, for, 

from the equation of the asymptotes (-75- fa — ^ji ^^ ^^^^ 

V 




y{=DM=MO) = ±^^x. 



N 
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Agfun, from the equation of the curve 
we have y{=EM ^FM) = ±b' J{^-\\. 

Hence 2>^(=^(y) = J'{|- ^g-l)}, 

and DFi^EG) = v[^.^]^{^^-l)]. 

198. From these equations It at once follows, that the rect^ 
angle DE.DF is constant j and = b'^. Hence, the greater J)F is, 
the smaller will DE be. Now, the further from the centre we 
draw -D-Fthe greater will it be, and it is- evident from the value 
g^ven In the last article, that by taking x sufficiently large, we 
can make DF greater than any assigned quantity. Hence, 
the further from the centre toe draw any line^ the less vnU be the 
intercept between the curve and its asymptote^ and by increasing 
the distance from the centre^ we can make this intercept less than 
any assigned quantity. 

199. If the asymptotes be taken for axes, the coefficients g 
and f of the general equation vanish, since the origin Is the 
centre ; and the coefficients a and b vanish since the axes meet 
the curve at inSnity (Art 138, Ex. 4) : hence the equation re- 
duces to the form xy=^1^. 

The geoftietrical meaning of this equation evidently is, that 
^ area of the parallelogram formedby the co-ordinates is constant. 
The equation being given in the form ocy^J^^ the equation 
of any chord is (Art. 86), 

(a?-»')(y-y")=^-^) 

or x'y + y"x = A* + a?y' . 

Making x* ^ x" and y' = y'\ we find the equation of the tangent, 

xy+yx^2Jt?^ 
or (writing x'y* for A;') 

^ + 4 = 2. 
X y 

From this form it appears that the Intercepts made on the 
asymptotes by any tangent ^2x' and 2^'; their rectangle is 
therefore, 4Jf. Hence, the triangle which any tangent forms with 
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the {Mymptotes Jias a constant area^ and is equal to double the area 
of ike parallelogram formed hy the co-ordinates. 

Ex. 1. If two fixed points (xy, a!*}f) on a hyperbola be joined to any 
Tariable point on the curve [x^jf^ the portion which the joining lines 
intercept on either asymptote is constant. 

The equation of one of the joining lines being 

tx!"y + yx = y^" + *«, 
the intercept made by it from the origin on the axis of x is found, by making 
y = 0, to be d^^i «'. Similarly the intercept from the origin made by the 
other joining line is «*'-f s", and the difference between these two (x' - ^) 
is independent of the position of the point TifyT, 

Ex. 2. Find the co-ordinates of the intersection of the tangents at «/, «V'* 
Solye for x and y from 

«> + y'a? o 2A;*, siTy Ar%f'x^W, 

and we find x = —j-^ r-/ , 

xy''-y'a^ 

which, if we substitute for y', y'\ 

1^1^, Ix'jT 

— 1 — becomes — — — — ; 

Similarly y=T^- 

y + y 

200. To express the quantity J^ in terms of the lengths of the 
axes of the curve. 

Since the axis bisects the angle between the asymptotes^ the 
co-ordinates of its vertex are found, by putting x^y m the 
equation ajy = i", to be a; = y = i. 

Hence, if be the angle between the axis and the asymptotOi 

a = 2k cosd 

(since a is the base of an isosceles triangle whose sides = k and 
base angle = d\ but (Art. 165) 

^^'^ = V(^-TJ«)' 

hence k = — • 

And the equation of the curve, referred to its asymptotes^ is 

201. The perpendicular from the focus on the asymptote is 
equal to the conjugate semiroxis b. 

N2 
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'' For it is CFsin^jbut CF^»J{a^-{-V)^ and Bin^ = jp— ^. 

This might also have been deduced as a particular case of the 
property, that the product of the perpendiculars from the foci 
on any tangent is constant, and = V. For the asymptote may be 
considered as a tangent, whose point of contact is at an infinite 
distance (Art. 154), and the perpendiculars from the fod on it 
are evidently equal to each other. 

202. The distance of the focuB from any 'point on the curve is 
equal to the length of a line drawn through the point parallel to an 
asymptote to meet the directrix. 

For the distance from the focus is e times the distance from 
the directrix (Art. 186), and the distance from the directrix is to 

the length of the parallel Ime as cosd [=: - , Art. 165 j is to 1. 

Hence has been derived a method of describing the hyperbola 
by continued motion. A ruler ABB^ bent D 
at Bj slides along the fixed line BD' ; a 
thread of a length = BB is fastened at the 
two points B and jP, while a ring at P keeps 
the thread always stretched; then as the 
ruler is moved along, the point P will de- 
scribe an hyperbola, of which JP" is a focus, 
DB^ a directrix, and BB parallel to an 
asymptote, unce PF must always = PB. 




CHAPTER XII. 



THB PARABOLA. 
REDUCTION OP THB EQUATION. 

203. The equation of the second degree (Art 137) will re- 
present a parabola, when the first three terms form a perfect 
square, or when the equation is of the form 

(aa; + /8y)* + 25raj + 2/y + c = 0. 
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We saw (Art. 140) that we could not tranBform this equatioQ 
BO as to make the coefficients of x and y both to vamsh. The 
form of the equation however, points at once to another method 
of simplifying it. We know (Art. 34) that the quantities 
ax+fiy^ ^ffx+2jy + Cj are respectively proportional to the 
lengths of perpendiculars let fall from the point {ay) on the 
right lines, whose equations are 

Hence, the equation of the parabola asserts that the square of 
the perpendicular from any point of the curve on the first of 
these lines, is in a constant ratio to the perpendicular from the 
same point on the second line. Now if we transform our equa- 
tion, making these two lines the new axes of co-ordinates, then 
since the new x and y are proportional to the perpendiculars 
from any point on the new axes, the transformed equation must, 
be of the form y" = jw. 

The new origin is evidently a point on the curve ; and since 
for every value of x wc have two equal and opposite values of y, 
our new axis of x will be a diameter whose ordinates are parallel 
to the new axis of y. But the ordinate drawn at the extremity 
of any diameter touches the curve (Art. 145) ; therefore the new 
axb of y is a tangent at the origin. Hence the line ax + fiyiB 
the diameter passing through the origin, and ^gx + ^Jy + c is 
the tangent at the point where this diameter meets the curve. 
And the equation of the curve referred to a diameter and 
tangent at its extremity, as axes, is of the form y* = jxc. 

204. The new axes to which we were led in the last article, 
are in general not rectangular. We shall now show that it is 
possible to transform the equation to the form y =jp^9 the new 
axes being rectangular. K we introduce the arbitrary constant 
kj it is easy to verify that the equation of the parabola may b^ 
written in the form 

(aa? + /8y + *)" + 2(flr-aA:)a?-f-2(/-/8i)y+c-A" = 0. 

Hence, as in the last article, ax + fit/'\'k is a diameter, 
2 (^ - oAf) 05 -h 2 (/- fiJc) y + c — k' is the tangent at its ex- 
tremity, and if we take these lines as axes, the transformed 
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^equation is of the form y*=spa;. Now the condition that these 
new axes should be perpendicular is (Art. 25) 

a((7-aA;) + /8(/-/3A:)=0, 

whence h = ^^ . ^ . 

a +p 

Since we get a simple equation for h^ we see that there is one 
diameter whose ordinates cut it perpendicularly, and this dia- 
meter is called the aoda of the curve. 

205. We might also have reduced the equation to the form 
i/^^px by direct transformation of co-ordinates. In Chap. xi« 
we reduced the general equation by first transforming to parallel 
axes through a new origin, and then turning round the axes so 
as to make the coefficient of xy vanish. We might equally 
well have performed this transformation in the opposite order; 
and in the case of the parabola this is more convenient, since 
we cannot by transformation to a new origin, make the coeffi* 
dents of a? and y both vanish. 

We take for our new axes the line ouc-f i8y, and the line 
perpendicular to it fix — ay. Then since the new X and IT are 
to denote the lengths of perpendiculars from any point on the 
new axes, we have (Art. 34) 

y_ ax+fiy ^ fix'-ay 

"""^{a' + fi^y ^""V(a' + i8-)- 

If for shortness we write a* + /S" = 7*, the formulae of trans- 
formation become 

yY=sax -{ fiy^ jX=fix —ay; 
whence yx =aF+j8X, yy =fiY-aX. 

Making these substitutions in the equation of the curve, it becomes 

y'Y* + 2{fffi-fa)X+2{ga-\-ffi) Y^yc^O. 
Thus, by turning round the axes, we have reduced the equation 
to the form jy + ^g'x + 2f'y + c' = 0. 

If we change now to parallel axes through any new origin x'y' ; 
substituting a? + «', y + y, for x and y, the equation becomes 

by + 2ff'x + 2 [by +/) y + by + 2y V + 2/y + c' = 0. 

The coefficient of x is thus unaltered by transformation, and 
therefore cannot in this way be made to vanish. But we can 
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eyidentlj determine t! and y\ so that the coefficients of y and 
the absolute term may vanish, and the equation thus be reduced 
ioj^^px* The actual values of the co-ordinates of the new 

ongm arey = — '^ , a? =-/____ j and^ is evidently - -^ i or m 
terms of the original coefficients 

P 7-' 

(a- + Pf 

When the equation of a parabola is reduced to the form j^ =^poB, 
the quantity j^ is called the parameter of the diameter which is 
the axis of x ; and if the axes be rectangulari p is called the 
principaJ, parameter (see Art. 194). 

Ex. 1. Find the principal parameter of the parabola 

O^B* 4 2Axy + 16/ + 22j; + 46y + 9 « 0. 
First, if we proceed as in Art 204, we determine A; » 5. The equation 
may then be written (3^ + 4y + 6)« = 2(4x- 8y 4 8). 

Now if the distances of any point from Sz 4 4y + 5, and 4^; - 8y -f 8 be Y 
and -ar, we have 6r=8x44y45, 5X=4ar-8y48, 
and the equation may be written T* = f X. 

The process of Art. 205 is first to transform to the lines Zx 4 4y, Ax - ^y 
at axes, when the equation becomes 

26r«4 6or- 10x49 = 0, 
or 25(r4i)»=io-ar4i6, 

which becomes F' a f X when transformed to parallel axes through (- {, - 1). 
Ex. 2. Find the parameter of the parabola 

«• ah V a h ^^.^yji 

This Talue may also be deduced directly by the help of the foUowing 
theorem, which will be proved afterwards :—" The focus of a parabola is 
the foot of a perpendicular let fall from the intersection of two tangents 
which cut at right angles on their chord of contact ;^ and ** The parameter 
of a conic is found by dividing four times the rectangle under the segments 
of a focal chord, by the length of that chord" (Art 193, Ex. 1). 

Ex. 3. If a and h be the lengths of two tangents to a parabola which 
intersect at right angles, and m one quarter of the parameter, prove 

a* 6* 1 

h* (? n? 
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206, If in the original equation gp =Jiij the coefficient o( x 
vanishes in the equation transformed as in the last article ; and 
that equation b'^ + 2/"y + c' = 0, being equivalent to one of the 

form J'(y-X)(y-/x) = 0, 

represents two real, coincident, or imaginary lines parallel to the 
new axis of x. 

We can verify that in this case the general condition that 
the equation should represent right lines is fulfilled. For this 
condition may be written 

But if we substitute for a, A, &, respectively, a*, affj /S", the left- 
hand side of the equation vanishes, and the right-hand side 
becomes {fa—gfi)\ Writing the condition /a =5^)8 in either 
of the {ormBjiL*=igal3^fxfi=g/3'^ we see that the general equa- 
tion of the second degree represents two parallel right lines 
when A* = oJ, and also either q^= Ay, or fh = bg. 

^207. If the original axes were oblique, the equation is still 
reduced, as in Art. 205, by taking for our new axes the line 
ax + l3yj and the line perpendicular to it, whose equation iff 

(Art. 26) (/9 - a COS©) a; - (a - i8 coso)) y = 0. 

And if we write 7* = a* + /8* — 2a^ coso), the formula of trans- 
formation become, by Art. 34, 

7 F= (oo? + i8y) sinw, 7X=(/8 — a cosfi))a; — (a — /8 cosa>)y; 

whence 7a; sine) = (a — ^8 coscd) F+ fiX sin© ; 

yy sino) = (/8 — a coscd) Y — olX Binm, 

Making these substitutions, the equation becomes 

7T* + 2 Bin* a {gfi -fa) X -{- 2 sino) {gia-fi cosw) 

+f{l3 — a costt))} Y+ yc sin*a> = 0. 

And the transformation to parallel axes proceeds as in Art. 205. 
The principal parameter is 

2g' __ 2(/x-^)8)sin^fl) 

(fl^ + y3-«2a^cosa>)' 

Ex. Find the principal parameter of 
a:" 2*y y« 2x 2y 4aV sin'o) 

•^ "^ ' " * («• + 6* + 2a6 coe»)* 




FIGURE OF THE CURVE. 185 

FIGURE OF THE CURVE. 

208. From the equation y* ^px we can at once perceive the 
figure of the curve. It must be sjinmetrical on both sides of the 
axis of Xy since every value for x gives two 
equal and opposite for y. None of it can 
lie on the negative side of the origin, since 
if we make x negative, y will be imagi- 
nary, and as we give increasing positive 
values to Xj we obtain increasing values for 
y. Hence the figure of the curve is that 
here represented. 

Although the parabola resembles the hyperbola in having in- 
finite branches, yet there is an important difference between the 
nature of the infinite branches of the two curves. Those of the 
hyperbola, we saw, tend ultimately to coincide with two diverg- 
ing right lines ; but this is not true for the parabola, since, if we 
seek the points where any right line {x^ky-\-l) meets the 
parabola (^ =P^)} we obtain the quadratic 

whose roots can never be infinite as long as k and I are finite. 

There is no finite right line which meets the parabola in two 
coincident points at infinity; for any diameter (y = 7n] which 
meets the curve once at infinity (Art. 142) meets it once also in 

the point x = — ; and although this value increases as m in- 
creases, yet it will never become infinite as long as m is finite. 

209. The figure of the parabola may be more clearly con- 
ceived from the following theorem : J£ we suppose one vertex 
and focus of an ellipse given, while its axis major increases with- 
out limit, the curve will ultimately become a parabola. 

The equation of the el- 
lipse, referred to its vertex, .p 
is (Art. 194) 

a a 
We wish to express b in terms of the dbtance VF (^i«), 
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which we suppose fixed. We have m^a-- \/(«' — J') (Art. 182), 
whence b^ = 2am — m*, and the equation becomes 

^=(— "')'-(?-5>- 

Now, if we suppose a to become infinite, all but the first term of 
the right-hand side of the equation will vanish, and the equation 
becomes ^ _ 4,^^ 

the equation of a parabola. 

A parabola may also be considered as an ellipse whose eccen- 
tricity is equal to 1. For e" = 1 — 5 . Now we saw that -5 , 

which is the coefficient of o^ in the preceding equation, vanished 
as we supposed a increased according to the prescribed condi- 
tions ; hence e* becomes finally = 1. 
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210. The equation of the chord joining two points on the 
curve is (Art. 86) ^ _ y) (y _y") ^y« _^^^ 

or {y'+f)y=px+yy. 

And if we make y"=y', and for y'" write its equal ^a;', we have 
the equation of the tangent 

^yy =P (« + «')• 
If in this equation we put y = 0, we get x^ — x: hence TM 
(which is called the Subtangent) is bisected at the vertex. 

These results hold equally if the axes of co-ordinates are 
oblique ; that is to say, if the axes are any diameter and the 
tangent at its vertex, in which case we saw (Art. 203) that the 
equation of the parabola is still of the form y* =px. 

This Article enables us, there- 
fore, to draw a tangent at any 
point on the parabola, since we 
have only to take TV=^ VM and 
joinPT; or again, having found 
this tangent, to draw an ordinate 
fix)m P to any other diameter, 
smce we have only to take V'M' = T V\ and jom FM\ 
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211. The eqaation of the polar of any point scy' Is Bimilar in 
form to that of the tangent (Art. 89), and Is, therefore. 

Patting y = 0, we find that the Intercept made by this polar 
on the axis of a; Is — x. Hence th& intercept which the polar 8 of 
any two points cut off on the axis is eqiuU to the intercept betioeen 
perpendiculars from those points on that axis; each of these 
quantities being equal to {x' - x"), 

DIAMETERS. 

212. We have said, that If we take for axes any diameter 
and the tangent at Its extremity, the equation will be of the 
form y* =p'x. 

We shall prove this again by actual transformation of the 
equation referred to rectangular axes {y^=px)^ because it is de- 
sirable to express the new p In terms of the old^. 

If we transform the equation y* = px to parallel axes through 
any point {xy) on the curve, writing x-^x and y-\-y' for x and 
y, the equation becomes 

Now if, preserving our axis of a?, we take a new axis of y, 
inclined to a; at an angle &, we must substitute (Art. 9), 
y sin ^ for y, and x+y cos^ for a;, and our equation becomes 

y* sin' + 2yy sin =px +py cos 0, 

In order that this should reduce to the form y* =px, we must 

have p 

2y' sln^=^ cos^, or tan^ = ^, . 

Now this is the very angle which the tangent makes with the 
angle of x^ as we see from the equation 

This equation, therefore, referred to a diameter and tangent, will 

take the form „ p • , 

y* = -r^a;, or y ==px. 
^ sm*^ ' ^ ^ 

The quantity ^' Is called the parameter corresponding to the 
diameter V*M\ and we see that the parameter of any diamekr is 
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inversely proportional to the square of the sine of the angle which 

its ordinates make unth the axis, since p' = .^a • 

' -^ Bin a 

We can express the parameter of anj diameter in terms of the 
co-ordinates of its vertex, from the equation tantf = ^,; hence^ 



hence 



p ^p + 4a?. 
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213. The equation of a line through {x'y') perpendicular to 
the tangent 2yy' =^ (a; + a?') is p 

i>(y-y')+2y'(a?-a:')=o. j^l 

If we seek the intercept on 
the axis of Xj we have 

and, since VM = x'j we must have 

MN{the subnormal^ Art. 181) = ^p. 
Hence in the parabola the subnormal is constant^ and equal to 
the semi-parameter. The normal itself 

= ^f{PM' + MN^ = V(y'* + ip«) =: V{i^ {x +{p)]. 

THE FOCUS. 

214. A point situated on the axis of a parabola, at a distance 
from the vertex equal to one-fourth of the principal parameter, 
is called ilie focus of the curve. This is the point which, Art 209, 
has led us to expect to find analogous to the focus of an ellipse ; 
and we shall show, in the present section, that a parabola may 
in every respect be considered as an ellipse, having one of its 
foci at this distance, and the other at infinity. To avoid frac- 
tions we shall often, in the following Articles, use the abbrevia-' 
tion m =^ \p. 

To find the distance of any point on the curve from the focus. 
The co-ordinates of the focus being (in, 0), the square of its 
distance from any point is 

(a?' - my^-y"^ = a?'* - "Imx + w* + 4waj' = (a?' + mf. 

Hence the distance of any point from the focus = x' + m. 
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. Tilis enables as to express more simply the result of Art. 212, 
and to say that the parameter of any diameter t$ four times the 
distance of its extremity from thefoais. 

215. The polar of the focus of a parabola Is called the 
directrix^ as in the ellipse and hyperbola. 

Since the distance of the focus from the vertex = m, its polar 
18 (Art. 211) a line perpendicular to the axis at the same dis- 
tance on the other side of the vertex. The distance of any point 
firom the directrix must, therefore, = a;' + w. 

Hence, by the last Article, the distance of any point on the 
curve from the directrix is equal to its distance from the focus. 

We saw (Art. 186) that in the ellipse and hyperbola, the 
distance from the focus is to the distance from the directrix in 
the constant ratio 6 to 1. We see, now, that this is true for the 
parabola also, since in the parabola e = 1 (Art. 209). 

The method given for mechanically describing an hyperbola, 
Art. 202, can be adapted to the mechanical description of the 
parabola, by simply making the angle ABR a right angle. 

216. Hie point where any tangent cuts the aansy and its point 
of contact J are equally distant from the focus. 

For, the distance from the vertex of the point where the 
tangent cuts the axis —x' (Art. 210), its distance from the focus 
is, therefore, x + m. 

217. Any tangent makes equal angles with the axis and with 
the focal radius vector. 

This is evident from inspection of the isosceles triangle, 
which, in the last Article, we proved was formed by the axis, 
the focal radius vector, and the tangent. 

This is only an extension of the property of the ellipse 
(Art. 188), that the angle TFF= TPF ; for, if we suppose the 
focus F to go oflF to infinity, the line PF will become parallel to 
the axis, and TPF^PTF. (See figure, foot of p. 185.) 

Hence the tangent at the extremity of the focal ordinate cuts 
the axis at an angle of 45*". 

218. To find the length of the perpendicular from the focus on 
the tangent. 
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' The perpendicular from the pomt (m, 0) on the tangent 

{yy'=:2m{x-\-x')] Is 

2m {x 4 m) 2m jx' + m) . , . ,, 

Hence (see fig., p. 188) FR is a mean proportional between FV 
andZP. 

It appears, also, from this expression, and from Art. 213, that 
FR is half the normal, as we might have inferred geometrically 
from the fact that TF= FN. 

219. To express the perpendicular from the Jbcua in terms of 
the angles which it makes with the axis. 
We have 

cosa = sini?'2!B= (Art. 212) /U^\ . 
Therefore (Art. 218), 

FR=^^{m{x' + m)]= "^ 



cos a 



Tlie equation of the tangent, the focus being the origin^ can, 

therefore, be expressed 

m ^ 

X cosa + v smaH =0, 

^ cosa ' 

and hence we can express the perpendicular from any other 
point in terms of the angle it makes. 

220. The locus of the extremity of the perpendicular from the 
focus on the tangent is a right line. 

For, taking the focus for pole, we have at once the polar 

equation ^ 

p= , pcosa>=9n: 

'^ cosa' '^ ' 

which obviously represents the tangent at the vertex. 

Conversely, if from any point ^ we draw FR a radius vector 
to a right line VR^ and draw PR perpendicular to it, the line 
PR will always touch a parabola having F for its focus. 

We shall show hereafter how to solve generally questions of 
this class, where one condition less than is sufficient to determine 
a line given, and it Is required to find its envelope^ that is to 
say, the curve which it always touches. 
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We leave, as a nsefal exercise to the reader, the inyestiga- 
tion of the locus of the foot of the perpendicular by ordinary 
rectangular co-ordinates. 

221. To find the locus of the intersection of tangents ivhtch 
cut at right angles to each other. 

The equation of any tangent being (Art. 219) 

X cos'a + y sina cosa + ?» = ; 

the equation of a tangent perpendicular to this (that is, whose 
perpendicular makes an angle = QO"" 4 a with the axis) is found 
by substituting cosa for sin a, and —sin a for cosa, or 

X sin^a — y sina cosa + wi = 0. 

a is eliminated by simply adding the equations, and we get 

a; + 27;i = 0, 

the equation of the directrix^ since the distance of focus from 
directrix = 2m. 

222. Hie angle between any two tangents is half the angle 
between the focal radii vectores to their points of contact. 

For, from the isosceles PFT^ the angle PTF which the tan- 
gent makes with the axis is half the angle PjFW, which the focal 
radius makes with it. Now, the angle between any two tangents 
is equal to the difference of the angles they make with the axis, 
and the angle between two focal radii is equal to the difference 
of the angles which they make with the axis. 

The theorem of the last Article follows as a particular case 
of the present theorem ; for if two tangents make with each 
other an angle of 90*", the focal radii must make with each other 
an angle of 180'', therefore, the two tangents must be drawn at 
the extremities of a chord through the focus, and, therefore, 
from the definition of the directrix, must meet on the directrix. 

223. The line joining the focus to the intersection of two tan* 
gents bisects the angle which their points of contact subtend ai the 
focus. 

Subtractmg one from the other, the equations of two tan- 
gents, viz., 

x cos'a + y sina cosa + m = 0, x coffjS+y sin/8 cos/3 + m=s0; 
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we find for the line joining their intersection to the focus, 

X 8in(af /8)-y cos(a4-i8) = 0. 

This is the equation of a line making the angle a 4 /S with the 
axis of X. But since a and fi are the angles made with the axis 
by the perpendiculars on the tangent, we have VFF= 2a and 
VFP' = 2/3 ; therefore the line making an angle with the axis 
=:a-\'l3 must bisect the angle PFP. This theorem may also be 
proved by calculating, as in Art. 191, the angle [0- ff) subtended 
at the focus by the tangent to a parabola from the point xy^ when 

Of* ^ AM 

it will be found that cos(^ - ^) = , a value which, being 

independent of the co-ordinates of the point of contact, will 
be the same for each of the two tangents which can be drawn 
through xy. (See O'Brien's Co-ordinate Oeometry^ p. 156.) 

Cor. 1. K we take the case where the angle Pi^P' = 180", 
then PF passes through the focus ; the tangents 2!P, TP will 
intersect on the directrix, and the angle TFP^ 90'. (See Art. 
192). This may also be proved directly by forming the equa- 
tions of the polar of any point (— w, y') on the directrix, and 
also the equation of the line joining that point to the focus. 
These two equations are 

yy = 2m(ic-7n), 2m (y-y') +y (a? + 7n)==0, 

which obviously represent two right lines at right angles to 
each other* p*. 

Cob. 2. If any chord PF 
cut the directrix in i?, then FD 
b the external bisector of the 
angle PFF. This is proved as 
at p. 174. 

Cob. 3. If any variable tan- 
gent to the parabola meet two fixed tangents, the angle sub- 
tended at the focus by the portion of the variable tangent 
intercepted between the fixed tangents, is the supplement of 
the angle between the fixed tangents. For (see figure next 
page) the angle QRT is h^HS pFq (Art. 222), and, by the pre- 
sent Article, PFQ is obviously also half pFq^ therefore, PFQ 
is = QRT^ or is the supplement o( PRQ. 
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Cob. 4. The circle circumacribing the triangle formed by any 
three tangents to a 
parabola will pass 
through the focus. 
For the circle de- 
scribed through T 
PB Q must pass 
through F^ since 
the angle contained 

in the segment PFQ will be the supplement of that contained 
iaPRQ. 

224. To find the polar equation of the parabola^ the focus 
being the pole, p 

We proved (Art. 214) that the focal 
radius 

*:a?'+w=FJf+m=J^JIf+2m=p cos^+2m. 

Hence p = >, . 

'^ 1 — cos^ 

This is exactly what the equation of Art 193 becomes, if we 
suppose « = 1 (Art. 209). The properties proved in the Ex- 
amples to Art. 193 are equally true of the parabola. 

In this equation is supposed to be measured from the side 
FM\ if we suppose it measured from the side FV^ the equation 
becomes 2m 

^"^ l + costf' 

This equatioH may be written 

p cos'^tf = in, 
or p* cos^tf = (ni)*, 

and is, therefore, one of a class of equations, 

p* coBnO=^a*j 
some of whose properties we shall mention hereafter.^ 
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CHAPTER XIII. 

EXAMPLES AND MISCELLANEOUS PBOPERTIES ON CONIC 

SECTIONS. 

225. The method of applying, algebra to problems relating 
to conic sections b essentiallj the same as that employed in the 
case of the right line and circle, and will present no difficulty to 
any reader who has carefully worked out the Examples given in 
Chapters ill. and vii. We, therefore, only think it necessary to 
select a few out of the great multitude of examples which lead to 
loci of the second order, and we shall then add some properties 
of conic sections, which it was not found convenient to insert in 
the preceding chapters. 

^ Ex. 1. Through a fixed point P is drawn a line LK (see fig., p. 41) 
terminated by two given lines. Find the locus of a point Q taken o6 the 
line, so that PL « QK. 

Ex. 2. Two equal rulers, AB^ BC^ are con- 
nected by a pivot at B ; the extremity A is fixed, 
while the extremity C is made to traverse the 
light line A C\ find the locus described by any 
fixed point P on BC. A 

Ex. 3. Given base and the product of the tangents of the halves of the 
base angles of a triangle : find the locus of vertex. 

Expressing the tangents of the half angles in terms of the sides, it will 
be found that the sum of sides is given ; and, therefore, that the locus is an 
ellipse, of which the extremities of the base are the focL 

Ex. 4. Given base and sum of sides of a triangle ; find the locos of the 
centre of the inscribed circle. 

It may be immediately inferred, from the last example, and from Ex. 4, 
p. 48, that the locus is an ellipse, whose vertices are the extremities of the 
given base. 

Ex. 6. Given base and sum of sides, find the locus of the intersection 
of bisectors of sides. 

Ex. 6. Find the locus of the centre of a circle which makes given 
intercepts on two given lines. 

Ex. 7. Find the locus of the centre of a circle which touches two given 
circles ; or which touches a right line and a given circle. 

Ex. 8. Find locus of centre of a circle which passes through a given 
point and makes a given intercept on a given line. 
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Ex. 9. Or which passes through a giyen point, and makes on a giyen 
line an intercept subtending a given angle at that point. 

Ex. 10. Two vertices of a given triangle move along fixed right lines; 
find the locus of the third. 

Ex. 11. A triangle ABC circumscribes a given circle; the angle at C 
is given, and B moves along a fixed line ; find the locus of A, 

Let us use polar co-ordinates, the centre O being the pole, and the anglef 
being measured from the perpendicular on the fixed line ; let the co-ordinates 
of ^, B, he p,0; p\ &. Then we have fi cos^ ^p. But it is easy to see 
that the angle A OB is given (» a). And since the perpendicular of the 
triangle A OB is given, we have 

Pf/ sina • 

'>J(P^ + p^-2pp COSa)' 

But -^ 0^ = a» therefore the polar equation of the locus is 
^^ f^f^ sin*a 

p* C08'(a - 0) ^J^ - 2pp OOSa 0OS(a - 0) * 

which represents a conic. 

Ex. 12. Find the locus of the pole with respect to one conic A of any 
tangent to another conic B. 

Let afi be any point of the locus, and \jp + ^ -l- » its polar with respect 
to the conic A^ then (Art 89) X, /i, y are functions of the first degree in a, p 
But (Art 161) the condition that \x ^^ py ■{ » should touch B is of the 
second degree in X, ^ y. The locus is therefore a conic 

^ Ex. 13. Find the locus of the intersection of the perpendicular from a 
focus on any tangent to a central conic, with the radius vector from centre 
to the point of contact Ans, The corresponding directrix. 

Ex. 14. Find the locus of the intersection of the perpendicular from the 
centre on any tangent with the radius vector from a focus to the point of 
contact Ans, A circle. 

Ex. 15. Find the locus of the intersection of tangents at the extremities 
of conjugate diameters. . ** . y* o 

This is obtained at once by squaring and adding the equations of the 
two tangents, attending to the relations Art 172. 

Ex. 16. Trisect a given are of a circle. The points of trisection are 
found as the intersection of the circle with a hyperbola. See Ex. 7, p. 48. 

Ex. 17. One of the two parallel sides of a trapenum is given in magni- 
tude and position ; and the other in magnitude. The sum of the remaining 
two sides is given ; find the locus of the intersection of diagonals. 

Ex. 18. One vertex of a parallelogram drcumscribing an ellipse moves 
along one directrix ; prove that the opposite vertex moves along the other, 
and that the two remaining vertices are on the circle described on the axis 
major as diameter. 

02 
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226. We give in this Article some examples on the focal 
properties of conies. 

Ex. 1. The distance of any point on a conic from the focus is eqnal to 
the whole length of the ordinate at that point, produced to meet the tangent 
at the extremity of the focal ordinate. 

Ex. 2. If from the focus a line be drawn making a given angle with any 
tangent, find the locus of the point where it meets it. 

Ex. 3. To find the locus of the pole of a fixed line with regard to a 
aeries of concentric and confocal conic sections. 

We know that the pole of any line [ — + - « 1 ), with regard to the 

~ -f ^ - 1 ] , is found from the equations mx^a^ and My = ^(Art 169). 

Now, if the foci of the conic are given, a* - ^ = c* is given ; hence, the 
locus of the pole of the fixed line is 

mx -ny^{^f 
the equation of a right line perpendicular to the given line. 

If the given line touch one of the conies, its pole will be the point of 
contact Hence, given two confocal conies, if we draw any tangent to one 
and tangents to the second where this line meets it, these tangents will 
intersect on the normal to the first conic. 

Ex. 4. Find the locus of the points of contact of tangents to a series Vif 
confocal ellipses from a fixed point on the axis major. Ans, A circle* 

Ex. 5. The lines joining each focus to the foot of the perpendicular^ 
from the other focus on any tangent, intersect on the corresponding normal 
and bisect it. 

Ex. 6. Prove that the polar equation of the chord through points whose 
angular co-ordinates are a + j9, a - j9, is 

^ = « cosO + necfi cos(^ - «). 

This expression is due to Mr. Frost {Oambrtdffe and Dublin Maih, 
Journal, I., 68, cited by Walton, Examples, p. 375). It follows easily from 
Ex. 3, p. 38. 

Ex. 7. The focus being the pole, prove that the polar equation of the 

tangent, at the point whose angular co-ordinate is a, is ^ = « cos^ + cos(^- «). 

This expression is due to Mr. Davies {Philosophical Magazine for 1842y 
p. 192, cited by Walton, Examples, p. 368). 

Ex. 8. If a chord PP of a conic pass through a fixed point 0, then 
tan JP-FO. tan JP'J'O is constant. 

The reader will find an investigation of this theorem by the help of the 
equation of Ex. 6 (Walton's Examples, p. 377). I insert here the geome-> 
trica) proof riven by Mr. MacCullagh, to whom, I believe, the theorem n 
due. Imagine a point O taken anywh(>re on PP (see figure, p. 192), and let 
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the distance FO be e' times the distance of O from the directrix; then since 
the distances of P and O from the directrix are proportional to PD and OD^ 

we have PP_^FO^^€ sin PDF , sin QDi^ e_ 

PD OD'H* ^' sinPPD sinO/^D^^' 

rr /A * lonx cos Oi^r 

Hence (Art 192) ^^^^fs^^ -; 

^ ' cos P FT «'' 

or, since (Art. 191) PFT is half the sum, and OFT half the difference, of 

Pi^OandP'FO, ^.^ 

UoiiPFO.tBJiiPFO = —,. 

« + « 

It is obvious that the product of these tangents remains constant if O be not 
fixed, but be anywhere on a conic having the same focus and directrix as the 
given conic. 

Ex. 9. To express the condition that tbe chord joining two points d^y, 
x'y on the curve passes through a focus. 

This condition may be expressed in several equivalent forms, two of the 
most useful of which are got by expressing that ^ = ^ 4 180® where ^, ff' 
are the angles made with the axis by the lines joining the focus to the points* 
The condition sin^' a ~ sin^ gives 

jrb' + J^-'Oi aC*' + 5^) -•(*'/ + «'*'). 

The condition coe^ = - cos^ gives 

-^^ + -^^y = 0; 2«jc'«^-(o + ce)(«' + «") + 2ac»0. 

a - ex a - ex 

Ex. 10. If normals be drawn at the extremities of any focal chord, m 
line drawn through their intersection parallel to the axis major will bisect 
the chord.* 

Since each normal bisects tbe angle between the focal radii, the inter- 
section of normals at the extremities of a focal chord is the centre of the 
circle inscribed in the triangle whose base is that chord, and sides the lines 
joining its extremities to the other focus. Now if a, 6, c be the sides of • 
triangle whose vertices are ar'y', t'yf af"y"» ^®^> ^« ^» P* ^» ^^ co-ordi- 
nates of the centre of the inscribed circle are 

^ fla< ^ bx" 4 ex"' ^ o/ -f y 4 cy^^ 
a -^-b -i- e ' ^ a + 6 + c 

In the present case the co-ordinates of the vertices are d/, ^; xf,j^i 

- c, ; and the lengths of opposite sides are a + ex'', a ^ ear', 2a - ej^ - «x^^ 

We have therefore 

(o 4 ex^)y" 4 (o 4 ex^)t/ 

^^ 4a ' 

or, reducing by the first relation of the last Example, y = i (y' -I- y'^), which 

proves the theorem. 

* In the last edition this Example was solved by means of the formula 
of Art. 181, Ex. 4. I now substitute, as more simple, the solution of 
M. Larrose, Terqitem, xix., 85. 
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lo like manner we have 

which, reduced by the second relation* becomes 

2a 
We oonld find similarly expressions for the co-ordinates of the inter- 
section of tangents at the extremities of a focal chord, since this point is the 
centre of the circle exscribed to the base of the triangle just considered. 
The line joining the intersection of tangents to the corresponding intersection 
of normals evidently passes through a focus, being the bisector of the 
vertical angle of the same triangle. 

£x. 11. To find the locus of the intersection of normals at the ex« 
tremities of a focal chord. 

Let a, p be the co-ordinates of the middle point of the chord, and we 
haTCj by the last Example, 

• ^ If, then, we knew the equation of the locus described by a/3, we should 
by making the above substitutions have the equation of the locus described 
by xy. Now the polar equation of the locus of middle point, the focus 
being origin, is (Art. 193) 

P ^\F F) ^ i-e"cosV* 
which transformed to rectangular axes, the centre being origin, becomes 

ft«a« + a«/3" = Vea. 
The equation of the locus sought is, therefore, 

aW(a: + ef + (a« + OV = Ve (a* + ct)(x + c). 
Ex. 12. If ^ be the angle between the tangents to an ellipse firom any 
point P ; and if p, p' be the distances of that point ^ , ^^p 

from the foci, prove that cos^ « ^ — ^—7 • 

2pp 

For (Art 189) 

• PRPF' pff 

But cos JF!Pi^ - cos TPi - 2 sin TPF, sin iPF j 

luid 2pf/ cos FPF* ^p^Jtp'^' 4c». 

Ex. 13. If from any point O two lines be drawn to the foci (or touching 
any confocal conic) meeting the conic mR, R\ S, S'; then 

dX-m-is-m' [Mr- M. Robert..] 

It appears from the quadratic, by which the radius vector is determined 
(Art 136), that the difference of the reciprocals of the roots will be the 
same for two values of 0, which give the same value to 

(oc - /) cos*^ + 2 (cA - fff) CO90 sin + (6c -/*) sinV. 
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Now it is easy to see that A cob*0 + 2H co»0 smO + B 9in*0 has equal values 
for any two values of 0, which correspond to the directions of lines equally 
inclined to the two represented by Jj^ + 2Hxy + Bj^ = 0. But the function 
we are considering becomes s for the direction of the two tangents 
through O: and tangents to any confocal are equally inclided to these 
tangents (Art 189). 

227. We give in this Article some examples on the parabola. 
The reader will have no difficulty in distinguishing those of the 
examples of the last Article, the proofs of which applj eqoallj 
to the parabola. 

Bz. 1. Find the co-ordinates of the intersection of the two tangents at 
the points «y, «"y^, to the parabola y" =/>x. . j^^t/* }/}f 

Ex. 2. Find the locus of the intersection of the perpendicular from 
focus on tangent with the radius vector from vertex to the point of contact. 

Ex. 3. The three perpendiculars of the triangle formed by three tan- 
gents intersect on the directrix (Steiner, Oergonne, Annale$, zix. 69, 
Walton, p. 119). 

The equation of one of those perpendiculars is (Art 32) 

which, after dividing by y^ - f/\ may be written 

^/j.,j>\ yyir ,py pis/^sT-^sD ^Q 

\ a) p 2 4 

The symmetry of the equation shows that the three perpendiculars intersect 
on the directrix at a height 

^ 2vVV:^y' + y" + y^' 

Ex. 4. The area of the triangle formed by three tangents is half that 
of the triangle formed by joining their points of contact (Ghregory, Cambridge 
Journal, U. 16, Walton, p. 137). 

Substituting the co-ordinates of the vertices of the triangles in the ex- 
pression of Art 36, we find for the latter area, — (y'-y'')(y"-y*0(y^-yO J 
and for the former area half this quantity. 

Ex. 5. Find an expression for the radius of the circle circumscribing a 

triangle inscribed in a parabola. 

The radius of the circle circumscribing a triangle, the lengths of whose 

def 
sides are d, «,/, and whose area a S is easily proved to be r^. But if d 

be the length of the chord joining the points x'j^, jt^/", and ^ the angle 
which this chord makes with the axis, it is obvious that i sin^ b y^ - 1^. 
Using, then, the expression for the area found in the last Example, we have 
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•^" o ' /v ' /v. » /v. . • We might express the radius, also, in terms of the 
focal chords parallel to the sides of the triangle. For (Art 193, Ex. 2) 
the length of a chord making an angle with the axis is e » .^ . Hence 

It follows, from Art 212, that c', c\ d" are the parameters of the dia- 
meters which bisect the sides of the triangle. 

Ex. 6. Express the radius of the circle circumscribing the triangle formed 
by three tangents to a parabola in terms of the angles which they make 
with the axis. 

8 sm^ sin^ sm^' d4p m- ^ tz- 

parameters of the diameters through the points of contact of the tangents 
(see Art 212). 

Ex. 7. Find the angle contained by the two tangents through the point 
dry to the parabola ^ a Amx. 

The equation of the pair of tangents is (as in Art. 92) found to be 

(|/« - 4m4r')(y" - Amx) = {yy' - 2m (x + a^)\ 

A parallel pair of lines through the origin is 

«y - }/xy + ifw» = 0. 

The angle contained by which is (Art 74) tan0 = T ^ . 

xr i m 

'El, 8. Find the locus of tangents to a parabola which cut at a given angle. 

Ans. The hyperbola y^-4mx = (a: + mf tan^, or y* + (a: - tnf=(x 4 m)* sec^ 
From the latter form of the equation it is evident (see Art 186) that the 
hyperbola has the same focus and directrix as the parabola, and that its 
eccentricity <: sec0. 

Ex. 9. Find the locus of the foot of the perpendicular from the focus 
of a parabola on the normal. 

The length of the perpendicular from (m, 0) on 2i7t(y -y')+y'(x- x'jsO is 

But if ^ be the angle made with the axis by the perpendicular (Art 212) 

Hence the polar equation of the locus is 

m cos^ , 

BiirO ' 

Ex. 10. Find the co-ordinates of the intersection of the normals at the 

point. ^9'. yy. ^„,. , . 2m + J^'^^''^ . „ . . PrO/^y) ^ 

4m ^ 8m' 
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Or if a, /9, be the co-ordinates of the corresponding intersection of tan- 
gents, then (£x. 1) ff aB 

a: = 2m + — -a, y - — - , 
m m 

Ex. 11. Find the co-ordinates of the points on the curve, the normals at 
which pass through a given point x't/. 

Solving between the equation of the normal and that of the curve, we find 

2y» + (;?•- 2^4:') y=;?y, 
and the three roots are connected by the relation ^1-1-^2 + ^9 = 0. The 
geometric meaning of this is, that the chord joining any two, and the line 
joining the third to the vertex, make equal angles with the axis. 

Ex. 12. Find the locus of the intersection of normals at the extremities 
of chords which pass through a given point ^y. 

We have then the relation py' = 2m (x' + a) ; and on substituting in the 
resulu of Ex. 10 the value of a derived from this relation, we have 

2mx + /3y' = 4m* + 2/3* + 2war'; 2m*y = 2ptnxf - /8*y'; 
whence, eliminating /9, we find 

2{2m(y - y) + y{x - «')}• = (4mx' - y^) (y'y + 2jifx - Amx' - 2i^, 
the equation of a parabola whose axis is perpendicular to the polar of the 
given point. If the chords be parallel to a fixed line, the locus reduces 
to a right line, as is also evident from Ex. 11. 

Ex. 13. Find the locus of the intersection of normals at right angles to 
each other. 

In this case a-^nif « = 3m + — , y = /3, y* = m (a: - 3m). 

Ex. 14. If the lengths of two tangents be a, 6, and the angle between 

them 07; find the parameter. 

Draw the diameter bisecting the chord of contact ; then the parameter of 

V* V* sin*0 frV 
that diameter is /?' = — , and the principal parameter is p = ^ = — ^ 

X X ^<ti 

(where o is the length of the perpendicular on the chord from the inter- 
section of the tangents). But 2«y = ah sino), and 

-/» . !<•<>• 1 4a*6* sin'w , ,-^. 

loar = a" 4 6" + 2ah costu ; hence p = -^ (see p. 184). 

(a* + 6» + 2fl6cosii;)" 

Ex. 15. Show, from the equation of the circle circumscribing three tan- 
gents to a parabola, that it passes through the focus. 

The equation of the circle circumscribing a triangle being (Art 124) 
^ sin^ -I- 70 sin^ + a^ sinC= 0, the absolute term in this equation is 
found (by writing at full length for a, or cosa 4 y sina -^, &c.) to be 
pp" sin(^ - 7) + p"p sin (7 - «) + pp' sin (a - p). But if the line a be a tan- 
gent to a parabola, and the origin the focus, we have (Art. 219) p s , 

and the absolute term 



m« 



cos a COS^ COS 7 

which vanishes identically. 



{sin(/3 - 7) coso + sin (7 - a) cos^ + sin(a - p) CO87}, 



902 EXAMPLES ON CONIC SECTIONS. 

Ex. 16. Find the locas of the intersection of tangents to a parabola, 
being giyen either (1) the product of sines, (2) the product of tangents, 
(8) the sum or (4) difference of cotangents of the angles they make with the 
axil. Ans. (1) a circle, (2) a right line, (3) a right line, (4) a parabola. 

228. We add a few miscellaneous examples. 

Ex. 1. If an equilateral hyperbola circumscribe a triangle, it will also 
past through the intersection of its perpendiculars (Brianchon & Poncelet; 
Gergonne, Annales, xi., 205; Walton, p. 283). 

The equation of a conic meeting the axes in giyen points is (Ex. 1, p. 143) 

fifi'a^ + 2hxy + XX'y" - /i/*'(^ + ^')* - XV(^ + /t')y + XK'fift,' = 0. 

And if the axes be rectangular, this will represent an equilateral hyper- 
bola (Art. 174) if \X' a - fifi'. If, therefore, the axes be any side of the 
giyen triangle, and the perpendicular on it from the opposite yertex, the 
portions X, X', ^ are given, therefore, ftf is also given; or the curve meets 

W 
the perpendicular in the fixed point y s , which is (Ex. 7, p. 28) the 

A* 
intersection of the perpendiculars of the triangle. 

Ex. 2. What is the locus of the centres of equilateral hyperbolic through 
three given points ? 

Ans. The circle through the middle points of sides (see Ex. 3, p. 143). 

Ex. 3. A conic being given by the general equation, find the condition 
that the pole of the axis of x should lie on the axis of y, and vice versa. 

Ans, hc^fg. 

Ex. 4. The circle circumscribing a triangle, self-conjugate with regard 
to an equilateral hyperbola (see Art. 99), passes through the centre of the 
curve. [This is a particular case of a theorem to be proved in the next 
Chapter (Brianchon & Poncelet, Gergonne, xi. 210; Walton, p. 304).] 

The condition of Ex. 3 being fulfilled, the equation of a circle passing 
through the origin and through the pole of each axis is 

* («■ + 2xy C08IU + y^ +/x \gy^^^ 

or xijix + ly +/) + y (a* + Ay + y) - (a + 6 - 2A cosiu)d^, 

an equation which will evidently be satisfied by the co-ordinates of the 
centre, provided we have a 4- 6 = 2 A cos lu, that is to say, provided the curve 
be an equilateral hyperbola (Arts. 74, 174). 

Ex. 6. A circle described through the centre of an equilateral hyperbola, 
and through any two points, will also pass through the intersection of lines 
drawn through each of these points parallel to the polar of the other. 

Ex. 6. Find the locus of the intersection of tangents which intercept a 
given length on a given fixed tangent. 

The equation of the pair of tangents from a point s^y to a conic given 
by the general equation, is given Art 92. Make y = 0, and we have a quad- 
ratic whose roots are the intercepts on the axis of «. 

Forming the difference of the roots of tiiis equation, and putting it equal 
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to a constant, we obtain the equation of the locus required, which will be in 
general of the fourth degree ; but if ^ « ac, the axis of x will touch the 
giyen conic, and the equation of the locus will become divisible by y*, and 
will reduce to the second degree. We could, by the help of the same equa- 
tion, find the locus of the intersection of tangents; if the sum, product, Sn^ 
of the interoepts on the axis be given. 

THE ECCENTBIC ANGLE.* 

229. It Is always advantageoas to express the position of a 
point on a carver if possible^ by a single ihdependent variable, 
rather than by the tuH> co-ordinates x'y\ We shall, therefore, 
find it nseful, in discussing properties of the ellipse, to make a 
substitntion similar to that employed (Art. 102) in the case of 
the circle ; and shall write 

a;' = acos^, y = &sin^, 

a substitution, evidently, consistent with the equation 



©■-(ft'-- 



The geometric meaning of the angle <f> is easily explained. 
If we describe a circle on the axis major as diameter, and 
produce the ordinate at P to meet the circle at Q, then the angle 

QCL^if}^ for CL^CQ cosQCL, or x'=a cos^ ; and PZ=- QL 
(Art. 163) ; or, since QL^a sin^, we have y'^b sin0. 

230. If we draw through P a parallel PN to the radius CQ^ 

then pM:CQ::PL:QL::b:a^ 

but CQ = a, therefore PM^^ I. 

PN parallel to CQ is, of course, = a. 

Hence, if from any point of an ellipse ^| 
a line s= a be inflected to the minor axis, 
its intercept to the axis major =b. If 
the ordinate PQ were produced to meet 
the circle again in the point Q', it could 

• The use of this angle occurred to me some years ago, as a particular 
ease of the methods given in Chapter xiv. It has, howeyer, been already 
recommended by Mr. O'Brien in the Cambridge Mathematical Journal^ VoL 
nr.» p. 99, and has since been introduced by him, under the name here 
adopted, into his treatise on Plane Qh&rdiHate Oeitmeiiyf p. 111. 
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be proved, in like manuer, that a parallel through P to the 
radius CQ is cut into parts of a constant length. Hence, con- 
versely, if a line MN^ of a constant length, move about in the 
legs of a right angle, and a point P be taken so that MP may 
be constant, the locus of P is an ellipse, whose axes are equal 
to MP and NP. (See Ex. 12, p. 49.) 

On this principle has been constructed an instrument for de- 
scribing an ellipse by continued motion, called the Elliptic Com- 
passes. GA^ CD\ are two fixed rulers, MN a third ruler of a 
constant length, capable of sliding up and down between them, 
then a pencil fixed at any point of MN will describe an ellipse. 

If the pencil be fixed at the middle point of 3/^ it will de- 
scribe a circle. (O'Brien's Co-ordinate Geometry^ p. 112.) 

231. The consideration of the angle ^ affords a simple me- 
thod of constructing geometrically the diameter conjugate to a 

given one, for ^ v b 

tan^=5 = - tan^. 

Hence the relation 



X 



a 



tan^ tan5' = - -^ (Art. 170) 

becomes tan ^ tan 6' = — 1 , 

or ^ - <^' = 90". 

Hence we obtain the following construction. Let the ordi- 
nate at the given point P, when produced, , 
meet the semicircle on the axis major at 
(), join CQ^ and erect CQ perpendicular 
to it ; then the perpendicular let fall on 
the axis from Q will pass through P', a 
point on the conjugate diameter. 

Hence, too, can easily be found the co-ordinates of F given 
in Art. 172, for, since 

cos0' = sin0, we have — = ^ i 




a 



jt 



and since sin^' = — cos^, we have K = • 



a 



From these values it appears that the areas of the triangles 
PCM, PCM', are eqtial. 
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Ex. 1. To express the lengths of two conjugate semi-diameters in terms 
of the angle 0. Ana. a" = o* cos'0 + b* 8in'0 ; b** = a* 8in*0 + ft" co8'0. 

Ex. 2. To express the equation of any chord of the ellipse in terms of 

and 0^ (see p. 96) . x ,,. ^, y.,.^ ,^^^ 

^ v' V F y ^„, _ cosK0 + 0) + I sin}(0 + 01 = CO85(0 - 07. 

Ex. 3. To express similarly the equation of the tangent. 

Ans, - COS0 -f ~ sin0 a 1. 

Ex. 4. To express the length of the chord joining two points a, p^ 
I^a a«(co8a - cos/3)« + V (sina - sin/3)» 

D = 2 sinH« - ^) {a* sin'J (« + /3) + 6« cos" J (« + i^)}*. 
But (Ex. 1) the quantity between the parentheses is the semi-diameter con- 
jugate to that to the point i (« -^ /3) ; and (Ex. 2, 3) the tangent at the point 
i (a + /9) is parallel to the chord joining the points a, p ; hence, if If denote 
the length of the semi-diameter parallel to the given chord, D= 22^ sin} (a- /3)> 

Ex. 5. To find the area of the triangle formed by three given points a, p^ 7. 
By Art. 36 we have 

22 = a6(8in(a - /3) + sin (/3 - 7) + sin (7 - a)} 

= ir6{2sin}(a-/3)cosi(a-/3)-2sin}(a-/3)co8}(« + /3-27)} 
= Aah sin ^ (a - /3) sin J (y3 - 7) sin J (7 - a) 
2 = 2ah sin} (a - /3) sin} (^ - 7) 8ini(7 - «). 

Ex. 6. If the bisectors of sides of an inscribed triangle meet in the centre^ 
its area is constant. 

Ex. 7. To find the radius of the circle circumscribing the triangle 
formed by three given points a, p^ 7. 

If df e,/be the sides of the triangle formed by the three points, 

def yh'hr* 

where h'y 5% V" are the semi-diameters parallel to the sides of the triangle* 
If e\ <?", c"* be the parallel focal chords, then (see p. 200) 22* = — — . (These 

expressions are due to Mr. MacCullagh, Dublin Exam. Papers, 1836, p. 22.) 

Ex. 8. To find the equation of the circle circumscribing this triangle. 

2 fa' — 6*1* 
Ans, «• 4 y* - -^^ — cos}(o + /3) cos}(/3 + 7) cos}(7 + «) 

^2(4^2^ Bini(a4/3)sinK/9 + 7)8inK7 + «)-J(«' + «0 

- J («• - ^ (cos(o + /3) + cos(/3 + 7) + cos(7 + a)}. 
From this equation the co-ordinates of the centre of this circle are at 
once obtained. 

Ex. 9. The area of the triangle formed by three tangents is, by Art 39, 
06 tan i (a - /3) tan i (/3 - 7) tan i (7 - a). 
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Ex. 10. The area of the triangle formed by three normals is 
^^tani(a-/9) tani03-7) tan}(7-a){8in03 + 7) + 8in(7 + a) + Bin(«+/3)}", 

consequently three normals meet in a point if 

sin (/3 + 7) + 8in(7 + a) + 8in(o -f /3) <= 0. [Mr. Bomside.] 

Ex. 11. To find the locus of the intersection of the focal radios Teotor 
FP with the radius of the circle CQ. 

Let the central co-ordinates of P be x^y > of O xy^ then we haTe, from 
the similar triangles, FON, FPM, 

y _ t/ ftsin0 

flf + c «' + c a (« + cos 0) * 

Now, since is the angle made with the axis by 
the radius vector to the point O, we at once obtain 
the polar equation of the locus by writing p cos0 
for X, /> sin for y, and we find 

P h 

c + /> COS a (0 -f cos 0) ' 

he 
e ^{a^h) cos 

Hence (Art 193) the locus is an ellipse, of which C is one focus, and it can 
easily be proved that jPis the other. 

Ex. 12. The normal at P is produced to meet CQ\ the locus of their 
intersection is a circle concentric with the ellipse. 
The equation of the normal is 

cos sin ' 

but we may, as in the last example, write p cos and p sin for x and y, 
and the equation becomes 

(a - ft) /» = c*, or /» = a + &. 




Ex. 13. Prove that tan J P2^C 



=V(^0 



tan i0. 



Ex. 14. If from the vertex of an ellipse a radius vector be drawn to any 
point on the curve, find the locus of the point where a parallel radius through 
the centre meets the tangent at the point 

The tangent of the angle made with the axis by the radius vector to the 

vertex = -J^^i therefore, the equation of the parallel radius through the 

centre is y_ ^ ^ ftsin0 __ 6 1 - co80^ 

X x' + a a(14co80)~a 8in0 ' 



or 



f- sin + - cos e - , 
o a a 
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and the locus of the inteneotion of this line with the tangent 

~ sin0-)-- co80« 1 
o a 

is, obviously, - « 1, the tangent at the other extremity of the axis. 

The same investigation will apply, if the first radius vector be drawn 
through any point of the curve, by substituting a' and V for a and h ; the 
locus will then be the tangent at the diametrically opposite point. 

Ex. 16. The length of the chord of an ellipse which touches a confocal 

ellipse, the squares of whose semiaxes are a'- A', V- h\ is —p [Mr.Bumside]* 

The condition that the chord joining two points «, /3 should touch the 
confocal conic, is 

?^* co8-i(« + « f 51^ 8in«i(« + /3) = cos"}(« - p% 

or sin»J(a./9) = ^{6«cos«i(« + /3)-fa«sin«}(« + /3))=^J^. (Ex.4.) 

But the length of the chord is 

26'sinl(«-/3) = ?^. 

By the help of this Example several theorems concerning chords fhrough 
a focus may be extended to chords touching confocal conies. 

232. The methods of the preceding Articles do not apply to 
the hyperbola. For the hyperbola, howeveri we may sabstitnte 

x' = a sec0y y' = h tan0, 

This angle may be represented geometrically by drawing 
a tangent MQ from the foot of 
the ordinate M to the circle de- 
scribed on the transverse axis, 
then thesangle QCM=if>j since 

VM^CQaecQCM. 

We have also Qif=atan^, but PJf=&tan^. Hence, if 
from the foot of any ordinate of a hyperbola we draw a tangent 
to the circle described on the transverse axis, this tangent is in 
a c<Histant ratio to the ordinate. 

Ex. If any point on the conjugate hyperbola be expressed similarly 
y" 3 & sec 0", «^ s a tan 4/, prove that the relation connecting the extremitiet 
of conjugate diameters is » 0^. [Mr. Turner.] 
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SIMILAR CONIC SECTIONS. 

233. Any two figures are said to be similar and similarly 
placed^ if radii vectores drawn to the first from a certain point O 
are in a constant ratio to parallel radii drawn to the second from 
another point o. If it be possible to find any two such points 

and o, we can find an jp ^j^ 

infinity of others ; for, take 
any point C, draw oc parallel 
to OG^ and in the constant q" 

ratio ^„ then from the similar triangles OCP, ocp, cp is parallel 

to CP and in the given ratio. In like manner, any other radius 
vector through c can be proved to be proportional to the parallel 
radius through C 

If two central conic sections be similar and similarly placed, 
all diameters of the one are proportional to the parallel diameters 
of the other, since the rectangles OP.OQ^ op.oq^ are propor- 
tional to the squares of the parallel diameters (Art. 149). 

234. To find the condition that two conies, given by the 
general equations, should be similar and similarly placed. 

Transforming to the centre of the first as origin, we find 
(Art.* 152) that the square of any semi-dlamcter of the first is 
equal to a constant divided by a cos'5 + 2A cos^ sin^H- J sin'd, 
and in like manner, that the square of a parallel semi-diameter 
of the second is equal to another constant divided by 

a' cos"^ + 2 A' cos 5 sin ^ + V sin*^. 
The ratio of the two cannot be independent of 6 unless 

a'^h'^h" 

Hence, two conic sections will be similar^ and similarly placed^ 
if the coefficients of the highest powers of the variables are the 
same in both^ or only differ by a constant multiplier. 

235. It is evident that the directions of the axes of these 
conies must be the same, since the greatest and least diameters 
of one must be parallel to the greatest and least diameters of 
the other. If the diameter of one become infinite, so must also 



SIHILAB CONIC SECTIONS. 209 

the parallel diameter of the other, that is to saj, the asymptotes 
of similar and similarly placed hyperbolas are parallel. The same 
thing follows from the result of the last Article, since (Art. 154) 
the directions of the asymptotes are wholly determined bj the 
highest terms of the equation. 

Similar conies have the same eccentricity ; for — 5— must 

be = 5-5 — 4 Similar and similarly placed conic sections 

ma 

have hence sometimes been defined as those whose axes are 
parallel, and which have the same eccentricity. 

If two hyperbolas have parallel asymptotes they are similar, 
for their axes must be parallel, since they bisect the angles be- 
tween the asymptotes (Art. 155), and the eccentricity wholly 
depends on the angle between the asymptotes (Art 167). 

236. Since the eccentricity of every parabola is =3 1^ we 
should be led to infer that all parabolas are similar and similarly 
placed, the direction of whose axes is the same. In fact, the 
equation of one parabola, refeired to its vertex, being y^=pxj or 

_p costf 

it is plain that a parallel radius vector through the vertex of the 
other will be to this radius ip the constant ratio p' : p. 

Ex. 1. If on any radius yeotoir to a conic section through a fixed point 
O, OQ be taken in a consttmi ratio to OP, find the locus of Q. We haye 
only to substitute mp for /> in the polar equation, and the locus is found to 
be a conic similar to the giyen conic, and similarly placed. 

The point O may be called th^ eentfe of nmilitiide of the two conies t 
and it is obyiously (see also Art 116) the point where coupon tangents to 
the two conies intersect, since when the radii yectores OP, OP to the first 
conic become equals so must also OQ, OQ the radii vectores to the other. 

£x. 2. If a pair of radii be drawn throiigh a centre of similitude of tw6 
similar conies, the chords joining their extremities will be either parallel, or 
will meet on the chord of intersection of the conies* 

This is proTed precisely as in Art 116. 

Ex. 3. Giyen three conies, similar and similarly placed, tlieir six centres 
of similitude will lie three by thrcfe on right lines (see figure, page 109). 

Ex. 4. If any line cut two similar and concentric conies, its parts inter* 
cepted between the conies will be equal; 

P 
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Any chord of the outer conic which touches the interior will be bisected 
at the point of contact. 

These are proved in the same manner as the theorems at page 177, which 
are but particular cases of them ; for the asymptotes of any hyperbola may 
be considered as a conic section similar to it, since the highest terms in the 
equation of the asymptotes are the same as in the equation of the cunre. 

Ex. 5. If a tangent drawn at F, the yertex of the inner of two con- 
centric and similar ellipses, meet the outer in the points T and T, then any 
chord of the inner drawn through V is half the algebraic sum of the 
parallel chords of the outer through 7 and T\ 

237. Two figares will be similar, although not similarly 
placed, if the proportional radii make a constant angle with 
each other, instead of being parallel ; so that, if we could imagine 
one of the figures turned round through the given angle, they 
would be then both similar and similarly placed. 

To find the condition that tv)0 conic sections^ given by the 
general equations^ should he similar^ even though not similarly 
placed. 

We have only to transform the first equation to axes making 
any angle with the given axes, and examine whether any 
value can be assigned to which will make the new a. A, by pro- 
portional to a'. A', b\ Suppose that they become ma\ mh\ mb\ 

Now, the axes being supposed rectangular, we have seen 
(Art, 157] that the quantities a + i, ab- h\ are unaltered by 
transformation of co-ordinates ; hence we have 

aJ-A« = w«(a'y-A'*), 
and the required condition is evidently 

ab-V a'V'-h'^ 

(a + J)«"(a' + J7- 

If the axes be oblique it is seen in like manner (Art. 158) that 
the condition for similarity is 

oft -A' a'V^h'* 

(a + 6-2AcosQ))* ^ [a + 6' - 2A' cos©)* * 

It will be seen (Arts. 74, 154) that the condition found ex- 
presses that the angle between the (real or imaginary) asymptotes 
of the one curve is equal to that between those of the odier. 
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238. Tvao curves of the m^ and n"* degrees respectively ^ inters 
sect in mn points. 

For, if we eliminate either x or y between the equations, the 
resulting equation in the remaining variable, will in general 
be of the mn^ degree {Higher Algebra, p. 22; Todhunter^s 
Theory of Equations^ p. 169). If it should happen that the 
resulting equation should appear to fall below the mn^ degree, 
in consequence of the coefficients of one or more of the highest 
powers vanishing, the curves would still be considered to inter- 
sect in mn points, one or more of these points being at infinity 
(see Art. 185). If account be thus taken of infinitely distant 
as well as of imaginary points, it may be asserted that the two 
curves always intersect in mn points. In particular tioo conies 
always intersect in four points* In the next Chapter some of 
the cases will be noticed where points of intersection of two 
conies are infinitely distant ; at present we are about to consider 
the cases where two or more of them coincide. 

Since four points may be connected by six lines, viz. 12, 34 ; 
13, 24 ; 14, 23 ; two conies have three pairs of chords of intersection. 

239. When two of the points of intersection coincide, the 
conies touch each other, and the line joining the coincident points 
is the common tangent. The conies will in this case meet in two 
real or imaginary points Z, M distinct from the pomt of contact. 
This is called a contact of the first order. The contact is said to 
\s^of the second order when three of the points of intersection 
coincide, as for instance, if the point M move up until it coindde 



with jT. Curves which have contact of an order higher than 
the first are also said to osculate; and it appears that conies 
which osculate, must intersect in one other point. Contact of 
the third order is when two curves have four consecutive points 
common; and since two conies cannot have more than four 

p2 



212 THE CONTACT OF CONIC SECTIONS, 

points common, this Is the highest order of contact thej can 
have. 

Thus, for example, the equations of two conies, both passing 
through the origin, and having the line x for a common tangent 
are, (Art. 144) 

aa?* + 2Aay + Jy" + 2^a; = 0; a V + 2A'a?y + jy + 2;y'a; = 0. 

And, as in Ex. 2, p. 165, 

X {{ab' - a'b) 0? + 2 (AJ' - h'b) y + 2 [gb'^g'b]] = 0, 

represents a figure passing through their four points of inter- 
section. The first factor represents the tangent which passes 
through the two coincident points of intersection, and the second 
factor denotes the line Zilf passing through the other two points. 
If now gV = g'b^ LM passes through the origin, and the conies 
have contact of the second order. If in addition hV = h'by the 
equation of LM reduces to a;= ; LM coincides with the tangent, 
and the conies have contact of the third order. In this last 
case, if we make by multiplication, the coefficients of ^ the same 
in both the equations, the coefficients of xy and x will also be 
the same, and the equations of the two conies maj be reduced 
to the form 

aa? + 2 Aay + by* + 2gx = 0, ax^ + 2hxy + by* + 2gx = 0. 

240. Two conies may have double contact^ if the points of 
intersection 1, 2 coincide and also the points 3, 4. The condition 
that the pair of conies, considered In the last article, should 
touch at a second point, is found by expressing the condition 
that the line Z3f, whose equation Is there given, should touch 
either conic. Or, more simply, as follows : Multiply the equa- 
tions by g' and g respectively, and subtract, and we get 

{ag''o!g)a?-^2[hg'^h'g)xy^-[bg^Vg)j/'^0, 

which denotes the pair of lines joining the origin to the two 
points in which LM meets the conies. And these lines will 
coincide if ^ag' - a'g) (V - b'g) = (A/ - k'ff)'. 

241. Since a conic can be found to satisfy any five conditions 
(Art. 133), a conic can be found to touch a given conic at a 
given point, and satisfy any three otlier conditions. If it have 
contact of the second order at the given point, it can be made 
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to satisfy two Other conditions; and if it have contact of the 
third order, it can be made to satisfy one other condition. Thus 
we can determine a parabola having contact of the third order 
at the origin with 

aaj" + 2Aa?y + S^ + 25faj = 0. 

Befening to the last two equations (Art. 239), we see that 
it is only necessary to write a' instead of a, where a' is deter- 
mined by the equation a'b = A*. 

We cannot, in general, describe a circle to have contact of the 
third order with a given conic, because two conditions must be 
fulfilled in order that an equation should represent a circle ; or, in 
other words, we cannot describe a circle through four consecutive 
points on a conic, since three points are sufficient to determine 
a circle. We can however easily find the equation of the circle 
passing through three consecutive points on the curve. This 
circle is called the osculating circle^ or the circle of curvature. 

The equation of the conic to oblique or rectangular axes, 
being, as before, aaf^2hxy-\-bj/'^-2gx^0, 

that of any circle touching it at the origin is (Art 84, Ex. 3) 

a?'\-2xy cos(tt + y— 2ra? sinQ» = 0. 

Applying the condition gV—g'b (Art. 239), we see that the 
condition that the circle should osculate is 

^ =s — r& sinoo. or r = ^ » •* 

The quantity r is called the radius of curvature of the conic 
at the point T. 



* In the Examples which follow we find the absolute magnitude of the 
radius of curvature, without regard to sign. The sign, as usual, indicates 
the direction in which the radius is measured. For it indicates whether the 
given curve is osculated by a circle whose equation is of the form 

s^ + 2xy coscD -I- y* + ^rx sino) » 0, 

the upper sign signifying one whose centre is in the positive direction of 
the axis of x ; and the lower, one whose centre is in the negative direction. 
The formula in the text then gives a positive radius of curvature when the 
concavity of the curve is turned in the positive direction of the axis of x^ 
and a negative radius when it is turned in the opposite direction. 
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points common, this is the highest order of contact they can 
have. 

Thus, for example, the equations of two conies, both passing 
through the origin, and having the line x for a common tangent 
are, (Art. 144) 

aa?* + 2Aa?y + &y* + 2^a; = 0; a V + 2A'a?y + jy + 2;y'a: = 0. 

And, as in Ex. 2, p. 165, 

X {{aV - a'h) a; + 2 [hV - hb) y + 2 [gV-g'h)] = 0, 

represents a figure passing through their four points of Inter- 
section. The first factor represents the tangent which passes 
through the two coincident points of intersection, and the second 
factor denotes the line LM passing through the other two points. 
If now gV = g\ LM passes through the origin, and the conies 
have contact of the second order. If in addition hV = h'b^ the 
equation of LM reduces to x—0 ; LM coincides with the tangent, 
and the conies have contact of the third order. In this last 
case, if we make by multiplication, the coefficients of y the same 
in both the equations, the coefficients of xy and x will also be 
the same, and the equations of the two conies may be reduced 
to the form 

aa? + 2hxy + iy* + 2gx = 0, ax* + 2hxy + 6y* + '2gx = 0. 

240. Two conies may have double contact^ if the points of 
intersection 1, 2 coincide and also the points 3, 4. The condition 
that the pair of conies, considered in the last article, should 
touch at a second point, is found by expressing the condition 
that the line LMj whose equation is there given, should touch 
either conic. Or, more simply, as follows : Multiply the equa- 
tions by g* and g respectively, and subtract, and we get 

(oj7' - a-g) x* + 2 (V - h'g) xy + {hg'- h'g) y = 0, 

which denotes the pair of lines joining the origin to the two 
points in which LM meets the conies. And these lines will 

coincide if ^ag' - a'g) {hg' - Vg) = {hg' - h'g)'. 

241. Since a conic can be found to satisfy any five conditions 
(Art. 133), a conic can be found to touch a given conic at a 
given point, and satisfy any three otlier conditions. If it have 
contact of the second order at the given point, it can be made 
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to satisfy two other conditions; and if it have contact of the 

third order, it can be made to satisfy one other condition. Thus 

we can determine a parabola having contact of the third order 

at the origin with 

aaj"-f 2Aa?y + Sy + 2^=0. 

Beferring to the last two equations (Art. 239), we see that 
it is only necessary to write a' instead of a, where a' is deter- 
mined by the equation ab = A*. 

We cannot, in general, describe a circle to have contact of the 
third order with a given conic, because two conditions must be 
fulfilled in order that an equation should represent a circle ; or, in 
other words, we cannot describe a circle through four consecutive 
points on a conic, since three points are sufficient to determine 
a circle. We can however easily find the equation of the circle 
passing through three consecutive points on the curve. This 
circle is called the osculating circle^ or the circle of curvature. 

The equation of the conic to oblique or rectangular axes, 
being, as before, aa"+2Aa3^ + jy + 2^a;^0, 

that of any circle touching it at the origin is (Art. 84, Ex. 3) 

a5* + 2iry cosoo + y"— 2ra? sinQ» = 0. 

Applying the condition gV=g'b (Art. 239), we see that the 
condition that the circle should osculate is 



^ = — r& sino>, or r= t 



_ -9 
sin(o 



The quantity r is called the radius of curvature of the conic 
at the point T. 



* In the Examples "which follow we find the absolute magnitude of the 
radius of curvature, without regard to sign. The sign, as usual, indicates 
the direction in which the radius is measured. For it indicates whether the 
given curve is osculated by a circle whose equation is of the form 

s^ + 2xy coscD -I- y* 7 2rx sino) « 0, 

the upper sign signifying one whose centre is in the positive direction of 
the axis of x ; and the lower, one whose centre is in the negative direction. 
The formula in the text then gives a positive radius of curvature when the 
concavity of the curve is turned in the positive direction of the axis of x, 
and a negative radius when it is turned in the opposite direction. 
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242. To find the radius of curvature at any point on a central 
conic. 

In order to apply the formula of the last Article^ the 
tangent at the point must be made the axis of y. Now the 
equation referred to a diameter through the point and its con- 
jugate f-TiH- |?i = lj) 18 transferred to parallel axes through the 

given point, by substituting x-\-a! for x^ and becomes 

a? y* 2a5 _ 

Therefore, by the last Article, the radius of curvature is 
Now a sino> is the perpendicular from the centre on 




a smoo 

the tangent ; therefore the radius of curvature 

243. Let N denote the length of the normal PN^ and let '^ 
denote the angle FPN between the normal 
and focal radius vector ; then the radius of 

curvature is — =-7 . For-N^= — (Art. 181), 
cos^ a ^ '^ 

and co8^= p (Art. 188), whence the truth of the formula is 

manifest. 

Thus we have the folbwing construction : Erect a perpen- 
dicular to the normal at the point where it meets the axis, and 
again at the point Q, where this perpendicular meets the focal 
radius, draw CQ perpendicular to it, then C will be the centre 
of curvature, and CP the radius of curvature. 

244. Another useful construction is founded on the principle 
that if a circle intersect a conic^ its chords of intersection will 
make equal angles unth the axis. For, the rectangles under the 
segments of the chords are equal (£uc. ill. 35), and therefore 
the parallel diameters of the conic are equal (Art. 149), and, 
therefore, make equal angles with the axis (Art. 162). 

Now in the case of the circle of curvature, the tangent at T 
(see figure, p. 211) is one chord of intersection, and the line TL 
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the Other; we have, therefore, only to draw TL^ making the 
same angle with the axis as the tangent, and we have the point 
L\ then the circle described through the points T^ L^ and, 
touching the conic at T, is the circle of curvature. 

This construction shows that the osculating circle at either 
vertex has a contact of the third degree. 

Ex. 1. Using the notation of the eccentric angle, find the condition that 
four points a, p^ ry, i should lie on the same circle (Joachimsthal, Cfrelle, 
XXXVI. 95). 

The chord joining two of them must make the same angle with one 
side of the axis as the chord joining the other two does with the other ; 
and the chords being 

^ cosi(a + /3) + 1 sinKa + /3) = cosi(a - /3); 

-co8}(7 + ^) + | sin}(7 + d)aco8i('y- d); 

wehave tani(a + /3)-i- tani(7-i-^)»0; « + /3 + 7 + ^a0; or » 2m^. 

Ex. 2. Find the co-ordinates of the point where the osculating circle 
meets the conic again. 

We have as /9 a 7; hence « = - 8a; or X = — y- - 3*' ; F^-^-S/. 

Ex. 3. There are three points on a conic whose osculating circles pass 
through a given point on the curve ; these lie on a circle passing through 
the point, and form a triangle of which the centre of the curve is the inter- 
section of bisectors of sides (Steiner, CreUe, xxxn. 300; Joachimsthal, 
Crelle, xxxvi. 95). 

Here we are given i, the point where the circle meets the curve again, 
and from the last Example the point of contact is a a - jd. But since the 
sine and cosine of ^ would not alter if i were increased by 360°, we might 
also have a = . ^d + 120°, or » - i^ + 240°, and from Ex. 1, these three 
peints lie on a circle passing through i. If in the last Example we suppose 
Xf Y given, since the cubics which determine xf and y" want the second 
terms, the sums of the three values of x' and of y' are respectively equal to 
nothing; and therefore (Ex. 4, p. 6) the origin is the intersection of the bi- 
sectors of sides of the triangle formed by the three points. It is easy to 
see that when the bisectors of sides of an inscribed triangle intersect in 
the centre, the normals at the vertices are the three perpendicolars of this 
triangle, and therefore meet in a point. 

245. To find the radius of curvature of a parabola. 

The equation referred to any diameter and tangent being 

y* =2>'j;, the radius of curvature (Art. 241) is ^ ^ , where d 
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N 
is the angle between the axes. The expression — j-r , and the 

construction depending on it, hold for the parabola, since 
i\r=iy flintf (Arts. 212,|gl3) and ^ = 90"-^ (Art. 217). 

Ex. 1. In all the conic sections the radius of curratiire is equal to the 
cube of the normal divided hj the square of the semi-parameter. 

Ex. 2. Express the radius of cuF?ature of an ellipse in terms of the angle 
which the normal makes with the axis. 

Ex, 3. Find the lengths of the chords of the circle of curvature which 

pass through the centre or the focus of a central conic section. 

^ 26^ j?2ft* 
Ans. — r , and — • 
a a 

Ex. 4. The focal chord of curvature of any conic is equal to the focal 
chord of the conic drawn parallel to the tangent at the point. 

Ex. 5. In the parabola the focal chord of curvature is equal to the 
parameter of the diameter passing through the point. 

246. To find the co-ordinates of the centre of curvature of a 
central conic. 

These are evidently found by subtracting from the co-ordi- 
nates of the point on the conic the projections of the radius of 
Qirvature upon each axis. Now it is plaia that this radius is to 
its projection on y as the normal to the ordinate y. We find the 
projection, therefore, of the radius of curvature on the axis of 

y by multiplying the radius — by ^ = -^ . The y of the 

h* — h*^ i? 

centre of curvature then is — j^ — j/. But ft** = 6* 4 ti y**) there- 

fore the y of the centre of curvature is — t*— y*** In like 

•- . a^ -^b - 
manner its x is — i — x . 

a 

We should have got the same values by making a^fi^y 
in Ex. 8, p. 205. 

Or again, the centre of the circle circumscribing a triangle is 
the intersection of perpendiculars to the sides at their middle 
points ; and when the triangle is formed by three consecutive 
points on a curve, two sides are consecutive tangents to the 
curve, and the perpendiculars to them are the corresponding 
normals, and the centre of curvature of any curve is the interseo' 
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tion of two consecutive normals. Now if we make x' = x" = X, 
y =y = F, in Ex. 4, p. 166, we obtain again the same values as 
those just determined. 

247. To find the co-ordinates of the centre of curvature of a 
parabola. 

The projection of the radius on the axis of y is found in like 
manner by multiplying the radius of curvature 

and subtracting thia quantity from y, we have 

^=-t1^=-^'(^-2»2)- 

In like manner its x is x'+ ^ ' *a —^'+^--7: — • 

2 sm^ 2 

The same values may be found from Ex. 10, p. 200. 

248. The evolute of a curve is the locus of the centres of 
curvature of its different points. K it were required to find the 
evolute of a central conic, we should solve for x'y' in terms of the 
X and y of the centre of curvature, and, substituting in the equar* 

tion of the curve, should have (writing - = -4, ■r^B)^ 

In like manner the equation of the evolute of a parabola is found 
to be 27py" = 16 (a; - \p)\ 

which represents a curve called the semi<ubical parabola. 
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CHAPTER XIV. 

METHODS OF ABRIDGED NOTATION. 

249. If 5=0, 5' = 0, be the equations of two conies, then 
the equation of any conic passing through their four, real 
or imaginary, points of intersection, can be expressed in the 
form 8=k8'. For the form of this equation shows (Art 40), 
that it denotes a conic passing through the four points common 
to 8 and 8' ; and we can evidently determine k so that 8^k8' 
shall be satisfied by the co-ordinates of any fifth point. It must 
then denote the conic determined by the five points.* 

This will of course still be true, if either or both the quan- 
tities 8 J 8' be resolvable into factors. Thus 5=Aa/8, being 
evidently satisfied by the co-ordinates of the points where the 
right lines a, /8, meet 8j represents a conic passing through the 
four points where 8 is met by this pair of lines ; or, in other 
words, represents a conic having a and /3 for a pair of chords of 
intersection with 8. If either a or /8 do not meet 8 in real 
points, it must still be considered as a chord of imaginary inter- 
section, and will preserve many important properties in relation 
to the two curves, as we have already seen in the case of the 
circle (Art. 106). So again, a7 = k/3S denotes a conic circum- 
scribing the quadrilateral afiySy as we have already seen (Art. 
122).t It is obvious that in what is here stated, a need not 
be restricted, as at p. 55, to denote a line whose equation has 

* Since five conditions determine, a conic, it is evident that the most 
general equation of a conic satisfying four conditions must contain one in- 
dependent constant, whose value remains undetermined until a fifth condi- 
tion is given. In like manner, the most general equation of a conic 
satisfying three conditions contains two independent constants, and so on. 
Compare the equations of a conic passing through three points or touching 
three lines (Arts. 124, 129.) 

f If a/3 be one pair of chords joining four points on a conic S, and 7^ 
another pair of chords, it is immaterial whether the general equation of a 
conic passing through the four points be expressed in any of the forms 
8 - kafif S - kfyi, a/3 - ^7^, where k is indeterminate ; because, in virtue of 
the general principle, S is itself of the form afi - k^. 
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been reduced to the form a; coBa+y siiia=^; but that the 
argument holds if a denote a line expressed by the general 
equation. 

250. There are three values of k^ for which 8—k8' re- 
presents a pair of right lines. For the condition that this shall 
be the case, is found by substitutmg a — ka^ b — kb'j &c. for 
a, bj &c. in 

and the result evidently is of the third degree in k^ and is 
therefore satisfied by three values of k. If the roots of this 
cubic be k\k%k"\ then S-k'ff, S-k" 8', 5-4"'/S', denote 
the three pairs of chords joining the four points of intersection 
of 8 and 8' (Art. 238). 

Ex. 1. What is the equation of a conic passing through the points 
where a given conic S meets the axes ? 

Here the axes x = 0, y = 0, are the chords of intersection, and the equa- 
tion must be of the form S= kxy, where X; is indeterminate. See Ex. 1, p. 143. 

Ex. 2. Form the equation of the conic passing through five given points; 
for example (1, 2), (3, 6), (- 1, 4), (- 3, - 1), {- 4, 3). Forming the equa- 
tions of the sides of the quadrilateral formed by the first four points, we see 
that the equation of the required conic must be of the form 

(3x - 2y + l)(5x - 2y + 13) = * (x - 4y + 17)(3x - 4y + 6). 

Substituting in this, the co-ordinates of the fifth point (- 4, 3), we obtain 
^ = - ^iV. Substituting this value and reducing the equation, it becomes 

79«" - 320ay + 30V + HOlx - 1666y + 1686 = 0. 

251. The conies 8j 8— ka/3 will touch ; or, in other words, 
two of their points of intersection will coincide ; if either a or /3 
touch 8^ or again, if a and jS intersect in a point on 8. Thus if 
T= be the equation of the tangent to iS at a given point on it 
x'y'y then 5= T(lx + wy -f n), is the most general equation of a 
conic touching 8 at the point x'y' ; and if three additional con- 
ditions are given, we can complete the determination of the 
conic, by finding Z, 9n, n. 

Three of the points of intersection will coincide iilx + my + n 
pass through the point xy ; and the most general equation of a 
conic osculating 8 at the point x'y'y is /8= ^(ic 4- wy - ib' - my'). 
K it be required to find the equation of the osculating ctrclej 
we have only to express that the coefficient ocy vanishes in this 
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equation, and that the coefficient of o^ = that of y ; when we 
ha^e two equations which determine I and m. 

The conies will have four consecutive points common if 
Ix + my + n coincide with T^ so that the equation of the second 
conic is of the form 8^kT*. Compare Art 239. 

Ex. 1. If the axes of 8 be parallel to those of 8'^ so will also the axes 
of i9 - k8'. For if the axes of co-ordinates be parallel to the axes of 8^ 
neither 8 nor 8* wi]l contain the term xy. If /S' be a circle, the axes of 
8 - k8' are parallel to the axes of i9. IS 8 - k8' represent a pair of right 
lines, its axes become the internal and external bisectors of the angles be- 
tween them ; and we have the theorem of Art 244. 

Ex. 2. If the axes be parallel to the axes of 8, and also to those of 
8 " kafi, then a and /3 are of the forms Ix + my -^ n, Ix - my 4 n\ 

Ex. 3. To find the equation of the circle osculating a central conic 
The equation must be of the form 

Expressing that the coefficient of xy vanishes, we reduce the equation to 

And expressing that the coefficient ot s^ ^ that of ^, we find 
I s ■^- — ^, and the equation becomes 

«■ + y* - -^ T"^ ^ is + fl(^ - 25^ = 0. 

Ex. 4. To find the equation of the circle osculating a parabola. 

Am. Cp" + 4p«') (y* -px) - {2yy' -;i (« + a^) [2yy^^px - Zpx^. 

252. We have seen that S=kafi represents a conic passing 
through the four points 
PjQ]Pj j, where a, /8 meet 
8] and It is evident that 
the closer to each other 
the lines a, fi are, the 
nearer the point P is to p^ 
and Q to q. Suppose then that the lines a and ff coincide, then 
the points PjP] Q} 9 coincide, and the second conic will touch 
the first at the points P, Q. Thus, then, the equation 8=^kof 
represents a conic having double contact with 8^ a being the chord 
of contact. Even if a do not meet 8^ it is to be regarded as an 
Imaginary chord of contact of the conies 8 and i9— ia'. In 
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like manner 07 = h^ represents a conic to which a and 7 are 
tangents and P the chord of contact, as we have already seen 
(Art. 123). The equation of a conic having doable contact 
with 8 at two given points x*y\ x"y" may be also written in the 
form 8=kTTj where T and T represent the tangents at these 
points. 

253. K the line a be parallel to an asymptote of the conic 
8y it will also be parallel to tm asymptote of any conic repre- 
sented by 8=kafij which then denotes a system passing through 
three finite, and one infinitely distant point. In like manner, 
if in addition /3 were parallel to the other asymptote, the system 
would pass through two finite and two infinitely distant points. 
Other forms which denote conies having points of intersection 
at infinity, will be recognized by bearing in mind the prin- 
ciple (Art. 67) that the equation of an infinitely distant line is 
0.a; + 0.y4-(7=0; and hence (Art* 6^) that an equation, appar- 
ently not homogeneous, may be made homogeneous in form, if in 
any of the terms which seem to be below the proper degree of 
the equation we replace one or more of the constant multipliers 
by 0.a; + O.y -f (7. Thus, the equation of a conic referred to its 
asymptotes icy = fc" (Art. 199), is a particular case of the form 
a7 = /8^ referred to two tangents and the chord of contact 
(Arts. 123, 252). Writing the equation xy = {0.x-\-0.y + k)\ 
it is evident that the lines x and y are tangents, whose points of 
contact are at infinity (Art. 154). 

254. Again, the equation of a parabola y^^px is also a par^ 
ticular case of a7=i9*. Writing the equation x (0.a;+ O.y +/?) =y* J 
the form of the equation shows not only that the line x touches^ 
the curve, its point of contact being the point where x meets y^ 
but also that the line at infinity touches the curve, its point of 
contact also being on the line y. The same inference may b<3r 
drawn from the general equation of the parabola 

(ox + /%)* + i^gx + 2^ + c) (0.05 + O.y + 1) = 0,. 

which shews that both *lgx + ^fy + c, and the line at infinity arcr 
tangents, and that the diameter aa? + )3y joins the points of con-* 
tact. Thus, then, eoery parabola has one tangent altogether at an 
injinite distance. In fact, the equation which determines the 



\ 
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direction of the points at infinity on a parabola is a perfect 
square (Art. 137); the two points of the curve at infinity 
therefore coincide; and therefore the line at infinity is to be 
regarded as a tangent (Art. 88). 

Ex. The general equation 

aa? + Ihxy + 5/ + 2^# + 2^ + c = 0, 

may be regarded as a particular case of the form (Art. 122) 07 s ^/9d. For 
the first three terms denote two lines a, 7 passing through the origin, and 
the last three terms denote the line at infinity ^, together with the line d, 
^gx \ 2fy 4- c. The form of the equation then shows that the lines a, <y 
meet the curve at infinity, and also that ^ represents the line joining the 
finite points in which 07 meet the curve. 

255. In accordance with Art. 253, the equation 8^ hfi is to 
be regarded as a particular case of /S=a^, and denotes a system 
of conies passing through the two finite points where P meets 8^ 
and also through the two infinitely distant points where 8 is 
met by 0.a; + 0.y + A;. Now it is plain that the coefiScients of 
a?*, of icy, and of y*, are the same in 8 and in 5— A/S, and there- 
fore (Art. 234] that these equations denote conies similar and 
similarly placed. We learn therefore that two conies similar 
and similarly placed meet each other in two infinitely distant 
points^ and consequently only in two finite points. 

This is also geometrically eyident when the curves are 
hyperbolas: for the asymptotes of similar conies are parallel 
(Art. 235), that is they intersect at in- 
finity; but each asymptote intersects 
its own curve at infinity ; consequently 
the infinitely distant point of intersec- 
tion of the two parallel asymptotes is 
also a point common to the two curves. 
Thus, on the figure, the infinitely distant 
points of meetmg of the lines OX^ Oxj 
and of the lines F, Oy, are common to the curves. One of 
their finite points of intersection is shown on the figure^ the 
other is on the opposite branches of the hyperbolas. 

If the curves be ellipses, the only difference is that the 
asymptotes are imaginary instead of being real. The directions 
of the points at infinity, on two similar ellipses, are determined 
from the same equation (oa;* + 2Aa?y + iy = 0) (Arts. 136,234). 
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Now although the roots of this equation are imaginary, yet 
they are, in both cases, the same imaginary roots, and therefore 
the curves are to be considered as haying two imaginary points 
at infinity common. In fact, it was observed before, that even 
when the line a does not meet 8 in real points, it is to be re- 
garded as a chord of imaginary intersection of 8 and /S— TcaP^ 
and this remains true when the line a is infinitely distant. 

If the curves be parabolas, they are both touched by the line 
at infinity (Art. 254) : but the direction of the point of contact^ 
depending only on the first three terms of the equation, is the 
same for both. Hence, two similar and similarly placed para^ 
bolas touch each other at infinity. In short the two infinitely 
distant points common to two similar conies, are real, imaginary, 
or coincident, according as the curves are hyperbolas, ellipses^ 
or parabolas. 

256. The equation 5=4, or 5= A; (0.a: + 0.y 4-1)" is mani- 
festly a particular case of 5=A:a*, and therefore (Art. 252) de- 
notes a conic having double contact with 8^ the chord of contact 
being at infinity. Now 8'-k differs from 8 only in the constant 
term. Not only then are the conies similar and similarly placed, 
the first three terms being the same, but they are also con- 
centric. For the co-ordinates of the centre (Art. 140) do not 
involve c, and therefore two conies whose equations differ only 
in the last term are concentric (see also Art. 81). Hence, two 
similar and concentric conies are to he regarded as touching each 
other at ttoo infinitely distant points. In fact, the asymptotes of 
two such conies are not only parallel but coincident ; they have 
therefore not only two points at infinity common, but also the 
tangents at those points ; that is to say, the curves touch. 

If the curves be parabolas, then, since the line at infinity 
touches both curves, 8 and 5— A' have with each other, by 
Art. 251, a contact at infinity of the third order. Two para- 
bolas whose equations differ only in the constant term will be 
equal to each other; for the curves i^=pxj y*=j?(aj + nj are 
obviously equal, and the equations transformed to any new axes 
will continue to differ only in the constant term. We have 
seen, too, (Art. 205) that the expression for the parameter of a 
parabola docs not involve the absolute term. The parabolas 



224 METHODS OF ABRIDGED NOTATION. 

then, 8 and /9— A:*, are equal, and we learn that hoc equal and 
simtlarly placed parabolas may be considered as having wUh each 
other a contact of the third order at infinity. 

257. All circles are similar carves, the terms of the second 
degree being the same in all. It follows then, from the last 
Articles, that ail circles pass through the same two imaginary 
points at infinity^ and on that account can never intersect in more 
than two finite points, and that concentric circles touch each other 
in two imaginary points at infinity ; and on that account can 
never intersect in any finite point. It will appear hereafter 
that a multitude of theorems concerning circles are but parti- 
cular cases of theorems concerning conies which pass through 
two fixed points. 

258. It is important to notice the form Pa" + m*)8* = n Vj 
which denotes a conic with respect to which a, /8, 7 are the 
sides of a self^sonjugate triangle (Art. 99). For the equation 
may be written in any of the forms 

The first form shews that ny -f in/8, n7 — m^ (which intersect 
in /87) are tangents, and a their chord of contact. Consequently 
the point ^87 is the pole of a. Similarly from the second form 
7a is the pole of /8. It follows then^ that afi is the pole of 7 ; 
and this also appears from the third form which shows that the 
two imaginary lines laL±mP »J{—\) are tangents whose chord 
of contact is 7. Now these imaginary lines intersect in the 
real point afi which is therefore the pole of 7 ; although being 
within the conic, the tangents through it are imaginary. 
It appears, in like manner, that 

oo" 4- 2Aa^ + 6)8' = C7» 

denotes ft conic, such that afi is the pole of 7 ; for the left-hand 
side can be resolved into the product of factors representing 
lines which intersect in afi. 

259. We proceed to notice some inferences which follow on 
interpreting, by the help of Art. 34, the equations we have 
already used. Thus (see Arts. 122, 123) the equation ay^k^ 
implies that the product of the perpendiculars from any point of 
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a conic on two fixed tangents is in a constant ratio to the square 
of the perpendicular on their chord of contact. 

The equation ay=^Je^Bj similarly interpreted, leads to the 
important theorem : The prodttct of the perpendiculars let fall 
from any point of a conic on two opposite sides of an inscribed 
quadrilateral is in a constant ratio to the product of the perpen- 
diculars let fall on the other two sides. 

From this property we at once infer, that the anharmonic 
ratio of a pencil^ whose sides pass through four fixed points of a 
conic J and whose vertex is any variable point ofit^ is constant. 

For the perpendicular 

OA,OB.miAOB OC.OD.amCOD ^ 
«= AS ' 'y^ CD '*'• 

Now if we substitute these values TZ^=^4^ 

in the equation ay^k^S^ the con- /^|^^1^^— -^ — "^ V^^o 

tinned product OA.OB.OG.OD ^r^^^^ *^^^^ 

will appear on both sides of the V ^\.. ^ /k jr 

equation, and may therefore be \^^^ ^\^ 'C'^i^^ 

suppressed, and there will remain ^c'T^ 

8in^Qg,sinCQ2 >_, AB.CD 
^mBOCwLuA OD " BCAD ' 

but the right-hand member of this equation is constant, while 
the left-hand member is the anharmonic ratio of the pencil OA^ 
OB, OC, OD. 

The consequences of this theorem are so numerous and im- 
portant, that we shall devote a section of another chapter to 
develope them more fully. 

260. If /S=0 be the equation to a circle, then (Art. 90) 8 is 
the square of the tangent from any point ocy to the circle ; hence 
S—ka^^O (the equation of a conic whose chords of intersection 
with the circle are a and j8) expresses that the locus of a pointy 
such that the square of the tangent from it to a fixed circle is in a 
constant ratio to the product of its distances from two fixed lines^ 
is a conic passing through the four points in which the fixed lines 
intersect the circle. 

This theorem is equally true whatever be the magnitude of 
the circle, and whether the right lines meet the circle in real or 

Q 
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Ex. 2. The diagonals of any inscribed, and of the corresponding circum- 
scribed quadrilateral, pass through the same point, and form a harmonic 
pencil. This is also a particular case of the preceding, 8 being any conic, 
and 8 •(- X', 8 + 3f* being supposed to reduce to right lines. The proof 
may also be stated thus : Let t^, t^, e^ ; ^,, t^, c, be two pairs of tangents and 
the corresponding chords of contact In other words, c^, c, are diagonals of 
the corresponding inscribed quadrilateral. Then the equation of 8 may be 
written in either of the forms 

The second equation must therefore be identical with the first, or can only 
differ from it by a constant multiplier. Hence f^^ - \t^t^ must be identical 
with e* - X<?,'. Now <?i' - \c2* = represents a pair of right lines passing 
through the intersection of Cu Cj, and harmonically conjugate with them ; 
and the equivalent form shows that these right lines join the points i^t^, t^^ 
and titi, t^t^ For tit^ - \t^^ = must denote a locus passing through 
these points. 

Ex. 3. If 2a, 2/3, 27, 2d be the eccentric angles of four points on a 
central conic, form the equation of the diagonals of the quadrilateral formed 
by their tangents. Here we have 

<i - - co82o + ^ 8in2o - 1, ^, = - cos2^ + % sin2i3 - 1, 

Ci B - cos(o + /3) + I sin(a + /3) - cos(a - fi), 

and we easily verify 

<,^..c,*.-sin«(«-^)|5+^-l}. 

Hence reasoning, as in the last example, we find for the equations of the 
diagonals Ci ^ e^ 

sin (a - /3) sin (7 - d) ' 

264. If three conies have each double contact with a fourth^ 
six of their chords of intersection will pass three hy three through 
the same points^ thus fonubg the sides and diagonals of a 
quadrilateral. 

Let the conies be 

By the last Article the chords will be 

Z-ilf=0, M-N^O, N-L^O] 
Z + ilf=0, Jf+iV^=0, J^-i = 0; 
i + ilf=0, 3f-JV=0, J^+i = 0; 
i-Jf=0, M+N=0^ iV+2i = 0. 
As In the last Article, we may deduce hence many particular 



«', 



METUODS OF ABBIDQEO NOTATION. 229 V > 

theorems, by Bupposing one or more of the codIcs to break up 
into right lines. Thus, for example, if )S. break up into right 
lines, it represents two common tangents to 5+ J/*, S-hN^i 
and if L denote any right line through the intersection of those 
common tangents, then 8'\- L* also breaks up into right lineSj 
and represents any two right lines passing through the intersec- 
tion of the common tangents. Hence, if through the intersection 
of the common tangents of tioo conies we draw any pair of right 
lines^ the chords of each conic joining the extremities of those lines 
will meet on one of the common chords of the conies. This is the 
extension of Art. 116. Or, again, tangents at the extremities of 
either of these right lines will meet on one of the common chords. 

265. If 8-¥L\ 8-^APy S+N^^ all break up into pairs of 
right lines, they will form a hexagon circumscribing 8^ the 
chords of intersection will be diagonals of that hexagon, and 
we get Briaochon's theorem : " The three opposite diagonals of 
every hexagon circumscribing a conic intersect in a poinU^^ By 
the opposite diagonals we mean (if the sides of the hexagon be 
numbered 1, 2, 3, 4, 5, 6) the lines joining (1, 2) to (4, 5), (2, 3) 
to (5, 6), and (3, 4) to (6, 1) ; and by changing the order in 
which we take the sides, we may consider the same lines as 
forming a number (sixty) of different hexagons, for each of 
which the present theorem is true. The proof may also be stated 
as in Ex. 2, Art. 263. If 

be equivalent forms of the equation of 8^ then e^=^c^^ c, re- 
presents three intersecting diagonals.* 

266. If three conic sections have one chord common to all^ their 
three other common chords will pa^s through the same point. 

Let the equation of one be )8=0, and of the common chord 
X = 0, then the equations of the other two are of the form 

8+LM^% 8+LN=0y 

* Mr. Todbunter has with justice objected to this proof, that since no 
rule is giyen which of the diagonals of tit^t^t^ is Ci » 4 c», all that is in strict- 
ness proved is that the lines joining (1, 2) to (4, 5) and (2, 3) to (5, 6) inter* 
sect either on the line joining (3, 4) to (6, 1), or on that joining (1| 3) to 
(4, 6). I have not tried to remove this ambiguity, as several other un- 
ambiguous proofs of Brianchon's theorem will be given. 
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which must have, for their intersection with each other, 

but JIf — JVis a line passing through the point {MN). 

According to the remark in Art. 257, this is only an extension 
of the theorem (Art. 108), that the radical axes of three circles 
meet in a point. For three circles have one chord (the line at 
infinity] common to all, and the radical axes are their other 
common chords. 

The theorem of Art. 264 may be considered as a still further 
extension of the same theorem, and three conies which have 
each double contact with a fourth may be considered as having 
four radical centres, through each of which pass three of their 
conmion chords. 

The theorem of this Article may, as in Art. 108, be other- 
wise enunciated : Given four points on a conic section^ its chord of 
intersection with a fxed conic passing through two of these points 
will pass through a fxed point 

Ex. 1. If through one of the points of interseotion of two conies we 
draw any line meeting the conies in the points 
P, p, and through any other point of intersection 
jB a line meeting the conies in the points Q, q, 
then the lines PQ, pq, will meet on CD, the ^ 
other chord of intersection. This Is got hy sup- 
posing one of the conies to reduce to the pair of 
lines OA, OB. 

£x. 2. If two right lines, drawn through the point of contact of two 
conies, meet the curves in points P, p, Q, q^ then the chords PQ, pq, will 
meet on the chord of intersection of the conies. 

This is also a particular case of a theorem given in Art 264, since one 
intersection of common tangents to two conies which touch, reduces to 
the point of contact (Cor., Art. 117). 

267. The equation of a conic circumscribing a quadrilateral 
(a7 = Jc^h) furnishes us with a proof of " Pascal's theorem," that 
the three intersections of the opposite sides of any hexagon inscribed 
in a conic section are in one right line. 

Let the vertices be abcdef^ and let a& = denote the equation 
of the line joining the points a, h ; then, since the conic circum- 
scribes the quadrilateral abcd^ its equation must be capable of 
being put into the form 

oJ.crf— ic.arf=0. 
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But BiDce It also circumscribes the quadrilateral defa^ the same 
equation must be capable of being expressed in the form 

From the identity of these expressions we have 

Hence we learn that the left-hand side of this equation (which 
from its form represents a figure circumscribing the quadrilateral 
formed by the lines aJ, rfe, erf, af) is resolvable into two factors, 
which must therefore represent the diagonals of that quadri- 
lateral. But ad is evidently the diagonal which joins the vertices 
a and rf, therefore hc — ef must be the other, and must join the 
points [ab^ de)j [cd^ af) ; and since from its form it denotes a line 
through the point (ic, ef)^ it follows that these three points are 
in one right line. 

268. We may, as in the case of Brianchon's theorem, obtain 
a number of different theorems concerning the same six points, 
according to the different orders in which we take them. Thus 
since the conic circumscribes the quadrilateral hcef its equation 
can be expressed in the form 

Now, from identifying this with the first form given in the last 

Article, we have 

ah ,cd —be.cf^^ {ad — ef) bc] 

whence, as before, we learn that the three points (oJ, cf)^ (erf, ie), 
(orf, ef) lie in one right line, viz. arf — e/*=0. 

In like manner, from identifying the second and third forms 
of the equation of the conic, we learn that the three points 
(rfe, cf), {fa^ be) J {ad^ be) lie in one right line, viz. Je— arf=0. 
But the three right lines 

Jc — e/*=0, e/^— arf=0, orf— Jc = 0, 

* meet in a point (Art. 40). Hence we have Steiner^s theorem, 
that ^^ the three Pascal's lines which are obtained by taking the 
vertices in the orders respectively, abcdefy adcfeb, afcbed^ meet 
in a point." For some further developments on this subject we 
refer the reader to the note at the end of the volume. 
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Ex. 1. If Ofb, c be three points on a right line; a', b', & three points 
on another line, then the intersections {b</, b'c), {ca\ (fa)^ {ab', a'b) Ue in a 
right line. This is a particular case of Pascal's theorem. It remains true 
if the second line be at infinity and the lines ba', cd be parallel to a given 
line, and similarly for eb\ al/; a&, b&, 

Ex. 2. From four lines can be made four triangles, by leaving out in 
turn one line. The four intersections of perpendiculars of these triangles 
lie in a right line. Let a, b, c, d be the right lines ; a', b\ c', ct lines perpen- 
dicular to them ; then the theorem follows by applying the last example to 
the three points of intersection of a, 6, e with cf, and the three points at 
infinity on a', If, c^.* 

Ex. 3. Steiner's theorem, that the perpendiculars of the triangle formed 
by three tangents to a parabola intersect on the directrix is a particular case 
of Brianchon's theorem. For let the three tangents be a,btC\ let three 
tangents perpendicular to them be a\ b\ tf, and let the line at infinity, 
which is also a tangent, (Art 254) be ao . Then consider the six tangents 
a, b, Cf </, CO f t^ ; and the lines joining aft, c' oo ; 5c, a' ao ; cc\ ad meet in a 
point. The first two are perpendiculars of the triangle ; and the last is the 
directrix on which intersect ever}- pair of rectangular tangents (Art. 221). 
This proof is by Mr. John C. Moore. 

Ex. 4. Given five tangents to a conic, to find the point of contact of 
any. Let ABODE be the pentagon formed by the tangents ; then If AC 
and BE intersect in O, 2)0 passes through the point of contact of AB, 
This is derived from Brianchon's theorem by supposing two sides of the 
hexagon to be indefinitely near, since any tangent is intersected by a con- 
secutive tangent at its point of contact (p. 140). 

269. Pascal's theoFem enables us, given five points A^ Bj (7, 
2), jF, to construct a conic ; for if we draw any line AP through 
one of the given points we can find the point F in which that 
line meets the conic again, and can so determine as many points 
on the conic as we please. For, by Pascal's theorem, the points 
of intersection [AB, DE\ {BC^ EF)^ [CD^ AF) are in one right 

* This proof was given me independently by Prof. De Morgan and by 
Mr. Burnside. The theorem itself follows at once from Steiner^s theorem, 
Ex. 3, p. 199. For the four intersections of perpendiculars must lie on the 
directrix of the parabola, which has the four lines for tangents. It follows 
in the same way from Cor. 4, p. 193, that the circles circumscribing the four 
triangles pass through the same point, viz. the focus of the same parabola. 
If we are given five lines M. Auguste Miquel has proved (see Catalan's 
Tlieorhne9 et Probl^mea de Geometrie Elementaire, p. 93) that the foci of 
the five parabolas which have four of the given lines for tangents lie on 
a circle. 
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line. But the points {AB^ DE\ {CD^ AF) are by hypothesis 
known. If then we join these points 0, P, and join to E the 
point Q m which OP meets jB(7, the intersection of QE with AP 
determines F, In other words, F is the vertex of a triangle 
FPQ whose sides pass through the fixed points A^ E^ Oj and whose 
base angles P, Q move along the fixed lines CD^ CB (see Ex. 3, 
p. 43). The theorem was stated in this form by MacLaurin. 

Ex. 1. Given five points on a conic, to find its centre. Draw AP 
parallel to BC and determine the point F, Then AF and ^C are two 
parallel chords and the line joining their middle points is a diameter. In 
like manner, by drawing QE parallel to CD we can find another diameter, 
and thus the centre. 

Ex. 2. Given five points on a conic, to draw the tangent at any one of 
them. The point F must then coincide with A^ and the line QF drawn 
through E must therefore take the position qA. The tangent therefore 
must be pA. 

Ex. 3. Investigate by trilinear co-ordinates (Art 62) MacLaurin's 
method of generating conies. In other words, find the locus of the vertex 
of a triangle whose sides pass through fixed points and base angles move 
on fixed lines. Let a, p^ ry be the sides of the triangle formed by the fixed 
points, and let the fixed lines be fc -I- m/3 + 1*7 = 0, fa + m'/3 + «'7 = 0. Let 
the base be a = fip. Then the line joining to /37, the intersection of the 
base with the first fixed line, is 

{Ifi + m) /3 + «7 = 0. 

And the line joining to 07, the intersection of the base with the second line, is 

(/> 4 m') a + n>7 = 0. 

E jminating fi from the last two equations, the equation of the locus is 
found to be in^'afi = {mft + »7) [fa + n'7), 

fi conic passing through the points 

^7, 70, (a, fc i fw/3 + »7), (/3, fa + m'p f »'7). • 
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EQUATION REFERRED TO TWO TANGENTS AND THEIR CHORD. 

270. It much facilitates computation (Art. 229) when the 
position of a point on a curve can be expressed by a single 
variable : and this we are able to do in the case of two of the 
principal forms of equations of conies already given. First let 
i, M be any two tangents and R their chord of contact. Then 
the equation of the conic (Art. 252) is LM=IP] and if fiL^B 
be the equation of the line joining LB to any point on the 
curve, (which we shall call the point /li), then substituting in the 
equation of the curve, we get M=fjLB and fi^L = M for the 
equations of the lines joining the same point to MB and to LM. 
Any two of these three equations therefore will determine a 
point on the conic. 

The equation of the chord joining two points on the curve 

M) m', ia fj,fj,'L^ (ji'Vfi!)B^ M=0. 

For it is satisfied by either of the suppositions 

OttZ ^B,fiB=: M\ [filL = B, itlB = M). 
If \L and yl coincide we get the equation of the tangent, viz. 

yfL - 2/1*5 + if = 0. 

Conversely, if the equation of a right line (/li'Z— 2/aJ5+3/=0) 
involve an indeterminate \k in the second degree^ the line will 
always touch the conic iJf = -B". 

271. To find the equation of the polar of any point. 

Let the co-ordinates of the point substituted in the equation 
of either tangent through it, give the result 

Now at the point of contact /ia* = y- , and /t* = y (Art. 270). 

Therefore the co-ordinates of the point of contact satisfy the 
equation mj _ ^BR + LW = 0, 

which is that of the polar required. 

If the point had been given as the intersection of the lines 
aLssBjbB=^M^ it is found by the same method that the equa- 
•tion of the polar is ^jjr _ ^aB + Jf = 0. 
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272. In applying these equations to examples it is useful to 
take notice that, if we eliminate B between the equations of 
two tangents 

fL^L - 2fiE + 3f = 0, fjL^L - 2fjLR + 3f = 0, 

we get fifiL = M for the equation of the line joining LM to 
the intersection of these tangents. Hence if we are given the 
product of two /li's, i^il = a, the intersection of the corresponding 
tangents lies on the fixed line aL = M. In the same case, sub- 
stituting a for \kyl in the equation of the chord joining the points, 
we see that that chord passes through the fixed point [aL +M^Ii). 

Again, since the equation of the line joining any point /m to 
LM is fA^L = Mj the points + ft, — /a lie on a right line passing 
through LM. 

Lastly, if LM= Jff^ LM^ B^ be the equations of two conies 
having X, M for common tangents; then since the equation 
/A*i = M does not involve R or JS*, the line joining the point 
-i- fjL on one conic to either of the points ±fjL on the other, passes 
through LM the intersection of common tangents. We shall 
say that the point + fi on the one conic corresponds directly to 
the point + fi and inversely to the point — /a on the other. And 
we shall say that the chord joining any two points on one conic 
corresponds to the chord joining the corresponding points on 
the other* 

Ex. 1. Corresponding chorda of two conies intersect on one of the chords 
of intersection of the conies. 

The conies ZM~ J2*, X3f - S* have JRP - 12^ for a pair of common 
chords. But the chords 

evidently intersect on 22 - 22^. And if we change the signs olfi^/ifm the 
second equation, they intersect on 22 + 22^. 

Ex. 2. A triangle is cireumscrihed to a given conic ; two of its vertices 
move on fixed right lines : to find the locus of the third. 

Let us take for lines of reference the two tangents through the inter- 
section of the fixed lines, and their chord of contact. Let the equations of 
the fixed lines he ai - Jf = 0, hL-M^O, 

while that of the conic is LM - 22P « 0. 

Now we proved (Art 272) that two tangents which meet on aX - JIf 
must have the product of their |c's » a ; hence, if one side of the triangle 
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touch at the point /i, the others will touch at the points - , - , and their 
equations will be r r 

/*• A* /* /* 

fk can easily be eliminated from the last two equations, and the locus of the 
vertex is found to be dab 

the equation of a conic having double contact with the given one along 
the Une R,^ 

Ex. 3. To find the envelope of the base of a triangle, inscribed in • 
conic, and whose two sides pass through fixed points. 

Take the Une joining the fixed points for R, let the equation of the conio 
be LM s J2*, and those of the lines joining the fixed points to LM be 

Now, it was proved (Art. 272) that the extremities of any chord passing 
through {aL + M, R) must have the product of their ^'s = a. 

Hence, if the vertex be /i, the base angles must be — and - , and the 
equation of the base must be f- h 

abZ - (a + A) /tX + fi*M= 0. 
The base must, therefore (Art. 270), always touch the conio 

zmJ^±^r^, 

a conic having double contact with the given one along the line joining the 
given points. 

Ex. 4. To inscribe in a conic section a triangle whose sides pass through 
three given points. 

Two of the points being assumed, as in the last Example, we saw that 
the equation of the base must be 

ahZ - (a + 6) ^22 + fi*M= 0. 
Now, if this line pass through the point eL-R=^Of dR - M- 0, we must have 

a6 - (a + h) /ac f /i*cd = 0, 
an equation sufficient to determine /i. 

Now, at the point fi we have /iX = i2, /i*X » Jf ; hence the co-ordinates 
of this point must satisfy the equation 

dbZ - (a + 6) c-R + cdM^ 0. 
The question, therefore, admits of two solutions, for either of the points in 
which this line meets the curve may be taken for the vertex of the required 
triangle. 

* This reasoning holds even when the point LM is within the conio, 
and therefore the tangents X, M imaginary. But it may also be proved 
by the methods of the next section, that when the equation of the conic is 
X" + 3f" - R\ that of the locus is of the form X* + JT = k*R?. 
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It is not obvious what is the geometric meaning of the equation we have 
found, but the following geometric considerations enable us to interpret it : 

Let us suppose that we have drawn the two triangles 123, 456 which 
can be drawn through the points A, B, C; then applying PascaPs theorem 
to the hexagon 123456, we see that the line BC passes through the inter- 
section of 16, 34, But this latter point is the pole of AL (Ex. 1, p. 139). 
Conversely, then AL passes through the pole of BC, and since Z is on the 
polar of A (Ex. 1, E 

p. 139), we have the 
following construc- 
tion : " Form the tri- 
angle D£F whose 
sides are the polars 
of the given points 
A, B, C\ let the 
lines joining the cor- 
responding vertices F M P 
of the two triangles meet the opposite sides of the polar triangle in Z, Jf, iV; 
then the lines LM, MN^ NL pass through the vertices of the required tri- 
angles." 

We can verify that the line ahL - (a 4 5) e22 4 cdM answers to the line 
MN on the figure. The three given points are 

(aL + M, J2), (6Z + Jf, J2), (cZ ^R, dR- M), 
and the three polars, 

aL-M, hL'M, cdL'2cR^Mi 
the three joining lines are 

6 (a -f cc/) Z - 2c (a + 6) i? + (a + cJ) M= 0, 
alb^cd)Z-' 2e(a + 6) J2 + (6 + ed) Jf « 0, 

cdL-M^O. 
Now, the line ahL - (a -¥ b) eR ^ edM passes through the intersection of 
the first of these lines with hL - Jf, and of the second with aL - M, 

Ex. 5. The base of a triangle touches a given conic, its extremities move 
on two fixed tangents to the conic, and the other two sides of the triangle 
pass through fixed points : find the locus of the vertex. 

Let the fixed tangents be Z, Jf, and the equation of the conic LM^ i2*. 
Then the point of intersection of the line Z with any tangent (fi^L-lfiR -i- M) 
will have its co-ordinates L, R, M respectively proportional to 0, 1 , 2/4. 
And (by Art 65) the equation of the line joining this point to any fixed 
point Z'jR'ir will be xjf ' - L'M = 2/4 {LR - L'R). 
Similarly, the equation of the line joining the fixed point L'R'MV to the point 
(2, /I, 0), which is the intersection of the line M with the same tangent, is 

2 {RM" - R'M) = fL (LM" - L'M). 
Eliminating /i, the locus of the vertex is found to be 

{LM' - LM) {LM* - L'M) = 4 {LR - LR) {RM' - HTM), 
the equation of a conic through the two given points. 
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273. The chord joining the points fi, tan^, ijl cot^ (where 
^ is anj constant angle) will always touch a conic having double 
contact with the given one. For (Art. 270) the equation of the 

chord is ^«x - fiR (tan<^ + cot<^) -h Jf = 0, 

which, since tan0 + cot0 = 2 cosec2^, is the equation of a tan- 
gent to jLJf sin*20 = fl* at the point fi, on that conic. It can be 
proved, in like manner, that the locus of the intersection of tan- 
gents at the points fi, tan^, /ia cot^ is the conic LM^IC sin'^^. 

Ex. If in Ex. by Art. 272, the extremities of the base lie on anj conic 
having double contact with the given conic, and passing through the given 
points, find the locus of the vertex. 

Let the conies be 

XJf-J? = 0, Zlf8in«20-l? = O, 

then, if any line touch the latter at the point fM^ it will meet the former in 
the points /t tan0 and /t cot0; and if the fixed points are /i', /t", the equa- 
tions of the sides are 

fifk' tan0Z "{fi' ^ fi tan0) R + Jf « 0, 
fifM." cot0Z - (/4" + /t cot0) -R + ilf = 0. 
Eliminating ^ the locus is found to be 

{M- fifR) (yz - -R) = tan«0 (Jf - ^"J2) (/4'Z - 22). 

274. CHven four points of a contc^ the anharmontc ratio of (he 
pencil joining them to any fifth point is constant (Art. 259). 

The lines joining four points /*', /*", /*'", jx"" to any fifth point 
/A, are 

m' (/AZ-5) + (i^-Ai5) = 0, /ia" (/iAi-i2) + (3f-/iA5) = 0, 

/A'"(M^-i?) + (3f-/^i2) = 0, /A""(/AL-iZ) + (if-/Ai?)=0, 

and their anharmonic ratio is (Art. 58) 

(M^-A^-)(M^--Mn 

(^'-/*"')(m"-m'"V 
and is, therefore, independent of the position of the point fi. 

We shall, for brevity, use the expression, " the anharmonic 
ratio of four points of a conic," when we mean the anharmonic 
ratio of a pencil joining those points to any fifth point on the 
curve. 

276. Four fixed tangents cut any fifth in points whose anhar^ 
monic ratio is constant. 

Let the fixed tangents be those at the points fi\ fi"^ fi"'^ fji'" • 
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and the yariable tangent that at the point /i ; then the anharmonio 
ratio in question is the same as that of the pencil joining the four 
points of intersection to the point LM. But (Art. 272) the 
equations of the joining lines are 

/x>i-lf=0, fi"fiL---M=0, fi"'fiL-M=0^ fjL""fjLL--M^O, 

a system (Art. 59) homographtc with that found in the last 
Article, and whose anharmonic ratio is therefore the same. 
Thus, then, the anharmonic ratio of four tangents is the same as 
that of their points of contact. 

276. The expression given (Art. 274) for the anharmonic 
ratio of four points on a conic, /x', fjL\ ijl"\ ti"\ remains unchanged 
if we alter the sign of each of these quantities ; hence (Art. 272) 
if we draw four lines through any point LM^ the anharmonic 
ratio of four of the points [fi\ \l\ yi'\ /a"") where these lines meet 
the conicy is equal to the anharmonic ratio of the other four points 
(— fi'y — fi'j — fjL"j — fji"") where these lines meet the conic. 

For the same reason, the anharmonic ratio of four points on one 
conic is equal to that of the four corresponding points on another ; 
since corresponding points have the same fi, (Art. 272). Again, 
the expression (Art. 274) remains unaltered, if we multiply each 
IJL either by tan^ or cot^: hence we obtain a theorem of Mr. 
Townsend's, ^' If two conies have double contact^ the anharmonic 
ratio of four of the points in which any four tangents to the one 
meet the other is the same as that of the other four points in which 
the four tangents meet the curve^ and also the same as that of the 
four points of contact.''^ 

277. Conversely, given three fixed chords of a conic aa\ 
bb'y cc ] a fourth chord (2/, such that the anharmonic ratio of 
abed is equal to that of ab'c'dj will always touch a certain conic 
having double contact with the given one. For let a, J, c, a', J', c' 
denote the values of ft for the six given fixed points, and /it, ft' 
those for the extremity of the variable chord, then the equation 

(a-5)(c- M) _ (g' - h') (c' - p.') 

(a-c){6-M)~(a'-c')(6'-MV 
when cleared of fractions, may, for brevity, be written 



\ 
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where -4, jB, C, D are known constants. Solving for fi from this 
equation and substituting in the equation of the chord 

it becomes 

fL[BfL-\-D)L^R{lJL[Afi'\-C)-[Bfi + D)]-M{Aii,+ C)^0, 

which (Art. 270) always touches 

{2>L + ((7- 5) ii-^Jf }« + 4 (5Z + ^i?) (CJf+2>5) = 0, 
an equation which may be written in the form 

4 (Sa- AD) [LM-- IP) + {2>L + (i?-F C) 5 + AMY = % 

showing that it has double contact with the given conic. 

In the particular case when B= C the relation connecting 
fi, li! becomes j^^^' + JB (/t + m') + ^ = ^j 

which (Art. 51) expresses that the chord fifi'L'-{fjL + fi) B-i-M 
passes through a fixed point. 

EQUATION REFERRED TO THE SIDES OF A SELF-CONJUQATE 

TRIANQLE. 

278. The equation referred to the sides of a self-conjugate 
triangle Pa' + wi*^ = nV (Art. 258) also allows the position of 
any point to be expressed by a single indeterminate. For if 
we write la^ny cos^, mfi^^ny sin^, then, as at pp. 96, 205, 
the chord joining any two points is 

la cos^(^ + <!>') + m/3 sin ^{<f> + 4>) = ^7 cos J(^ — ^'), 

and the tangent at any point is 

la cos^ + mp sin0 = ny. 

If for symmetry we write the equation of the conic 

aa* + Ji8" + C7" = 0, 

then it may be derived from the last equation, that the equation 
of the tangent at any point a y8 V is 

oaa' + JySyS' + C77' = 0, 

and the equation of the polar of any point OL^y is necessarily 
of the same form (Art. 89). Comparing the equation last 
written with Xa + ii^ 4 V7 = 0, we see that the co-ordinates of 
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\ II 91 

the pole of the last line are - , ^ , - ; and, since the pole of 

any tangent is on the curve, the condition that Xa-^ fifi + vy 

may touch the conic is 1-^ + — = 0. When this condition 

a c 

is fulfilled the conic is evidentlj touched by all the four lines 

^ ± M'fi ± V7, and the lines of reference are the diagonab of the 

quadrilateral formed by these lines (see Ex. 3, p. 139). In like 

manner, if the condition be fulfilled, oa** + iyS** + 07** = 0, the 

conic passes through the four points a', ± yS*, ± 7'- 

Ex. 1. Find the locus of the pole of a given line Xa + ^y3 + vry with re- 
gard to a conic which passes through four &Led points a% ±fi^,±f/, 

. \o'« uBf* iKy'« . 

a /3 7 
Ex. 2. Find the locus of the pole of a given line Xa + ;i^ -f b^» with 
regard to a conic which touches four fixed Unes ^ ± m/3 i 117. 

Ana. rr- + — i- +—1 = 0. 

These examples also give the locus of centre ; since the centre is the 
pole of the line at infinity a tinA + fi sinJ? + 7 sinCl 

279. The equation of this section is used with advantage in 
investigating the properties of the foci. For, ifa? = 0, y = Obe 
any lines at right angles to each other through a focus, and 7 
the corresponding directrix, the equation of the curve is 

a particular form of the equation of this section. Its form 
shows (Art. 258) that the focus {xy) is the pole of the directrix 7, 
and that the polar of any point on the directrix b perpendicular 
to the line joining it to the focus (Art. 192) ; for y, the polar 
of {asy) b perpendicular to x, but x may be any line drawn 
through the focus. 

The form of the equation shows that the two imaginary 
lines 0^ + y are tangents drawn through the focus. Now, since 
these lines are the same whatever 7 be, it appears that all conies 
which have the same focus have two imaginary common tangents 
passing through thisjocus. All conies, therefore, which have both 
foci common, have four imaginary common tangents, and may 
be considered as conies inscribed in the same quadrilateral. The 
imaginary tangents through the focus (a^+y* = 0) are the same 

K 
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as the lines drawn to the two imaginary points at infinitj on any 
circle (see Art. 257). Hence we obtain the following general 
conception of foci : " Through each of the two imaginary points 
at infinitj on anj circle draw two tangents to the conic ; these 
tangents will form a quadrilateral, two of whose vertices will bo 
real and the foci of the curve, the other two maj be considered 
as imaginary foci of the curve.'' 

280. The tangents through (7, x) to the curve are evidently 
«7 + a? and ey -x. If, therefore, the curve be a parabola, 6 = 1; 
and the tangents are the internal and external bisectors of the 
angle (7^). Hence, '' tangents to a parabola from any point on 
the directrix are at right angles to each other." 

In general, since x=^ey cos^, y — ey sin^, we have 

^ = tani: 

or ^ expresses the angle which any radius vector makes with x. 
Hence we can find the envelope of a chord which subtends a 
constant angle at the focus, for the chord 

X cos J {4> -f ^') + y sini (^ + ^') = ey cos J (<^ - ^% 

if ^ - ^' be constant, must, by the present section, always tondi 

aj' + y" = eVcos»i(<^-f), 
a conic having the same focus and directrix as the given one. 

281* The line joining the focus to the intersection of two 
tangents is found by subtracting 

X cos^ +y sln^ —^ = 0, 

X cos^' + y sin^'-eyssQ, 

to be a?sinJ(^ + 0')-y cos^{<l> + (f>')—Oj 

the equation of a line making an angle i (<^ + <p') with the axis 
of re, and therefore hisectxng the angle between the focal radii. 

The line joining to the focus the point where the chord of 
contact meets the directrix is 

X cos^ (0 + ^') 4 y sin J (^ + ^') = 0, 
a line evidently at right angles to the last. 

To find the locus of the intersection of tangents at points tohich 
subtend a given angle 25 at the focus. 
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By an elimination precisely the same as that in Ex. 2, p. 96, 
the equation of the locus is found to be (aj'+y*) cos'S = 6V> 
which represents a conic having the same focus and directrix as 

the given one, and whose eccentricity = — ^ . 

If the curve be a parabola, the angle between the tangents is 
in this case given. For the tangent {x cos(l>-\-y sin^— 7) bisects 
the angle between x cos^-f y sin (f> and 7. The angle between the 
tangents is, therefore, half the angle between a; cos^-f y sin^ and 
X coB<f>' + y sin^', or = ^ (^ — ^'). Hence, the angle between two 
tangents to a parabola is half the angle which the points of contact 
subtend at the focus ; and again, the locus of the intersection of 
tangents to a parabola^ which contain a given angle^ is a hyperbola 
with the same focus and directrix^ and whose eccentricity is the 
secant of the given angle^ or whose asymptotes contain double 
the given angle (Art. 167). 

282. Any two conies have a common self-conjugate triangle. 
For (see Ex. 1, p. 139) if the conies intersect in the points 
-4, JB, C, 2>, the triangle formed by the points jF, F^ 0, in which 
each pair of common chords intersect, is self-conjugate with re- 
gard to either conic. And if the sides of this triangle be a, yS, 7, 
the equations of the conies can be expressed in the form 

We shall afterwards discuss the analytical problem of reducing 
the equations of the conies to this form. If the conies intersect 
in four imaginary points, the lines a, y8, 7 are still real. For it 
is obvious that any equation with real coefficients which is 
satisfied by the co-ordinates aj' + a?" \/(— l)j y' + y" V(— l)j will 
also be satisfied by x' — x" \/(— l)y y' "V*' \/(— l)? and that the 
line joining these points is real. Hence the four imaginary 
points common to two conies consist of two pairs x' ±x" i^{— 1), 

y'±y" Vf- 1) ; x'"±x"" V(- 1), y"'±y""y{'- 1). Two of the 

common chords are real and four imaginary. But the equa- 
tions of these imaginary chords are of the form i±-lf V(— 1), 
L' ± M' V(-* l)j intersecting in two real points LM^ LM\ Con- 
sequently the three points E^ F^ are all real. 

If the conies intersect in two real and two imaginary pointer, 
two of the common chords are real, viz. those joining the two 
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real and the two Imaginary points ; and the other four common 
chords are Ima^arj. And since each of the imagmaiy chords 
passes thjrough one of the two real points, It can have no other 
real point on it. Therefore, In this case, one of the three points 
J?, F^ Is real and the other two Imaginary ; and one of llie 
sides of the self-conjugate triangle Is real and the other two 
Imaginary* 

Ex. 1. Find the locus of yertez of a triangle whose hase angles moiv 
along one conic, and whose sides touch another. [The following solatioii 
is Mr. Bumside's.] Let the conic touched bj the sides be «* + y* - 1^, and 
the other ox* + 5^ ~ cs". Then, as at Ex. 1, p. 96, the co-ordinatM of tiis 
intersection of tangents at points a, 7, are cos |(a + 7), sin } (« -1-7), cos} (a-«y) % 
and the conditions of the problem giro 

a cos*} (o + 7) + 6 sin*} (a + 7) e c cos*} (a - 7); 
or (a + d - <j) + (a - 5 - c) cosa CO87 + (5 - c - a) sina Bin7 ■ 0. 
In like manner 

(a + 6 - c) + (a - d - <j) cos/3co87 + (6 - c - a)8in/3 iin7 ■ 0, 
whence {a^h-e) cos} (a -i- /3) « (6 f e - a) cos}(a - p) CO87; 
(a + ft - e) sin} (a + /3) B (a + 6 > &) cos} (a - pi) sin7, 

and since the co-ordinates of the point whose locus we seek are 00s} (a 4 /9), 
sin} (a + /3), cos} (a - p), the equation of the locus is 

(ft + c - a)* (c + a - ft)* (a + ft - c)** 
Ex. 2. A triangle is inscribed in the conic «* 4- y* a i^j and two sides 
touch the conic ox* -i- fty* » ea^ ; find the envelope of the third aide. 

An9. (ea \db- hef «• + (oft + ftc - cdfy'» {be-^ea^ ab)* iff, 

ENYELOPES. 

283. If the equation of a right line involve an Indeterminate 
quantity In any degree, and if we give to that Indeterminate a 
series of different values, the equation represents a series of 
different lines, all of which touch a certain curve which is called 
the envelope of the system of lines. We shall illustrate the 
general method of finding the equation of an envelope, by 
proving, independently of Art. 270, that the line /A*i/— 2/ijB+ Jf, 
where /i b indeterminate, always touches the curve i/3f-jS*. 
The point of intersection of the lines answering to the values 
fA and /4 + A;, Is determined by the two equations 

the second equation being derived from the first by substituting 
/4 + ^ for fjL^ erasing the terms which vanish in virtue of the first 
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equation, and then dividing by h. The smaller h is, tha more 
nearly does the second line approach to coincidence with the 
first ; and if we make A; = 0, we find that the point of meeting 
of the first line with a consecutive line of the system b de- 
termined by the equations 

/x»i-2/AjB + Jlf=0, /[aX-5 = 0; 

or, what comes to the same thing, by the equations 

/[Ai-jB = 0, /[AjB-Jlf=0. 

Now since any point on a curve may be considered as the inter- 
section of two of its consecutive tangents (p. 140), the point 
where any line meets its envelope is the same as that where 
it meets a consecutive tangent to the envelope ; and therefore 
the two equations last written, determine the point on the 
envelope which has the line fjL^L — 2fili 4- M for its tangent. 
And by eliminating fi between the equations we get the equa- 
tion of the locus of all the points on the envelope, namely 

A similar argument will prove, even if X, JIf, jB do not re- 
present right lines, that the curve represented by /iA*ii— 2/ajB+ JIf, 
always touches the curve LM— IP. 

The envelope of i co8^ + Jf sin^— B, where <f> is indeter- 
minate, may be either investigated directly in like manner ; or 
may be reduced to the preceding by assuming tan J^ = /^9 when 

on substituting 

1 -- u* . 2u 

cos0 = - — ^, sm6= ^ . „ i 

and clearing of fractions, we get an equation in which fi only 
enters in the second degree. 

284. We might also proceed as follows : The line 

/x*i - 2/i JR + J/ 

is obviously a tangent to a curve of the second class (see notCi 
p. 137) ; for only two lines of the system can be drawn through 
a given point : namely, those answering to the values of fi de- 
termined by the equation 

where L'j JS', M' are the results of substitutbg the co-ordinates 
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of the given, point In i, JK, M. Now these values of /a will 
evidently coincide, or the point will be the intersection of two 
consecutive tangents, if its co-ordinates satisfy the equation 
LM=IP, And, generally, if the indeterminate fi enter alge- 
braically and in the n^^ degree, into the equation of a line, the 
line will touch a curve of the n"* class, whose equation is found 
by expressing the condition that the equation in fi shall have 
equal roots. 

Ex. 1. The vertices of a triangle move along the three fixed lines 
^i fit 7) and two of the sides pass through two fixed points a'/S^Yi a"p"r^'\ 
find the envelope of the third side. Let a ^ fiphe the line joining to aft the 
vertex which moves along 7, then the equations of the sides through the 
fixed points are 

7'(« + /i/3)-(a' + /ui8')7 = 0, 7''(« + M/3)-(a" + Mr)7=0. 

And the equation of the hase is 

(of + ^ft') c/'a + (a" + M/3") mY/S - («' + fiPK^' + /«/3") 7 = 0, 

for it can be easily verified, that this passes through the intersection of the 
first line with a, and of the second line with ft. Arranging according to 
the powers of m, we find for the envelope 

(a/3'7" + ft^a" - 7a'/3" - 7a"/8'y = 4a' ft'' (af' - a''rf)(ftr/ - ft^rf). 

This example may also be solved by arranging according to the powers 
of a, the equation in Ex. 3, p. 51. 

Ex. 2. Find the envelope of a line such that the product of the perpen- 
diculars on it from two fixed points may be constant. 

Take for axes the line joining the fixed points and a perpendicular through 
its middle point, so that the co-ordinates of the fixed points may be j^ = 0, 
xs±Ci then if the variable line be y - tnx -f n = 0, we have by the conditions 
of the question (^ ^ ^^j (ti - wic) = 6« (1 + m»), 

or n* = 6" + 6W + c'm*, 

but «• = y« - 2mxy + m V, 

therefore m* (x* - 6* - c') - 2mxy + y* - 6* = j 

and the envelope is af*y* = (x* - ft* - c") (y" - b*), 

b* + c' b* 
Ex. 3. Find the envelope of a line such that the sum of the squares of 
the perpendiculars on it from two fixed points may be constant. 

J 2x« 2y« , 

Ex. 4. Find the envelope if the difference of squares of perpendiculars 
be given. Ans. A parabola. 

Ex. 5. Through a fixed point any line OP is drawn to meet a fixed 
line ; to find the envelope of PQ drawn so as to make the angle OFQ constant^ 
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Let OP make the angle with the perpendicular on the fixed line, and 
its length is psecO-, but the perpendicular from O on PQ makes a fixed 
angle fi with OP, therefore its length is-p seed cos /3 ; and since this per- 
pendicular makes an angle ^ ■¥ fi with the perpendicular on the fixed line, 
if we assume the latter for the axis of x, the equation of PQ is 

X cos (0 + /3) + y sin (^ + /3) « /> sec0 cos/3, 
or X cos {20 + /3) + y sin (2^ + /S) = 2p co8/3 - x cos^ - y sin /9, 

an equation of the form Z co80 + 3f 8in0 = i2, 
whose envelope, therefore, is 

«■ + y" = (jc C08/3 + y sin/S - 2p co8/3f , 
the equation of a parabola haying the point O for its focus. 

Ex. 6. Find the envelope of the line — + - = 1, where the indeter- 

minates are connected by the relation /a f / » C. 

We may substitute for /, C- m, and clear of fractions; the envelope is 
thus found to be ^« + ^ + e« - 2AB - 2AC- 2BC= 0, 
an equation to which the following form will be found to be equivalent, 

±^/A±^/B±^/C-^0. 

Thus, for example, — Given vertical angle and sum of sides of a triangle, to 
find the envelope of base. 

The equation of the base is x y ^ 

where a-^h = e. 

The envelope is, therefore, 

«* + y* - 2xy - 2ca; - 2cy + c* - 0, 

a parabola touching the sides x and y. 

In like manner, — Given in position two conjugate diameters of an ellipse, 
and the sum of their squares, to find its envelope. 

If in the equation "^ "^ €t *" ^» 

we have o^ + y* = c*, the envelope is 

X ±y ±e-0. 
The ellipse, therefore, must always touch four fixed right lines. 

285. If the coefficients in the equation of any right line 
Xa + fil3 + vy be connected hy any relation of the second order 
in X, /i, V, 

^X* -h JB/a' + Cv" f 2i>v + 2 (y vX H- 2iZX/i = 0, 

the envelope of the line is a conic section. Eliminating v between 
the equation of the right line and the given relation, wc have 

4-(Z>y--2/7)8-f<7/3')M* = 0, 
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ftnd the envelope is 
{Ar/^2Gya^Ca'){3/'-2Fyff+C/3')^{Hy'-Fya''GhYfi'hChl3)\ 

Expanding this equation, and dividing by y, we get 

+ 2{GH-AI^I3y-^2{HF^BG)ya-]-2{FG"CH)afi=^0. 

The result of this article may be stated thus : Any tangential 
equation of the. second order in X, /i, v represents a conicj whose 
trilinear equation is found from the tangential by exactly the 
same process that the tangential is found from the trilinear. 
For it is proved (as in Art. 151) that the conation that 
XoL + /ifi 4- vy shall touch 

aa* + J)8" + c7' + 2//97 + 257a + 2Aa)8 = 0, 
or, in other words, the tangential equation of that conic, ia 

+ 2{gh^af)fiV'{'2[hf''lg)vX + 2{fg-ch)\fi=^0. 

Conversely, the envelope of a line whose coefficients X, /i, y 
fulfil the condition last written, is the conic aa* + &c. = 0; and 
this may be verified by the equation of this article. For, 
if we write for A^ -B, &c., Ic—f*^ ca^-g*^ &c., the equation 
(EC - JF^) 0* + &c. = becomes 

(aJc+2^A-ajP-J/-cA")(aa*+J)8*+c7*+2^7+257a+2Aa/9)=0. 

Ex. We may deduce as particular cases of the above, the results of 
Arts. 127, 130, namely, that the envelope of a line which fulfils the 

F G S 

condition -+-+— »Ois ^/{Fa) + '^{Qp) + V(-H7) = 0; and of one which 

fulfils the condition -^(FX) + V(^m) + VC-ff") = 0is^+|^+^=0. 

286. It is proved, as at Art 76, that if the condition be 
fulfilled ^50 + 2FQH'- AF'-^BG ^CH'^Q, 
then the equation 

JX» + JB/A* + (7v* + 2i?>v + 2 (?vX + 2jGrX/A = 0, 
may be resolved into two factors, and is equivalent to one of the 
form (a'x + iS'A^ + 7V) (a"X + iS'V + i'v) = 0. 

And since the equation is satisfied if either factor vanish, it 
denotes (Art. 51) that the line Xa + /i)8 + v7 passes through one 
or other of two fixed points. 
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If, as In the last article, we write for -4, he -/*, &c., it will 
be found that the quantity ABC +2FGH+ Sec. is the square 
of aic + 2^A + &c. 

Ex. If a conic pass through two given points and have double contact 
with a fixed conic, the chord of contact passes through one or other of two 
fixed points. For let S be the fixed conic, and let the equation of the other 
he S= {Xa + fi^ 4- 1^)*. Then substituting the co-ordinates of the two given 
points, we have 

whence (\a' + ^/S* + i^) ^/iS") = ± (Xa" + ^/8" + vr/') ^{S'), 

showing that Xa -i- ^/9 -i- vry passes through one or other of two fixed points, 

since S*, S" are known constants. 

287. To find the equation of a conic having double contact 
with two given conies, 8 and 8\ Let E and i^ be a pair of 
their chords of intersection, so that /8— 8'^EF] then 

represents a conic having double contact with 8 and 8' ; for it 
may be written * 

{fiE+F)* = A/jL8j or {jiE'-Ff^^iAS'. 

Since lA is of the second degree, we see that through any 
point can be drawn two conies of this system ; and there are 
three such systems, since there are three pairs of chords J?, F. 
If 8' break up into right lines, there are only two pairs of 
chords distinct from 8\ and but two systems of touching conies. 
And when both 8 and 8* break up into right lines there is but 
one such system. 

Ex. Find the equation of a conic touching four given lines. 

An». fi'JB* ^ 2^{AC ^ SD) 4^ F* « 0, 
where A, B, C, D oie the sides; E, F the diagonals, and ^C- BD^EF. 
Or more symmetrically if X, 3f, iV be the diagonals, L±M±Nihe sides, 

/.•X* - /» (X* + 3f • - ^'•) + 3f • = 0. 
For this always touches (X* + Jf • - N^f - 4X«JJP 

» (X + 3f + ^')(-af + N- L)(L + N- M){M^ X - N). 

X' j5f* 
Or again, the equation may be written JV^a — — + -r-,- (see Art. 278.). 
** cos'0 sm 

288. The equation of a conic having double contact with 
two circles assumes a simpler form, viz. 
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The chords of contact of the conic with the circles are found 
to be (7-C' + /i = 0, and (7-C7'-/i = 0, 

which are, therefore, parallel to each other, and equidistant from 
the radical axis of the circles. This equation may also be written 
in the form VC±VC' = Vm. 

Hence, the locus of a pointy the sum or difference of whose tangents 
to two given circles is constant ^ is a conic having double contact 
with the two circles. K we suppose both circles infinitely small, 
we obtain the fundamental property of the foci of the conic. 

If fi be taken equal to the square of the intercept between 
the circles on one of their common tangents, the equation de- 
notes a pair of common tangents to the circles. 

Ex. 1. Solve by this method the Examples (pp. 106, 107) of finding 
common tangents to circles. 

^iM. Ex. 1. VC'+VC" = 4or=2. ^n«. Ex. 2. VC'+ VC" = 1 or = V-79. 

Ex. 2. Given three circles ; let X, L' be the common tangents to C'C\ 
M, M' to C^ d N.irto C, C'\ then if i, Jf, N meet in a point, so wiU 
i', 3r, N\ 

Let the equations of the pairs of common tangents be 

-sio^^jC'^t, '^C'^^c^if, vc+VC'-r. 

Then the condition that X, 3f, N should meet in a point is ^ + ^ = T; and it 
is obvious that when this condition is fulfilled, X', 3f' , N' also meet in a point, 

GENERAL EQUATION OF THE SECOND DEGREE. 

289. There is no conic whose equation may not be written 
in the form 

aa" + J)8" + C7' + 2//37 + 2^7a + 2Aa)8 = 0. 

For this equation is obviously of the second degree ; and since 
it contains five independent constants, we can determine these 
constants so that the curve which it represents may pass through 
five given points, and therefore coincide with any given conic. 
The trilinear equation just written includes the ordmary Car- 
tesian equation, if we write x and y for a and )3, and if we 
suppose the line 7 at infinity, and therefore write 7 = 1, (see 
Art. 69 and note, p. 73). 

In like manner the equation of every curve of any degree 
may be expressed as a homogeneous function of a, /8, 7. For 
it can readily be proved that the number of terms in the complete 
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equation of the n order between two variables is the same as 
the number of terms in the homogeneous equation of the n"" 
order between three variables. The two equations then, con- 
taining the same number of constants are equally capable of 
representing any particular curve. 

$90. Since the co-ordinates of any point on the line joining 
two points a'ySy, a"/8' 7" are (Art. 66) of the form hi + wa", 
ip + 7W)8", ?7 + W7", we can find the points where this joining 
line meets any curve by substituting these values for a, )8, 7, 
and then determining the ratio li mhj means of the resulting 
equation.* Thus (see Art. 92) the points where the line meets 
a conic are determined by the quadratic 

P (aa'* + h^'^ + C7'^ + 2/93 V + 2^77^ + 2Aa'/8') 

4 2?m{aaV' + Jy3'/8" + C7V 

+/()8V + P"i) +ff (7V' + 7V) + h {a'l3" + a"ff)} 

+ w" (oa"* H- bfi'" 1 C7"* + 2f]3'Y + 2^7"a" + 2Aa"/3") = ; 

or, as we may write it, for brevity, P/S' + 2?mP+ w^/S" = 0. 
"When the point al3'y is on the curve, 8' vanishes, and the 
quadratic reduces to a simple equation. Solving it for I : m^ 
we see that the co-ordinates of the point where the conic is met 
again by the line joining a"fi"y" to a point on the conic a'yS'7', 
are 8"a' - 2Pa", 8"j3' - 2P/3", 8'y' - 2P7". These co-ordinates 
reduce to a'iS 7' if the condition P= be fulfilled. Writing this 
at full length, we see that if a"/3"y" satisfy the equation 

oaa' + J)S/3'+ crf'Jtf{Pi^ Pi) +^ (7 a + 7^') + A (a')8 + o^ = 0, 

then the line joining a"l3"f/' to a'jS'y meets the curve in two 
points coincident with a'iSV: in other words, a"yS"7" lies on 
the tangent at a'ffy. The equation just written is therefore 
the equation of the tangent. 

291. Arguing, as at Art. 89, from the symmetry between 
a/87, a'/ffy of the equation just found, we infer that when a'jS'y' 
is not supposed to be on the curve, the equation represents the 
polar of that point. The same conclusion may be drawn from 
observing, as at Art. 91, that P=0 expresses the condition that 

T ,- , — M.1.J ^1 ^M M.I ^ ■ - - _ !!-■ I ■ ■ ■ 1^ ■ - -^ 

* This method was introduced by JoachimsthaL 
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the line joining olP^\ a^/^Y' shall be cut harmonically by the 
curve. The equation of the polar may be written 

But the quantities which multiply a', /3', 7' respectively, are half 
the differential coefficients of the equation of the conic with 
respect to a, )8, 7. We shall for shortness write fi^, 8^^ 8^ in- 

ja ya to 

stead ^f "7" ) To ) 3- ; *^d ^^ see that the equation of the polar is 

a'8,+fi'8, + i8,^0. 

In particular, if ^S*, 7' both vanish ; the polar of the point I3y 
is 8^J or the equation of the polar of the intersection of two of the 
lines of reference is the differential coefficient of the eqtiation of 
the conic considered as a function of the third* The equation of 
the polar being unaltered by interchanging a/87, a'13'yj may also 
be written aS^' -f ^85; + 7/8,' = 0. 

292. When a conic breaks up into two right lines, the polar 
of any point whatever passes through the intersection of the 
right lines. Geometrically it is evident that the locus of har- 
monic means of radii drawn through the point is the fourth 
harmonic to the pair of lines, and the line joining their inter- 
section to the given point. And we might also infer, from the 
formula of the last article, that the polar of any point with 
respect to the pair of lines afi is ffa + a'/S^ the harmonic con- 
jugate with respect to a, fi of jS'a — a')8, the Ime joining aj3 to 
the given point. If then the general equation represent a pair 
of lines, the polars of the three points ^87, 70, ajSj 

aa + hl3+ffy^0^ Aa + J)S+/y = 0, ^a+^ + C7=sO, 

are three lines meetmg in a pomt. Expressing, as in Art. 

88, the condition that this should be the case, by eliminating 

oe, ^, 7 between these equations, we get the condition, already 

found by other methods, that the equation should represent 

right lines; which we now see may be written in the form 

of a determmant, 

a. A, g 

or, expanded, abc + 2fyh — af — h^ — ch*^0. 
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The left-hand side of this equation Is called the discriminani^ 
of the equation of the conic. We shall denote it in what follows 
by the letter A. 

293. To find the co-ordinates of the pole of any line 
Xa + /i/9 + v7. Let (iff^* be the sought co-ordinates^ then we 
must have 

aa' + A)8'+^' = X, ha' + 1/3' +fy' ^fij ga'-^-J^ -hcy'^y. 
Solving these equations for a', ffj 7', we get 

Ai8' = X(^-ci) + A^(ca-^ + v((7A-a/), 

or, if we use Aj B^ CT,t &c. in the same sense as in Art. 15]| 
we find the co-ordinates of the pole respectively proportional to 

-4X + jB^a + (7f, H\ + B/jL'\'Fvy G\ + F/m + Cv. 

Since the pole of any tangent to a conic is a point on that 
tangent) we can get the condition that Xa 4 /ifi + vy may touch 
the conicy by expressing the condition that the co-ordinates just 
found satisfy \a-\- /jLJS + vy^O. We find thus, as in Art. 285, 

-4X* + 5/A* + (7i^ + 2i?>v + 2 (7fX + 2 JSrX/iA = 0. 

If we write this equation 2 = 0, it will be observed that the 
co-ordinates of the pole are 2,, 2,, 2,, that is to say, the differ- 
ential coefficients of 2 with respect to X, /i, v. Just, then, as the 
equation of the polar of any point is aS^ + fiS^ + y8^ = 0, so 
the condition that \a + fAl3 + vy may pass through the pole of 
\'a + fi/3 + vyj (or, in other words, the tangential equation of 
this pole) is X2/ + Ai2,' + v2,' = 0. And again, the condition 
that two lines Xa + fi/S + vyj X'a + /JLfi + vy may be conjugate 

* In general, if a homogeneous function of any number of variables be 
differentiated successively with respect to all these variables, and the vari- 
ables eliminated between the resulting equations, the result of elimination 
is called the discriminant of the given function. Thus, in particular, the con- 
dition that an algebraic equation should have equal roots is the discriminant 
of that equation. For if the equation be made homogeneous by the intro- 
duction of a variable y, the condition that the equation should hate equal 

roots, is obtained by eliminating x and y between jT '^ ^> T" ^ ^^ 
t A, B, C, &c. are the minart of the determinant of the last article. 
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with respect to the conic ; that is to say, may be such that the 
polar of either lies on the other, may obviously be written in 
either of the equivalent forms 

V2, + /i'S, + y% = 0, XS/ + iiiS; + vs; = 0. 

From the manner in which 2 was here forqaed, it appears that 
2 is the result of eliminating a , )8', 7 , p between the equations 

aa! + hff -itgi + pX = 0, Iki + JyS' +/y' + p/i = 0, 

ga'-^-J^S' -f C7 +/5V =0, Xa' + /A/S' + V7' = 0; 

in other words, that 2 may be written as a determinant 

a, A, ^, X 

X, fi, V, 

Ex. 1. To find the co-ordinates of the pole of \a + yu)9 + ^7 with respect to 
'\/(ia) -I- '^{mfi) -}- V(^7)« "^^ tangential equation, in this case, (Art 130)^ 

^^°« /^i' + mA + nX/» = 0, 

the co-ordinates of the pole are 

Ex. 2. To find the locus of the pole of Xa 4- /t/3 + ^7 with respect to a 
conic being given three tangents, and one other condition.* 

Solving the preceding equations for /, m, n, we find /, m, n proportional to 

X (/I/5' + vy - Xa'), fi (•'Y + Xa' - /i/T), i' (Xa' + ^ - vY), 

Now V(^) + VC*"^) + V(«7) denotes a conic touching the three lines 
«> Pt 7 1 Ai^d any fourth condition establishes a relation between /, m, n, in 
which, if we substitute the values just found, we shall have the locus of the 
pole of Xa + fi/3 -I- ^7. If we write for X, /u, v the sides of the triangle of 
reference a, 6, c, we shall have the locus of the polar of the line at infinity 
aa + 6/3 + C7 ; that is, the locus of centre. Thus the condition that the conio 

should touch .4a + J?)9 + Cy, being "7 ^^ ^ + ^ = ^» (Art 130), we infer that 

the locus of the pole of Xa -i- ^/9 -i- V7 with respect to a conio touching the 
four lines a, fi, 7, Aa + Bfi -I- Cy, is the right line 

X (|i^ + 1^ - Xa) n (P7 -h Xa - fifi) v (Xa + /I/3 - Iffy) 

A ^ 5 ^ 5 ^^• 

Or again, since the condition that the conio should pass through a'fi^i^ i* 
y(ia') + *J{m§f) + *J{nr{) = 0, the locus of the pole of Xa + fi/5 + iwy with re- 

* The method here used is taken from Heam's lUsearchea an Conic 
Sections, 
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spect to a conic which touches the three lines a, j3, 7, and passes through a 
point «'/9'y, is 

V{Xa'(a/3 + 1^7 - \a)] + ^{a*^ (i^ + \a « y^/3)} + ^[p^ (\a + ^/3 - 1^)} =• 0, 

which denotes a conic touching /4/3 f V7 - \o, ^7 + Xo - /*p, \a-{ fifi - »y. 
In the case where the locus of centre is sought, these three lines are the 
lines joining the middle points of the sides of the triangle formed by a, j3, 7. 
Ex. 3. To find the co-ordinates of the pole of \a -f /i/3 + V7 with respect 
to Ifi^ ■{- m*^a -i- na/9. The tangential equation in this case being, Art. 1279 

r\* + mV' + »V - 2mtiM¥ - 2nU'\ - 2/mX/i = 0, 
the co-ordinates of the pole are 

a' = l(l\- mfjL - fiv), p' = m (mft - nv - /X), Y = fi (nu - /X - mfi), 
whence 1117' 4 «/3' = - 2/mnX, na' + ^ = - 2lmnfi, Ifi + mo' = - 2lmnv ; 
and, as in the last example, we find /, m, n respectively proportional to 

a' (/«/r + vy - XaO, /r (i^Y + Xo' - /./y), y (Xa' + ^./J' - ir/). 

Thus, then since the condition that a conic circumscribing a/37 should 

pass through a fourth point a'/ff'y is - + — + — = 0, the locus of the pole of 

« p 7 
Xa 4 /ia/9 + V7, with regard to a conic passing through the four points, is 

^(/"/^ + i^ - Xa) 4 - (ry 4 Xa - /i^) 4 ^, (X4« 4 /^^ - «^) = 0, 

which, when the locus of centre is sought, denotes a conic passing through 
the middle points of the sides of the triangle. The condition that the conic 
should touch -4a 4 J?/3 4 Cy, being V(-^0 + 'J(Bm) 4 'J(Cn) = 0, the locus 
of the pole of Xa 4- m/3 4 ^7, with regard to a conic passing through three 
points and touching a fixed line, is 

V{-4a (/«j8 + ir7 - \a)) + V{-S/5 ("7 + ^ " f^fi)) + V^V (Xa 4- /«/3 - i^) « 0, 

which, in general, represents a curve of the fourth degree. 

294. K a"l3"y" be any point on any of the tangents drawn 
to a curve from a fixed point a!l^y\ the line joining a!l3'y\ a"fi"y' 
meets the curve in two coincident points, and the equation in 
I : m (Art. 290), which determines the points where the joining 
line meets the curve, will have equal roots. 

To find, then, the equation of all the tangents which can be 
drawn through aj3'y\ we must substitute Za + wia', Ifi + mffj 
ly + my In the equation of the curve, and form the condition 
that the resulting equation in Z : m shall have equal roots. 
Thus, (see Art. 92) the equation of the pair of tangents to a 
conic is 8S' = P" ; where 

^=aa* + &c., fl^ = aa" + &c., P=aaa' + &c. 

This equation may also be written in another form ; for since 
any point on either tangent through a'jS'y' evidently possesses 



\ 
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the property that the line joining it to alff^* touches the curve, 
we have only to express the condition that the line joining two 
points (Art. 65) 

should touch the curve, and then consider a")8"7" variable, when 
we shall have the equation of the pair of tangents. In other 
words, we are to substitute ^87 — /8'7, 7a' — 7'a, aff — OL^ for 
X, /i, V in the condition of Art. 285, 

^X» + 5/i* + Ci'* + 2^/iv + 2 G^vX + 2jGrX/iA = 0. 

Attending to the values given (Art. 285) for -4, JB, &c., it may 
easily be verified that 

(aa* + &c.) (aa'« + &c.) - (aaa' + &c.)* = A (^87' - Pi)^ -^ &c 

295. It follows, as a particular case of the last, that the 
pairs of tangents from ^87, 7a, aP are 

as indeed might be seen directly by throwing the equation of 
the curve Lnto the form 

(aa + Ai8+^)» + (C18« + ^-2^/37) = 0. 

Now if the pair of tangents through ^87 be i8 — fey, fi — Jdy^ it 

appears from these expressions that kk'^^jy^ and that the corre- 

. A 

spending quantities for the other pairs of tangents are -7 1 "n 9 

and these three multiplied together are = 1. Hence, recollecting 
the meaning of k (Art. 54), we learn that if A^ Fj Bj i>, C7, E 
be the angles of a circumscribing hexagon, 

sin EAB. sinFAB. sin FBC. sin DBC. sin D CA . sinECA 
BmFAC.smFAC.BmFBA.smjDBA.smjDCB.emFOB "^ 

Hence also three pairs of lines will touch the same conic if 
their equations can be thrown into the form 

for the equations of the three pairs of tangents, already found, 
can be thrown into this form by writing »J{AL) for a, &c. 

296. If we wish to form the equations of the lines joining 
to a'fi'*/ all the points of intersection of two curves, we have 
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only to substitute h + ma'^ 1/3 + mis' j Z74 my in both equations, 
and eliminate I : m from the resulting equations. For any 
point on any of the lines in question evidently possesses the 
property that the line joining it to a'iS'y' meets both curves in 
the same point ; therefore the equations inlimj which determine 
the points where one of these lines meets both curves, must 
have a common root; and therefore the result of elimination 
between them is satisfied. Thus, the equation of the pair of 
lines joining to a'fi'y the points where any right line L meets Sj 
is L'^S" 2iiT+ L'S' = 0. If the point a'ySy be on the curve 
the equation reduces to L'S— 2iP= 0. 

Ex. A chord which subtends a right angle at a given point on the curTe» 
passes through a fixed point (Ex. 2, p. 165.). We use ordinary rectangular 
co-ordinates, and, as above, form the equation of the lines joining the givei^ 
point to the intersection of the conic with Xx + |(y + y. These lines will be 
at right angles if the Sum of the squares of the coefficients of ^ and y* 
vanish, which gives the condition 

(\xf + ^y* 4 ») (a + ft) = 2 {a\jf + hfju/). 

And since X, /i, v enter in the first degree, the chord passes through a 

fixed point, viz. ^ x*, jr /. If the point on the curve vary, this other 

point will describe a conic. If the angle subtended at the given point be 
not a right angle; or, if the angle be a right angle, but the given point not 
on the curve, the condition found in like manner will contain X, ^ y in the 
second degree ; and the chord will envelope a conic. 

297. Since the equation of the polar of a point involves the 
coefficients of the equation in the first degree, if an indeterminate 
enter in the first degree into the equation of a conic it will 
enter in the first degree into the equation of the pole. Thus, 
if P and P be the polars of a point with regard to two conies 
5, 8'] then the polar of the same point with regard to S+kS' 
will be P+A:P'. For 

(a + ka') aa' + &c. = aaa' + &c. + Jc {a'aa! + &c.] . 

Hence, given four points on a conic^ the polar of any given point 
passes through a fixed point (Ex. 2, p. 143). 

If Q and Q be the polars of another point with regard to 8 
and 8\ then the polar of this second point with regard to 8-\-'k8' 
is Q-^-kQ. Thus, then, (see Art. 59) the polars of two points 
with regard to a system of conies through four points, form two 
homographic pencils of lines. 

s 
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CHven two homographic pencils of ItneSj the locus of the inter* 
section of the corresponding lines of the pencils is a conic through 
the vertices of the pencils. For, if we eliminate h between 
P+iP', © + A^, we get PQ^PQ. In the particular case 
under consideration, the intersection of P+AP, Q^-hQ \a the 
pole with respect to 8+k8' of the line joining the two given 
points. And we see that, given four points on a conicj the locus 
of the pole of a given line is a conic (Ex. 1, p. 241). 

If an indeterminate enter in the second degree into the 
equation of a conic, it must also enter in the second degree 
into the equation of the polar of a given point, which wiU then 
envelope a conic. Thus, if a conic have double contact with 
two fixed conies, the polar of a fixed point will envelope one 
of three fixed conies ; for the equation of each system of conies 
in Art. 287 contains fA in the second degree. 

We shall in another chapter enter into fuller details re- 
spectmg the general equation, and here add a few examples 
illustrative of the principles already explained. 

Ex. 1. A point moYes along a fixed line ; find the locos of the intersec- 
tion of its polan with regard to two fixed conies. If the polars of any two 
points a'/S'y, a"^rf on the given line with respect to the two conies be 
P\ P"; Qf Qfi then any other point on the line is Xo* + fita", \fi + ^', 
Xy + ^; and its polars XP' + ^P", \Q + fiQ% which intersect on the 
conic P'Or = P^Q. 

Ex. 2. The anharmonic ratio of four points on a right line is the samn 
as that of their four polars. 

For the anharmonic ratio of the four points 

W + ma*\ fa' + mV, ra' + n^a\ ra' + Ifl'V, 

is evidently the same as that of the four lines 

/P' + mP'*, VP' + m'P", rP' + tnrP\ TP' + mT'P^ 

Ex. 3. To find the equation of the pair of tangents at the points where 
a conic 8 is met by the line y. 

The equation of the polar of any point on 7 is (Art. 291) J8y^ + ^8^ « 0. 
But the points where 7 meets the curve, are found, by making 7 ^ in the 
general equation, from ^^ ^ 2ha!^ + 6/J^ = 0. 

Eliminating a\ fi^ between these equations, we get for the equation of 
the pair of tangenU ^g^t . 2h8^8^ + hS,' « 0. 

Thus the equation of the asymptotes of a conic (given by the Cartesian 
equation) U .^^r. ^^ fd8\/d8\ ^ /d8\* 

or "* ' I . r f 
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for the asymptotes are the tangents at the points where the curre is met by 
the line at infinity s. 

Ex. 4. Given three points on a conic ; if one asymptote pass through a 

fixed point, the other will envelope a conic touching the sides of the given 

triangle. If ^j, ^ be the asymptotes, and oa -i- d/9 + C7 the line at infinity, 

the equation of the conic is t^t^ a {aa + 6/9 4 C7)P. But since it passes through 

^7, 7a, a/3, the equation must not contain the terms a*, /3*, 7*. If therefore 

a* 6' e* 
tiheXa ^ fjL^ ^ »7, t^ must be— o + -/3 + — y; and if t^ pass through afpy 

then (Ex., p. 248) t^ touches a^/{aa') + h V(/5/3') + c VCrxO = 0. The same 
argument proves, that if a conic pass through three fixed points, and if one 
of its chords of intersection with a conic given by the general equation be 

X« + /*/9 + vy, the other will be-a+ -/3 + -y. 

Ex. 5. Given a self conjugate triangle with regard to a oonio ; if one 
chord of intersection with a fixed conic (given by the general equation) pass 
through a fixed point, the other will envelope a conic [Mr. Bumside]. The 
terms afi, fiy, ya are now to disappear firom the equation, whence if one 
chord be Xa + ^ -h vr, the other is found to be 

Xa (^^ + i»A - X/) + yM/3 (irA + X/- fiff) + iry (V+ /^ - vh). 

Ex. 6. A and A' {<^ifiiyit oiAyO ^'^ ^® points of contact of a common 
tangent to two conies U, V\ P and P' are variable points, one on each 
conic ,- find the locus of C, the intersection of AP^ A'P\ if PP* pass through 
a fixed point O on the common tangent [Blr. Williamson]. 

Let P and Q denote the polars of a,/9i7i, a^firrtf with respect to U and V 
respectively ; then (Art 290) if afiy be the co-ordinates of C, those of the 
point P where ^C meets the conic again, are Ua^-2Pa, UPi-2Pfi, 
Uy^ - 2Py ; and those of the point P' are, in like manner, V<h - 2Qa, &c. 
If the line joining these points pass through O, which we choose as the in- 
tersection of «, fi, we must have 

Uai - 2Pa Foa - 2Qa 

l/^i-2P^'' Vfi^-2Qfi' 
and when A, A', O are unrestricted in position, the locus is a curve of the 
fourth order. If, however, these points be in a right line, we may choose 
this for the line a, and making a^ and a, s 0, the preceding equation be- 
comes divisible by a, and reduces to the curve of the third order P V0^ - Q Ufii, 
Further, if the given points are points of contact of a common tangent, P 
and Q represent the same line; and another factor divides out of the 
equation which reduces to one of the form rTa A; F, representing a conic 
through the intersection of the given conies. 

Ex. 7. To inscribe in a conic, given by the general equation, a triangle 
whose sides pass through the three points p^, 70, afi. We shall, as before, 
write S^t 8^ S^ for the three quantities, fl« + A/3 + ^, ha + hfi Vfi, g^ +/P + ey. 
Now we have seen, in general, that the line joining any point on the curve 
a^ to another point a'/S'y meets the curve again in a point, whose co- 

S2 
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ordinatea are S'a - 2P'a', S'p - 2P'/3', ^"7 - 2P Y- Now if the point -'/S'*/ 
be the intersection of the lines p, 7, we may take a' « 1, yS* = 0, Y ts 0, wbieh 
gives iS' B a, P' s 8^^ and the co-ordinates of the point where the Ime joining 
0)87 to ^ meets the curve, are aa - 2S^, fl/3, 07. In like manner* the line 
joining a/37 to 7a, meets the curve again in ba^ hfi - 2iS'„ 67. The line 
joining these two points will pass through a/9, if 

aa " 28i ba 

or, expanding 28^82 = aa8t + hp8i, 

which is the condition to be fulfilled by the co-ordinates of the Tertez. 

Writing in this equation aa^ 81- hfi - gy,h0^ 82- ha -Jy, it becomee 

h («iS, + P82) + y(f8, + ^82) - 0. 
But since a/37 ^ ^^ ^^ curve, aiS^ 4 fi8t -» 7'S', a 0, and the equation last 
written, reduces to 7 (/S, + ^5^ - A5,) = 0. 

Now the factor 7 may be set aside as irrelevant to the geometric solotion 
of the problem ; for although either of the points where 7 meets the curve 
fulfils the condition which we have expressed analytically, namely, that if it 
be joined to fi^ and to 7a, the joining lines meet the curve again in pointi 
which lie on a line with ap • yet, since these joining lines coindde, they 
cannot be sides of a triangle. The vertex of the sought triangle is therefore 
either of the points where the curve is met by /8i 4 g82 - h8g. It can be 
verified immediately ih&t/8^ » ^^$3 a A^S, denote the lines joining the cor- 
responding vertices of the triangles a^, 6^^^/S,. Consequently (see £z« 9^ 
p. 60), /S| + g8^ " h8^ is the line whose construction is given, p. 237. 

Ex. 8. If two conies have double contact, any tangent to the one is cut 
harmonically at its point of contact, the points where it meets the other, 
and where it meets the chord of contact. 

If in the equation i9 4 22* <= 0, we substitute la' -{■ ma^, 10 + m^", J*/ 4 w^^ 
for a, ^, 7, (where the points a'/S'Y, a''fi"ff satisfy the equation i9 > 0), we gel 

(IR + mR'y + 2/mP = 0. 

Now, if the line joining a'ffy\ a^iS^y, touch 8 -f JS*, this equation must 
be a perfect square : and it is evident that the only way this can hi^ipen b 
if P a - 2RR\ when the equation becomes (IR - mRy b 0| whence the 
truth of the theorem is manifest. 

Ex. 9. Find the equation of the conic touching five lines, vis. a, /9, % 

Aa^B0A^ Oy. A'a + ^/B + C'y. 

Ans. (/o)^ 4 {mfiy + (^7) > where /,m, it are determined by the condition! 

I m n ^ I m n 

Ex. 10. Find the equation of the conic touching the five lines, a, iS, y^ 
tt + iB + 7, 2tt f iB - 7. 

We have Z + minsO, i/im-n^O: hence the required equation is 

2 (- tt)* + (3^^4 + {yf « 0. 
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Ex. 11. Find the equation of the conio touching a, $, y, at their middle 
points- Am. {aa)^ + {Jb&^ + (cy)* = 0. 

Ex. 12. Find the condition that Qa)^ + (m^)^ + {nyf » should repre- 
sent a parabola. 

An$, The curve touches the line at infinity when - t -r -i- - = 0. 

a h e 

Ex. 13. To find the locus of the focus of a parabola touching a, i9, 7. 

Generally, if the co-ordinates of one focus of a conic inscribed in the 

triangle 0^7 be a'^V, the lines joining it to the vertices of the triangle will be 

a £ ^ 7 7 « 

tt'"/y' i9'"y' y"«^' 

and since the lines to the other focus make equal angles with the sides of 
the triangle (Art 189), these lines will be (Art. 66) 

and the co-ordinates of the other focus may be taken -7, — , — . 

o iS* y 

Hence, if we are given the equation of any locus described by one focus, 

we can at once write down the equation of the locus described by the other ; 

and if the second focus be at infinity, that is, if a' sin ^ •{- i3" sin J9 -i- y sin C - 0, 

the first must lie on the circle — — + —-7- + — r- «= 0. The co-ordinates 

a' 7 

of the focus of a parabola at infinity are -z-m . .^ t -r-r^i, since (re- 

*^ ' sm*-4 sin'5 sin'C 

membering the relation in Ex. 12) these values satisfy both the equations, 

a sin^ + fi sinJ? + 7 sinCs 0, ^la ^ y/mfi + ^ny ■ 0. 

The co-ordinates, then, of the finite focus are — = — , , . 

i m n 

Ex. 14. To find the equation of the directrix of this parabola. 

Forming, by ArL 291, the equation of the polar of the point whose co- 
ordinates have just been given, we find 

la (sin«J?+sin»C-sin«-4)+ mfi (sin'Cf sin«^-sin«J?) + ny (sin•^^sin•J?- sin*C)«0, 
or lasmB tmCcosA -i- mfi sinC sin.^ cos J9 -I- ny sin A nnB cosC* 0. 

Substituting for it from Ex. 12, the equation becomes 
lamB nnC(a cos A -y cobC) +m unC tin A(fi cobB ^ycosC) «0; 
hence the directrix always passes through the intersection of the perpendi- 
culars of the triangle (see Ex. 3, p. 66). 

Ex. 16. Given four tangents to a conic find the locus of the focL Let 
the four tangents be a, /3, 7, ^, then, since any line can be expressed in 
terms of three others, these must be connected by an identical relation 
aa-^bfi + ey-i-dioO. This relation must be satisfied, not only by the co- 
ordinates of one focus a'fi^y^, but also by those of the other -7 , -- , -7 , •^ . 

^ p y 9 

The locus is therefore the curve of the third degree 

a h e d ^ 
a fi y i 
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CHAPTER XV. 

THE PRINCIPLE OP DUALITY; AND THE METHOD OP 

RECIPROCAL POLARS. 

298. The methods of abridged notation, explained in the 
last chapter, ^PP^y equally to tangential equations. Thus, if 
the constants X, /a, v in the equation of a line be connected by 
the relation 

(a\ + i^ + cv)[a'\ + &> + c'y) = {a"X+y>+ c'V)(a'"X+y'>+c"V), 

the line (Art. 285) touches a conic Now it is evident that one 
line which satisfies the g^ven relation is that whose X, fAj v are 
determined by the equations 

aX + 6^ + cv = 0, a\ + &'> + c' V = 0. 

That is to say, the line joining the points which these last 
equations represent (Art. 70), touches the conic in question. 
If then a, /9, 7, S represent equations of points, (that is to 
say, functions of the first degree in X, f(, v) 07 = Icfih is 
the tangential equation of a conic touched by the four lines 
o^, ^7, 7S, So. More generally, if 8 and S in tangential co- 
ordinates represent any two curves, 5— hS' represents a curve 
touched by every tangent common to 8 and 8>\ For, whatever 
values of X, /a, v make both 8-=-^ and S = 0, must also make 
B'-kS'^^O. Thus, then, if 8 represent a conic, 8—kafi re- 
presents a conic having common with 8 the pairs of tangents 
drawn from the points a, fi. Again, the equation ay = kff^ 
represents a conic such that the two tangents which can be 
drawn firom the point a coincide with the line a/9 ; and those 
which can be drawn from 7 coincide with the line 7/9. The 
points a, 7 are therefore on this conic, and fi is the pole of the 
line joining them. In like manner, 8— a* represents a conic 
having double contact with 8^ and the tangents at the points 
of contact meet in a ; or, in other words, a is the pole of the 
chord of contact. 

So again, the equation 07 — l^^ may be treated in the same 
manner as at Art. 270, and any point on the curve may be 
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represented by f**a + 2ijJcP + 7, while the tangent at that point 
joins the points [la + hp^ fikfi + 7.* 

299. Thus we see (as in Art. 70) that each of the equations 
used in the last chapter is capable of a double interpretation! 
according as it is considered as an equation in trilinear or in 
tangential co-ordinates. And the equations used in the last 
chapter, to establish any theorem, will, if interpreted as equations 
in tangential co-ordinates, yield another theorem, the reciprocal 
of the former. Thus (Art. 266) we proved that if three conies 
{8 J 8+LMj 8+LN) have two points [8^ L) common to all, 
the chords in each case joining the remaining common points 
(Jlf, N^ M'-N)j will meet in a point. Consider these as 
tangential equations, and the pair of tangents drawn from L 
is common to the three conies, while My Nj M- N denote in 
each case the point of intersection of the other two common 
tangents. We thus get the theorem, ^^ K three conies have two 
tangents common to all, the intersections in each case of the 
remainmg pair of common tangents, lie in a right Une." Every 
theorem of position (that is to say, one not involving the magni'^ 
tudes of lines or angles) is thus twofold. From each theorem 
another can be derived by suitably interchanging the words 
"point" and "line"; and the same equations differently inter- 
preted will establish either theorem. We shall in this chapter 
give an account of the geometrical method by which the attention 
of mathematicians was first called to this " principle of duality.'f 

* In other words, if in any system, «V^* xf'yf^i he the co-ordinates of 
any two points on a conio, and ai^\f**€'* those of the pole of the line joining 
them, the co-ordinates of any point on the curve may be written 

/tV + 2/J5rai"' + tT, /ty + 2/iV' + y"» A + 2/i*A»'" + «*, 

while the tangent at that point divides the two fixed tangents in the ratios 
/4 : A", ^ : 1. When A; = 1, the curve is a parabola. Want of space pre- 
vents us from giving illustrations of the great use of this principle in solving 
examples. The reader may try the question : — ^To find the locus of the point 
where a tangent meeting two fixed tangents is cut in a given ratio. 

t The method of reciprocal polars was introduced by M. Poncelet, whose 
account of it wiU be found in Crelle's Journal, VoL rv. M. Pliicker, in his 
^'Sjrstem der Analytischen Geometrie," 1835, presented the principle of 
duality in the purely analytical point of view, from which the subject is treated 
at the beginning of this chapter. But it was Mobios who, in his '* Bary- 
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300. Being given a fixed conic section (2) and any curve 
(5), we can generate another curve [s) as follows: draw any 
tangent to Sj and take its pole with regard to 2 ; the locus of 
this pole will be a curve «, which is called the jpolar curve of 8 
with regard to S. The conic 2, with regard to which the pole 
is taken, is called the auxiliary conic. 

We have already met with a particular example of polar 
curves (Ex. 12, p. 195), where we proved that the polar curve 
of one conic section with regard to another is always a curve of 
the second degree. 

We shall for brevity say that a point corresponds to a line 
when we mean that the point is the pole of that line with regard 
to 2. Thus, since it appears from our definition that every point 
of s is the pole with regard to 2 of some tangent to 8^ we shall 
briefly express this relation by saying that every point of s cor^ 
responds to some tangent of 8. 

301. The point of intersection of two tangents to 8 will corre^ 
epond to iJie line joining the corresponding points of s. 

This follows from the property of the conic 2, that the point 
of intersection of any two lines is the pole of the line joining 
the poles of these two lines (Art. 146). 

Let us suppose that in this theorem the two tangents to S 
are indefinitely near, then the two corresponding pomts of s will 
also be inde&iitely near, and the line joining them will be a 
tangent to s\ and since any tangent to 8 intersects the con- 
aecutive tangent at its point of contact, the last theorem be- 
comes for this case : If any tangent to 8 correspond to a point 
on «, the point of contact of that tangent to 8 will correspond to 
the tangent through the point on s. 

Hence we see that the relation between the curves is red' 
procalj that is to say, that the curve 8 might be generated fix>m 
s in precisely the same manner that s was generated from 8. 
Hence the name ^^ reciprocal polars." 

302. We are now able, being pven any theorem of position 
concerning any curve 8^ to deduce another concerning the curve s. 

centrische Calcul," 1827, had made the important 8tep of introducing a 
system of co-ordinates in which the position of a right line was indicated 
by co-ordinates and that of a point by an equation. 
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Thus, for example, if we know that a number of points con- 
nected with the figure 8 lie on one right line, we learn that the 
corresponding lines connected with the figure 8 meet in a point 
(Art. 146), and vice versd; if a number of points connected 
with the figure S' lie on a conic section, the corresponding lines 
connected with s will touch the polar of that conic with regard 
to 2 ; or, in general, if the hcus of any point connected with 8 
be any curve 8'^ the envelope of the corresponding line connected 
with 8 is «', the reciprocal polar of 8\ 

303. The degree of the polar reciprocal of any curve w eqiuil 
to the claee of the curve (see note, p. 137), that ia^ to the number 
oftangenta which can he drawn from any point to thai curve. 

For the degree of 8 is the same as the number of points in 
which any line cuts 8 ; and to a number of points on «, lying on 
a right line, correspond the 8ame number of tangents to 8 passing 
through the point corresponding to that line. Thus, if S' be a 
conic section, two, and only two, tangents, real or imaginary, 
can be drawn to it from any point (Art. 145) ; therefore, any 
line meets 8 in two, and only two points, real or imaginary ; we 
may thus infer, independently of Ex. 12, p. 195, that the reci- 
procal of any conic section is a curve of the second degree. 

304. We shall exemplify, in the case where 8 and 8 are conic 
sections, the mode of obtaining one theorem from another by 
this method. We know (Art. 267) that ^^if a hexagon be inr 
scribed in 8^ whose Mea are A^ B^ C7, D^ E^ F^ then the pointa 
of intersection, AD^ BE^ CF^ are in one right lineJ*^ Hence we 
infer, that '^ if a hexagon be circumscribed about «, whose vertices 
are a, &, c, <?, e^f then the lines ad^ be^ cf^ will meet in a point^^ 
(Art. 265). Thus we see that Pascal's theorem and Brianchon's 
are reciprocal to each other, and it was thus, in fact, that the 
latter was first obtained. 

In order to give the student an opportunity of rendering him- 
self expert in the application of this method, we shall write in 
parallel columns some theorems, together with their reciprocals. 
The beginner ought carefully to examine the force of the argu- 
ment by which the one is inferred from the other, and he ought 
to attempt to form for himself the reciprocal of each theorem 
before looking at the reciprocal we have given. He will soon 
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find that the operation of forming the reciprocal theorem will 
reduce itself to a mere mechanical process of interchanging the 
words "point" and "line," "inscribed" and "circumscribed," 
"locus" and "envelope," &c. 

If two yertices of a triangle move If two sides of a triangle past 

along fixed right lines, while the sides through fixed points, while the Ter- 

pass each through a fixed point, the tices move on fixed right lines, the 

locus of the third vertex is a conic envelope of the third side is a conio 

section. (Art 269.) section. 

If, however, the points through If the lines on which the yertices 

which the sides pass lie in one right move meet in a point, the third side 

line, the locus will be a right line, will pass through a fixed point. 
(p. 42.) 

In what other case will the locus In what other case will the third 

be a right line P (p. 43.) side pass through a fixed point? 

(p. 61.) 

If two conies touch, their reciprocals will also touch ; for the 

first pair have a point common, and also the tangent at that point 

common, therefore the second pair will have a tangent common 

and its point of contact also common. So likewise if two conies 

have double contact their reciprocals will have double contact. 

If a triangle be circumscribed to If a triangle be inscribed in a co- 

a conic section, two of whose vertices nic section, two of whose sides pass 

move on fixed lines, the locus of the through fixed points, the envelope of 

third vertex is a conic section, having the third side is a conic section, hav- 

double contact with the, given one. ing double contact with the given one. 

(Ex. 2, p. 235.) ' (Ex. 3, p. 236.) 

305. We proved (Art. 301, see figure, p. 268) if to two points 
P, P*, on Sj correspond the tangents jptj pt\ on «, that the tan- 
gents at P and P will correspond to the points of contact Pjp'j 
and therefore Q, the intersection of these tangents, will corre- 
spond to the chord of contact pp\ Hence we learn that to 
amy paint Q, and its polar PP^ toiA respect to 8^ correspond a 
linepp and its pole q with respect to s. 

Given two points on a conic, and Given two tangents and two points 

two of its tangents, the line joining on a conic, the point of intersection 

the points of contact of those tangents of the tangents at those points will 

passes through one or other of two move along one or other of two fixed 

fixed points. (Ex., Art 286.) right lines. 

Given four points on a conic, the Given four tangents to a conic, the 

polar of a fixed point passes through locus of the pole of a fixed right line 

a fixed poiHt (Ex. 2, p. 143.) is a right line. 
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Given four points on a conio, the 
locus of the pole of a fixed right line 
is a conic section, (Ex. 1, p. 241.) 

The lines joining the vertices of a 
triangle to the opposite vertices of its 
polar triangle with regard to a conic, 
meet in a point (Art 99.) 

Inscribe in a conic a triangle whose 
sides pass through three given points. 
(Ex. 4, p. 237.) 



Given four tangents to a conic, the 
envelope of the polar of a fixed point 
is a conic section. 

The points of intersection of each 
side of any triangle, with the opposite 
side of tlie polar triangle, lie in one 
right line. 

Circumscribe about a conic a tri- 
angle whose vertices rest on three 
given lines. 



306. Given two conies, S and S'^ and their two reciprocals, 
8 and 8* ; to the four points A^ By (7, D common to 8 and 8' 
correspond the four tangents a, i, c, d common to 8 and «', and 
to the six chords of intersection of 8 and 8\ AB^ CD ; A C, BD ; 
ADy BC correspond the six intersections of common tangents 
to 8 and s' ] abjcd] ac^hd^ adj be* 

If three conies have two common If three conies have two points 
tangents, or if they have each double common, or if they have each double 
contact with a fourth, their six chords contact with a fourth, the six points 
of in tersection will pass three by three of intersection of common tangents lie 
through the same points. (Art. 264.) three by three on the same right lines. 
Or, in other words, three conies. Or, three conies, having each dou- 
having each double contact with a ble contact with a fourth, may be 
fourth, may be considered as having considered as having four axes of si- 
four radical centres, militude. (See Art 117, of which 

this theorem b an extension.) 

If through the point of contact of If from any point on the tangent 

two conies which touch, any chord be at the point of contact of two conies 

drawn, tangents at its extremities which touch, a tangent be drawn to 

will meet on the common chord of each, the line joining their points of 

contact will pass through the inter- 
section of common tangents to the 
conies. 

If, on a common chord of two co* 
nics, any two points be taken, and 



the two conies. 



If, through an intersection of com- 
mon tangents of two conies any two 



chords be drawn, lines joining their from these tangents be drawn to the 
extremities will intersect on one or conies, the diagonals of the quadrila* 
other of the common chords of the teral so formed will pass through one 
two conies. (Ex. 1, p. 23d.) or other of the intersections of com- 

mon tangents to the conies. 

* A system of four points connected by six lines is accurately called 
a quadrangle, as a system of four lines intersecting in six points is ealled 
a quadrilateraL 
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If vf and B be two conici having If A and B be two conies harlag 

eub donble contact irith S, the cachdoublecontut with 5, theioter- 

chorda of contact of A and B with S, tections of the tang«nta nt their pointa 

and their chorda of interacction with of contact with S, and the inteneo- 

each other, meet in a point, and form tioQB of tangents common to A and 

a haimonio pencil. (Art 263.) B, lie In one right line, whieli they 
divide harmonicall;. 

V A, B,C, be three conioa, having It A, B, C, be three conica, having 

each double contact with S, and if A each double contact with S, and if A 

and S both touch C, the tangents at and B both touch C, the line joining 

the points of contact will intersect on thepointsofcontact will pass through 

» conunOQ chord of ^ and if. an intersection of common tangents of 
^and^. 

307. We b&ve hitherto SDppoBed the auxiliaty conic £ to be 
any conic whatever. It is most common, however, to suppose 
this conic a circle ; and hereafter, when we speak of polar curves, 
ire intend the reader to understand polars vntA regard to a circle, 
nnlesB we expressly state otherwise. 

We know (Art. 88) that the polar of any point with regard 
to a circle is perpendicular to the line joining this point to the 
centre, and that the distances of the point and its polar are, when 
mnltipUed together, equal to the square of the radios; hence the 
relation between polar curves with regard to a drcle is often 
stated aa follows : Being given . 
ang point 0, if from it we let fail 
a perpendicular OTon any tan- 
gent to a curve 8, and produce 
it until the rectangle OT.Op is 
equal to a constant 1^, then the 
hew of the point p is a curve », 
which i» called the polar recipro- 
cai of S, For this is evidently 
equivalent to saying that p is the pole of PTy with regard to a 
c^rde whose centre is and radius ft. We see, therefore (Art. 
801), that the tangent pt vrill correspond to the point of con- 
tact P, that is to say, that OP will be perpendicolar to pt, and 
that OP.Ot='l^. 

Zt is easy to show that a diange in the magnitude of k will 
affect only the »ize and not the ahape of s, which is all that in 
moat cases concems us. In this manner of conudering polars, 
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all mention of the circle may be snppressed, and a may be called 
the reciprocal of 8 with regard to the paint 0. We shall call 
this point the origin. 

The advantage of using the circle for onr auxiliary conic 
chiefly arises from the two following theorems, which are at once 
deduced from what has been said, and which enable us to trans- 
form, by this method, not only theorems of position, but also 
theorems involving the magnitude of lines and angles : 

The distance of any point P from the origin is the reciprocal of 
the distance from the origin of the corresponding linept. 

The angle TQT between any two lines TQ^ TQ^is equal to 
the angle pOp' subtended at the origin by the corresponding points 
p^p ; for Op is perpendicular to TQ^ and Op* to TQ. 

We shall g^ve some examples of the application of these 
principles when we have first investigated the following 
problem : 

308. To find the polar reciprocal of one circle with regard to 
another. That is to say, to find the locus of the pole p with re- 
gard to the circle [0) of any tangent FT to the circle (C7). Let 
MN be the polar of the point C 
with regard to 0, then having 
the points C7, />, and their polars 
MN^ PTj we have by Art. 101, 

the ratio -prn = -^ hut the first 
CP pN^ 

ratio is constant, since both OC 

and CP are constant ; hence the 

distance of p from is to its distance from MN in the constant 

ratio OC: CP] its locus is therefore a conic, of which is a focus, 

MN the corresponding directrix, and whose eccentricity ia OC 

divided by CP. Hence the eccentricity is greater, less than, or 

= 1, according as is without, within, or on the circle C. 

Hence the polar reciprocal of a circle is a conic section^ of 

which the origin is the focusj the line corresponding to the centre 

is the directrixj and which is an ellipse^ hyperbola^ or parabola^ 

according as the origin is unthin^ without^ or or^ the circle. 

309. We shall now deduce some properties concerning angles, 
by the help of the last theorem given in Art. 807. 
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Any two tangents to a circle make The line drawn from the foow to 
equal angles with their chord of con- the intersection of two tangents biaeeti 
tact, the angle subtended at the focus by 

their chord of contact. (Art. 191.) 

For the angle between one tangent PQ (see fig., p. 268} and 
the chord of contact PP is equal to the angle subtended at the 
focus by the corresponding points pj q ; and similarly, the angle 
QPP is equal to the angle subtended by p\ q ; therefore, slnoe 
QFr^QFP.pOq^p'Oq. 

Any tangent to a circle is perpen- Any point on a conic, and the point 
dicular to the line joining its point of where its tangent meets the directrix, 
contact to the centre. subtend a right angle at the focua. 

This follows as before, recollecting that the directrix of the 
conic answers to the centre of the circle. 

Any line is perpendicular to the Any point and the intersection of 

line joining its pole to the centre of its polar with the directrix subtend a 

the circle. right angle at the focus. 

The line joining any point to the If the point where any line meets 

, centre of a circle makes equal angles the directrix be joined to the focus, 

with the tangents through that point the joining line will bisect the angle 

between the focal radii to the points 

where the given line meets the carre. 

The locus of the intersection of The envelope of a chord of a conicy 

tangents to a circle, which cut at a which subtends a given angle at the 

given angle, is a concentric circle. focus, is a conic having the same 

focus and the same directrix. 
The envelope of the chord of con- The locus of the intersection of tan- 
tact of tangents which cut at a given gents, whose chord subtends a gi^en 
angle is a concentric circle. angle at the focus, is a conic having 

the same focus and directrix. 
If from a fixed point tangents be If a fixed line intersect a series of 
drawn to a series of concentric circles, conies having the same focus and 
the locus of the points of contact will same directrix, the envelope of the 
be a circle passing through the fixed tangents to the conies, at the points 
point, and through the common cen- where this line meets them, will be a 
tre. conic having the same focus, and 

touching both the fixed line and the 
common directrix. 

In the latter theorem, if the fixed line be at infinity, we find 
the envelope of the asymptotes of a series of hyperbolas having 
the same focus and same directrix, to be a parabola having the 
^jame focus and touching the common directrix. 



r\ 
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If two chords at right angles to each The locus of the intersection of 

other be drawn through any point on tangents to a parabola which cut at 

a circle, the line joining their extre- right angles is the directrix, 
mities passes through the centre. 

We say a parabola, for, the point through which the chords 

of the circle are drawn being taken for origin, the polar of the 

circle is a parabola (Art. 308). 

The envelope of a chord of a circle The locus of the intersection of tan- 
which subtends a given angle at a gents to a parabola, which cut at a 
given point on the curve is a concen- given angle, is a conic having the 
trie circle. same focus and the same directrix. 

Given base and vertical angle of a Given in position two sides of a tri- 
triangle, the locus of vertex is a circle angle, and the angle subtended by the 
passing through the extremities of base at a given point, the envelope 
the base. of the base is a conic, of which that 

point is a focus, and to which the two 

given sides will be tangents. 

The locus of the intersection of tan- The envelope of any chord of a 

gents to an ellipse or hyperbola which conic which subtends a right angle 

cut at right angles is a circle, at any fixed point is a conic, of which 

that point is a focus. 

" If from any point on the circumference of a circle perpen- 
diculars be let fall on the sides of any inscribed triangle, their 
three feet will lie in one right line" (Art. 125). 

If we take the fixed point for origin, to the triangle inscribed 
in a circle will correspond a triangle circumscribed about Apara^ 
bola ; again, to the foot of the perpendicular on any line corre- 
sponds a line through the corresponding point perpendicular to 
the radius vector from the origin. Hence, " If we join the focus 
to each vertex of a triangle circumscribed about a parabola, and 
erect perpendiculars at the vertices to the joining lines, those 
perpendiculars will pass through the same point." If, therefore, 
a circle be described, having for diameter the radius vector from 
the focus to this point, it will pass through the vertices of the 
circumscribed triangle. Hence, Oiven three tangents to a para^ 
bola^ the hens of the focus is the circumscribing circle (p. 193). 

The locus of the foot of the per- If from any point a radius vector 
pendicular (or of a line making a be drawn to a circle, the envelope of 
constant angle with the tangent), from a perpendicular to it at its extremity 
the focus of an ellipse or hyperbola (or of a line making a constant angle 
on the tangent is a circle. vrith it) is a conic having the fixed 

point for its focus. 
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310. Having saflSciently exemplified in the last Article die 
method of transforming theorems involving angles, we proceed 
to show that theorems involving the magnitude of lines poMm^ 
through the origin are easily transformed by the help of the fint 
theorem in Art. 307. For example, the sum (or, in some ca8e8| 
the difierence, if the origin be without the circle) of the perpen- 
diculars let fall from the origin on any pair of parallel tangents 
to a circle is constant, and equal to the diameter of the circle. 

Now, to two parallel lines correspond two points on a line 
passing through the origin. Hence, '^ the sum of the reciprocab 
of the segments of any focal chord of an ellipse is constant/' 

We know (p. 175) that this sum is four times the reciprocal 

of the parameter of the ellipse, and since we learn from the 

present example that it only depends on the diameter, and not 

on the position of the reciprocal circle, we infer that the red-- 

procaJs of equal circles^ with regard to any origin^ have the 9ame 

parameter. 

The rectangle under the segments The rectangle under the perpen- 
of any chord of a circle through the diculars let fall from the focus on two 
origin is constant. parallel tangents is constant. 

Hence, given the tangent from the origin to a circle, we are 
given the conjugate axis of the reciprocal hyperbola. 

Again, the theorem that the sum of the focal distances of 

any point on an ellipse is constant, may be expressed thus : 

The sum of the distances from the The sum of the reciprocals of per* 
focus of the points of contact of pa- pendiculars let fall from any point 
rallel tangenta is constant, within a circle on two tangents whoso 

chord of contact passes through the 

point, is constant. 

311. Many relations involving the magnitude of lines not 

passing through the origin may be transformed by the help of the 

theorem of Art. 101. Thus we know, that if P4, PB, P(7, PD, 

be the perpendiculars let fall from any point of a conic on the 

sides of an inscribed quadrilateral, PA.PC^hPB.PD (Art. 259); 

. ... , . PA PC , PB PD . ^ 
now we may wnte this relation, Qp''Qp=^^''Qp''Qpj ^ut 

if a, i, c, dj be the points corresponding to the lines Ay Bj (7, Dy 
and ap the perpendicular let fall from a on the line corresponding 

PA^ nti 

to P, we have (Art. 101) -Qp— tj- . Similarly for the other 
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sides ; and Oa^ Obj Ocy Odj being constant, we infer that if a 
fixed quadrilateral be drcumacribed to a conicj the 'product of the 
jperpendiculars let fall from tioo opposite vertices on any variable 
tangent is in a constant ratio to the product of the perpendiculars 
let fall from the other two vertices. 

The product of the perpendiculars The product of the perpendiculars 
from any point of a conic on two fixed from two fixed points of a conic on 
tangents, is in a constant ratio to the any tangent, is in a constant ratio to 
square of the perpendicular on their the square of the perpendicular on it, 
chord of contact. (Art 259.) from the intersection of tangents at 

those points. 

l£j however, the origin be taken on the chord of contact, the 
reciprocal theorem is, "the intercepts, made by any variable 
tangent on two parallel tangents, have a constant rectangle." 

The product of the perpendiculars The square of the radius vector 
on any tangent of a conic firom two from a fixed point to any point on 
fixed points (the foci) is constant. a conic, is in a constant ratio to the 

product of the perpendiculars let fall 
from that point of the conic on two 
fixed right lines. 

312. Very many theorems concerning magnitude may be 
reduced to theorems concerning lines cut harmonically or an- 
harmonically, and are transformed by the following principle : 
To any four points on a right line correspond four lines passing 
through a pointy and the anharmonic ratio of this pencil is the 
same as that of the four points. 

This is evident, since each leg of the pencil drawn from the 
origin to the pven points is perpendicular to one of the corre- 
sponding lines. We may thus derive the anharmonic properties 
of conies in general from those of the circle. 

The anharmonic ratio of the pencil The anharmonic ratio of the points 
joining four points on a conic to a in which four fixed tangents to a conic 
variable fifth is constant. cut any variable fifth is constant. 

The first of these theorems is true for the circle, since all the 
angles of the pencil are constant, therefore the second is true 
for all conies. The second theorem is true for the circle, since 
the angles which the four points subtend at the centre are 
constant, therefore the first theorem is true for all conies. 
By observing the angles which correspond in the reciprocal 

T 
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figure to the angles which are constant in the case of the circle, 
the student will perceive that the angles which the four points 
of the variable tangent subtend at either focus are constaati 
and that the angles are constant which are subtended at the 
focus by the four points in which any inscribed pencil meets 
the directrix. 

313. The anharmonic ratio of a line is not the only relation 
concerning the magnitude of lines which can be expressed i& 
terms of the angles subtended by the lines at a fixed point 
For, if there be any relation which, by substituting (as in Art. 5B) 

r I. !• JT% • 1 J • -x OA.OB.BAuAOB , 

for each Ime AB mvolved in it, jyp , can be re- 
duced to a relation between the sines of angles subtended at a 
given point 0, this relation will be equally true for any trans- 
versal cutting the lines joining to the points A^ J?, &c ; and 
by taking the given point for origin a reciprocal theorem can be 
easily obtained. For example, the following theorem, dae to 
Camot, is an immediate consequence of Art. 148: ^'If any 
conic meet the side AB of any triangle in the points c, c' ; £C 
in a, a' ; AC'mbjb''j then the ratio 

Ac.Ac'.Ba.Ba'.Cb.Cb' _ „ 
Ab.Ab'. Bc.Bc'.Ca.Ga' ~ ' 

Now, it will be seen that this ratio is such that we may 
substitute for each line Ac the sine of the angle AOcj which it 
subtends at any fixed point; and if we take the reciprocal of 
this theorem, we obtain the theorem given already at p. 256. 

314. Having shown how to form the reciprocals of particular 
theorems, we shall add some general considerations respecting^ 
reciprocal conies. 

We proved (Art. 308) that the reciprocal of a circle is an 
ellipse, hyperbola, or parabola, according as the origin is within, 
without, or on the curve ; we sliall now extend this conclusion to 
all the conic sections. It is evident that, the nearer any line or 
point is to the origin, the farther the corresponding point or line 
will be ; that if any line passes through the origin, the corre- 
sponding point must be at an infinite distance f and that the line 
corresponding to the origin itself must be altogether at an infinite 
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distance. To two tangents, therefore, through the origin on one 
figure, will correspond two points at an infinite distance on the 
other; hence, if two real tangents can be drawn from the origin, 
the reciprocal curve will have two real points at infinity, that is, 
it will be a hyperbola ; if the tangents drawn from the origin be 
imaginary, the reciprocal curve will be an ellipse ; if the origin 
be on the curve, the tangents from it coincide, therefore the 
points at infinity on the reciprocal curve coincide, that is, the 
reciprocal curve will be a parabola. Since the line at infinity 
corresponds to the origin, we see that, if the origin be a point on 
one curve, the line at infinity will be a tangent to the reciprocal 
curve ; and we are again led to the theorem (Art. 254) that 
every parabola has one tangent situated at an infinite distance. 

315. To the points of contact of two tangents through the 
origin must correspond the tangents at the two points at infinity 
on the reciprocal curve, that is to say, the asymptotes of the 
reciprocal curve. The eccentricity of the reciprocal hyperbola 
depending solely on the angle between its asymptotes, depends, 
therefore, on the angle between the tangents drawn from the 
origin to the original curve. 

Again, the intersection of the asymptotes of the reciprocal 
curve (t.6. its centre) corresponds to the chord of contact of 
tangents from the origin to the original curve. We met with 
a particular case of this theorem when we proved that to the 
centre of a circle corresponds the directrix of the reciprocal 
conic, for the directrix is the polar of the origin which is the 
focus of that conic. 

Ex. 1. The reciprocal of a parabola with regard to a point on the 
directrix is an equilateral hyperbola. (See Art. 221.) 

Ex. 2. Prove that the following theorems are reciprocal : 
The intersection of perpendiculars The intersection of perpendiculars 
of a triangle circumscribing a para- ofa triangle inscribed in an equilateral 
bola is a point on the directrix. hyperbola lies on the curre. 

Ex. 3. Derive the last from Pascal's theorem ; (see Ex. 3, p. 232). 

Ex. 4. The axes of the reciprocal curve are parallel to the tangent and 
normal of a conic drawn through the origin confocal with the given one.. 
For the axes of the reciprocal curve must be parallel to the internal and 
external bisectors of the angle between the tangents drawn from the origin 
to the given curve. The theorem stated follows by Art 189. 

T2 
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316. Given two circles, we can find an origin such that die 
reciprocals of both shall be confocal conies. For, since the reci- 
procals of all circles must have one focus (the origin) common ; 
in order that the other focus should be common, it is only 
necessary that the two reciprocal curves should have the same 
centre, that is, that the polar of the origin with regard to both 
circles should be the same, or that the origin should be one of 
the two points determined in Art. 111. Hence, given a ay Hem 
of circles, as in Art. 109, their reciprocals with regard to one of 
these limiting points will bo a system of confocal conies. 

The reciprocals of any two conies will, in like manner, be 
concentric if taken with regard to any of the three points 
(Art. 282) whose polars with regard to the curves are the same. 

Confocal conies cut at right angles. The common tangent to two cirdei 
(Art. 188.) subtends a right angle at either limit- 

ing point. 
The tangents from any point to two If any line intersect two circlesy 
confocal conies are equally inclined its two intercepts between the circles 
to each other. (Art. 189.) subtend equal angles at either limit- 

ing point. 
The locus of the pole of a fixed line The polar of a fixed point, with 
with regard to a series of confocal regard to a series of circles haxing 
conies is a line perpendicular to the the same radical axis, passes through 
fixed line. (p. 196.) a fixed point; and the two points 

subtend a right angle at either limit- 
ing point. 

317. We may mention here that the method of reciprocal 
polars affords a simple solution of the problem, ^' to describe a 
circle touching three given circles." The locus of the centre 
of a circle touching two of the given circles (1), (2), is evidently 
a hyperbola, of which the centres of the given circles are the 
foci, since the problem is at once reduced to — " Given base and 
difference of sides of a triangle." Hence (Art. 308) the polar 
of the centre with regard to either of the given circles (1) wiU 
always touch a circle which can be easily constructed. In like 
manner, the polar of the centre of any circle touching (1) and (3) 
must also touch a given circle. Therefore, if we draw a common 
tangent to the two circles thus determined, and take the pole 
of this line with respect to (1), we have the centre of the circle 
touching the three given circles. 
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318. To find the equation of the reciprocal of a conic witJi 
regard to its centre. 

We found, in Art. 178, that the perpendicolar on the tangent 
could be expressed in terms of the angles it makes with the axes, 

jp" = a*cos*5 + y sin*5. 

Hence the polar equation of the reciprocal curve is 

-i = a* COB* 6 4 J* flin*^, 
P 

a concentric conic, whose axes are the reciprocals of the axes 
of the given conic. 

319. To find the equation of the reciprocal of a conic with 
regard to any point (x'y). 

The length of the perpendicular from any point is (Art. 178) 

;> = - = V(a« cos*5 + y sin"d)-a:' cosd-y' sin^; 

r 

therefore, the equation of the reciprocal curve is 

320. Given the reciprocal of a curve with regard to the origin 
of co-ordinates^ to find the equation of its reciprocal with regard 
to any point [x'y'). 

K the perpendicular fi^m the origin on the tangent be P, 
the perpendicular from any other point is (Art. 34) 

P—x cosd -y' smOj 

and, therefore, the polar equation of the locus is 

— = n — ^ cosB— y sma; 
p B y y 

, I? rc'aj + yy + A^ , B cos0 p cosd 
hence -^ = ^-^ and — ^^ — = — f ; — =5 ; 

we must, therefore, substitute, in the equation of the given 

reciprocal, — , , — ^ « for a?, and — ; ^, — r« for y. 

^ ^ XX -^yy +Ji? ' xx+yy+I(? ^ 

The effect of this substitution may be very simply written 
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as follows : Let the equation of the reciprocal with regard to 
the origin be «. + „... + «^, &c = 0, 

where u^ denotes the terms of the n^ degree, &c., then the 
reciprocal with regard to any point is 

a curve of the same degree as the given reciprocal. 

321. To find the reciprocal with respect to of \ i^ -^V of ike 
conic given hy the general equation. 

We find the locus of a point whose polar ocx -{-yy' — 1^ shall 
touch the given conic by writing x\ y\ — A" for X, /i, v in the 
tangential equation (Art. 151). The reciprocal is therefore 

^o:* 4 25i»y + 5/ - 2 (?**« - 2i?%»y + Ci* = 0. 

Thus, if the curve be a parabola, G or oi — A* = 0, and the 
reciprocal passes through the origin; We can, in Uke manner, 
verify by this equation other properties proved already geo- 
metrically. If we had, for symmetry, written ** = -««, and 
looked for the reciprocal with regard to the curve a^+y*+«*=0, 
the polar would have been ocx + yy + zz\ and the equation of 
the reciprocal would have been got by writing a;, y, z for \ §AjY 
in the tangential equation. In like manner, the condition that 
y^ -^r fiy •{- vz may touch any curve, may be considered as the 
equation of its reciprocal with regard to a;^ H- y* + «*. 

A tangentid equation of the ri^ degree always represents 
a curve of the n"* class ; since if we suppose Xa: + /iy + f^ to 
pass through a fixed point, and therefore have Xaj'H- fty'+ v«'=0; 
eliminating v between this equation and the given tangential 
equation, we have an equation of the rl^ degree to determine 
X : /i ; and therefore n tangents can be drawn through the g^ven 
point. 

322. Before quitting the subject of reciprocal polars, we 
wish to mention a class of theorems, for the transformation of 
which M. Chasles has proposed to take as the auxiliary conic 
a parabola instead of a circle. We proved (Art. 211) that the 
intercept made on the axis of the parabola between any two 
lines is equal to the intercept between perpendiculars let fall on 
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the axis from the poles of these lines. This principle, then, 
enables us readily to transform theorems which relate to the 
magnitude of lines measured parallel to a fixed line. We shall 
give one or two specimens of the use of this method, premising 
that to two tangents parallel to the axis of the auxiliaiy parabola 
correspond the two points at infinity on the teciprocsd curve, 
and that, consequently, the curve will be a hyperbola or ellipse, 
according as these tangents are real or imaginary. The reci- 
procal will be a parabola if the axis pass through a point at 
infinity on the original curve. 

'' Any variable tangent to a conic intercepts on two parallel 
tangents, portions whose rectangle is constant" 

To the two points of contact of parallel tangents answer the 
asymptotes of the reciprocal hyperbola, and to the intersections 
of those parallel tangents with any other tangent answer parallels 
to the asymptotes through any point; and we obtain, in the first 
instance, that the asymptotes and parallels to them through any 
point on the curve intercept on any fixed line portions whose 
rectangle is constant. But this is plainly equivalent to the 
theorem : '^ The rectangle under parallels drawn to the asymp- 
totes from any point dn the curve is constant." 

Chords drawn from two fixed If any tangent to a parabola meet 
points of a hyperbola to a variable two fixed tangents, perpendiculars 
third point, intercept a constant from its extremities on the tangent 
length on the asymptote (p. 179). at the vertex will intercept a constant 

length on that line. 

This method of parabolic polars is plainly very limited in 
its application. 
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CHAPTER XVL 

HARMONIC AND ANHARMONIC PROPERTIES OF CONICS.* 

323. The harmonic and anharmonic properties of conic aec* 
tibns admit of so many applications in the theory of these carFeSi 
that we think it not improfitable to spend a litUe time in point- 
ing out to the student the number of particular theorems either 
directly included in the general enunciations of these properties^ 
or which may be inferred from them without much difficulty. 

The cases which we shall most frequently consider are, 
when one of the four points of the right line, whose anharmonic 
ratio we are examining, is at an infinite distance. The an- 
harmonic ratio of four points, Aj Bj Cj D^ being in general 

(Art. 56) = -^j^ -f- -j^ reduces to the simple ratio — -^^ when 

D is at an infinite distance, since then AD ultimately ^-^DC. 
If the line be cut harmonically, its anharmonic ratio = — 1 ; and 
if D be at an infinite distance AB^BC^ and AG is bisected. 
The reader is supposed to be acquainted with the geometric 
investigation of these and the other fundamental theorems con- 
nected with anharmonic section. 

324. We commence with the theorem (Art. 146) : " If any 
line through a point meet a conic in the points B!j B!\ and 
the polar of in iZ, the line ORRR" is cut harmonically." 

First. Let jJS" be at an infinite distance ; then the line OR 
must be bisected at R' ; that is, if through a fixed point a line he 
drawn parallel to an asymptote of an hyperbola^ or to a diameter 
of a parabola^ the portion of this line between the fixed point and 
its polar will be bisected by the curve (Art. 211). 

* The fundamental property of anharmonic pencils was given by 
Pappus, Math, ColL vii., 129. The name "anharmonic" was given by 
Chasles in his History of Geometry, from the notes to which the follow- 
ing pages have been developed. Further details will be found in bis 
Traite de Geometrie Superieure. The anharmonic relation, however, bad 
been studied by Mobius in his Barycentric Calculus, 1827, under the 
name of ** Doppclschnittsverhaltniss." 
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Secondly. Let R be at an infinite distance, and RR' must 
be bisected at ; that is, if through any point a chord he drawn 
parallel to the polar of that pointy it will he hisected at the point. 

If the polar of be at infinity, every chord through that 
point meets the polar at infinity, and b therefore bisected at 0. 
Hence this point is the centre, or the centre may he considered as 
a point whose polar is at infinity (p. 146). 

Thirdly. Let the fixed point itself be at an infinite distance, 
then all the lines through it will be parallel, and will be bisected 
on the polar of the fixed point. Hence every diameter of a conic 
may he considered as the polar of the point at infinity in which its 
ordinates are supposed to intersect. 

This also follows from the equation of the polar of a point 
(Art. 145) 

X X 

Now, if x'y' be a point at infinity on the line my = na?, we must 

V n 
make ^, = — , and x' infinite, and the equation of the polar 

becomes w (oo: + Ay +^) + w (Aa; + % +/) = 0, 

a diameter conjugate to my^nx (Art. 141). 

325. Again^ it was proved (Art. 146) that the two tangents 
through any point, any other line through the point, and the 
line to the pole of this last line, form a harmonic pencil. 

If now one of the lines through the point be a diameter, the 
other will be parallel to its conjugate, and since the polar of 
.any point on a diameter is parallel to its conjugate, we learn that 
the portion between the tangents of any line drawn parallel to 
the polar of the point is bisected by the diameter through it. 

Again, let the point be the centre, the two tangents will be 
the asymptotes. Hence the asymptotes^ together with any pair of 
conjugal diameters^ form a harmonic pencil^ and the portion of 
any tangent intercepted between the asymptotes is bisected by 
the curve (Art. 196). 

326. The anharmonic property of the points of a conic (Art. 
259) gives rise to a much greater variety of particular theorems. 
For, the four points on the curve may be any whatever, and 
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either one or two of them may be at an infinite dlatanoe ; the 
fifth point Oj to which the pencil is drawn, maj be also either 
at an infinite distance, or may coincide with one of the four 
points, in which latter case one of the legs of the pencil will be 
the tangent at that point; then, again, we may measure tbe 
anharmonic ratio of the pencil by the segments on any Une 
drawn across it, which we may, if we please, draw parallel to 
one of the legs of the pencil, so as to reduce the anharmonic 
ratio to a simple ratio. 

The following examples being intended as a practical exerdae 
to the student in developing the consequences of this theorem, 
we shall merely state the points whence the pencil is drawn, the 
line on which the ratio is measured, and the resulting theorem, 
recommending to the reader a closer examination of the manner 
in which each theorem is inferred from the general principle. 

We use the abbreviation [O.ABCD] to denote the anhar- 
monic ratio of the pencil 0-4, 0-B, 00, OD. 

Ex. 1. {A. ABCD] = {B . ABCD]. 

Let these ratios be estimated by the segments on the line CD ; let the 
tangents at ^, ^ meet CD in the points T, T\ 
and let the chord AB meet CD in JST, then the 
ratios are TK.DC KT\DC 
TD.KC^ KD.T'C' 
that is, if any chord CD meet two tangents in 
T, T'y and their chord of contact in JT, 
KC.KT.TD = KD.TK.TC. 

(The reader must be careful, in this and the 
following examples, to take the points of the pencil 
tit the same order on both sides of the equation. 
Thus, on the left-hand side of this equation we 
took K second, because it answers to the leg OB 
of the pencil ; on the right hand we take JST first, because it answers to 
the leg OA). 

Ex. 2. Let Tand T coincide, then 

ZC.TD^^KD.TC, 
or, any chord through the intersection of two tangents is cut hannonically 
by the chord of contact 

Ex. 3. Let T' be at an infinite distance, or the secant CD drawn parallel 
to PjT'i and it will be found that the ratio will reduce to 

rjT* - TC.TD. 

Ex. 4. Let one of the points be at an infinite distance, then [O.ABCoo ) 
is constant Let this ratio be estimated on the line C oo . Let the lines 
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AO, BO out Ceo in a, 5; then the ratio of the pencil will reduce to j^ } 

and we learn, that if two fixed points, A, B, on a hyperbola or parabola, be 
joined to any variable point O, and the joining line meet a fixed parallel to 
an asymptote (if the curre be a hyperbola), or a diameter (if the ourre be 
a parabola), in a, 5, then the ratio Ca : Cb will be constant 

Ex. 6. If the same ratio be estimated on any other parallel line, lines 
infiected from any three fixed points to a Tariable point cut a fixed parallel 
to an asymptote or diameter, so that ab : ae is constant. 

Ex. 6. It follows from Ex. 4, that if the lines joining AfBio any fourth 
point (/ meet Ceo ma\ h\ we must have 

ab aC 

a:b' ° a'C 
Now let us suppose the point C to be also at an infinite distance, the line 
C 00 becomes an asymptote, the ratio ab : a'lf l)ecomes one of equality, and 
lines joining two fixed points to any variable point on the hyperbola inter- 
cept on either asymptote a constant portion (p. 179). 

Ex.7. {A.ABC9i}r.[B.ABCao). 

Let these ratios be estimated on C oo ; then if the tangents at A^ Bf out 
C 00 in a, 6, and the chord of contact ^^ in 
JT, we have Ca _ CK 

CK' Cb 
(observing the caution in Ex. 1). Or, if any 
parallel to an asymptote of a hyperbola, or 
a diameter of a parabola, cut two tangents 
and their chord of contact, the intercept from 
the curve to the chord is a geometric mean between the intercepts from the 
curve to the tangents. Or, conversely, if a line ah^ parallel to a given one, 
meet the sides of a triangle in the points a, 5, JST, and there be taken on it. 
a point C such that CK^ = Ca,Cb, the locus of C will be a parabola, if Cb 
be parallel to the bisector of the base of the triangle (Art 211), but other- 
wise a hyperbola, to an asymptote of which ab is paralleL 

Ex. 8. Let two of the fixed points be at infinity, 

{oo.AB 00 (3o'}^{(»\AB 00 00'}} 
the lines oo oo, oo' oo', are the two asymptotes, while oo oo' is altogether at 
infinity. Let these ratios be estimated on the 
diameter OA ; let this line meet the parallels to 
the asymptotes ^ oo, J9 oo', in a and a* ; then the 

ratios become -^r-- » •^r-j . Or, parallels to the 

asymptotes through any point on a hyperbola cut 
any semi-diameter, so that it is a mean proportional 
between the segments on it from the centre. 

Hence, conversely, if through a fixed point O 
a line be drawn cutting two fixed lines, Ba^ Bof^ 
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and a point A taken on it so that OA is a mean between Oo, Oo^^ the 
locus of ^ is a hyperbola, of which O is the centre, and Ba^ Bf^^ parallel 
to the asymptotes. 

Ex. 9. {<».AB 00 00'} = {m\AB oo oe'}. 

Let the segments be measured on the asymptotes, and we haye -^r^r a -~ 

( O being the centre), or the rectangle under parallels to the asjnnptotet 
through any point on the curve is constant (we invert the second ratio for 
the reason given in Ex. 1). 

327. We next examine some particular cases of the anhar- 
monic property of the tangents to a conic (Art. 275). 

Ex. 1. This property assumes a very simple form, if the curre be a 
parabola, for one tan- 
gent to a parabola is 
always at an infinite 
distance (Art. 254). 
Hence three fixed tan- 
gents to a parabola 
cut any fourth in the 
points A, Bf Ct so that 
ABiAC is 





constant. If the variable tangents coincide in turn with each of the given 
tangents, we obtain the theorem, 

QR^ Fq rP' 

Ex. 2. Let two of the four tangents to an ellipse or hyperbola be parallel 
to each other, and let the variable tangent 
'coincide alternately with each of the parallel 
tangents. In the first case the ratio is 

—r- 1 wid m the second rpr^-. . 
Ac JJO 

Hence the rectangle Ab . Dh' is constant. 

It may be deduced from the anharmonic 
property of the points of a conic, that if the lines joining any point on the 
curve O to A, 2), meet the parallel tangents in the points h, h\ then the 
rectangle Ab . JDl/ will be constant. 

328. We now proceed to give some examples of problems 
easily solved by the help of the anharmonic properties of conies. 

Ex. 1. To prove MacLaurin's method of generating conic sections 
(p. 233), viz. — ^To find the locus of the vertex F of a triangle whose sides 
pass through the points A, B, Q and whose base angles move on the fixed 
lines Oa, Ob, 




section pauicg through 
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Let na nippose fonr snch triuiglet drawn, then sinoe the pencil 
{CotfaV"} ia the iune pencil u 
{CW-y*"}, wehave 

{otfo".!"') . [WW"), 
and, therefore, 

{A-aaWar) = [B.aVV"}; 
or, &OIII the nature of the qneation, 

[A.Frr"V"]~ls.rr'r"V'u 

and therefore A,B,r, V, V", V" lie 
on the same conic ■ection. Nov if 
the flrst three trianglea be fixed, it 
is evident that the locus of V" ia 
ABVVV". 

Or the reasoning may be stated thus : The aystems of linea through A, 
and through B, being both homographic with the ay atem through C, are 
homographic with each other; and therefore (Art. 297) the locua of the 
intersection of corresponding linea ia a conio through A and B. The 
following examples are, in like manner, illuslratioDS of the application of 
this principle of Art. 297. 

Ex. 2. M. Chaalea haa ahoved that the aame demonstration will hold if 
the side ab, instead of passing through the fixed point C, touch any conie 
which touches O0, Oti for then any four positioaa of the baae cut On, 06, 
•o that {oo-aV"} = (»'6"n (Art 275), 

and the rest of the proof proceeda the aame as before. 

Ex. 3. Newton'a method of generating conic aections: — Two angles of 
constant magmtiide more about fixed 

points P, Q; the intersection of two A A A A 

of their aides trsTersei the right line 
AA'\ then the locua of V, the inter- 
section of their other two sides, will 
be a conic passing through P, Q. 

For, as before, take four positions 
of the angles, then 

{P.AA-A"A"']={<IAA'A"A'"] ; 
hxit{P^A'A"A"']={P. rv V" V"), 

l<lAA'A"A"'i'{Q.rVV'V"\, 
since the angles of the pencils are the same ; therefore 

{p.rvvv^'iQ.rvvvy, 

and, therefore, aa before, th« locua of F™ is a cooio through P, Q, V, V, V. 
Ex. 4. M. Chaalea has extended this method of generating conic aectiona, 
by supposing the points, instead of moving on aright line, tomoTe on any 
conic passing through the points P, Q; for we ahail atill have 
[P.AA-A~A~} - [Q.AA'A-A"^. 
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Ex. 5. The demonstration would be the same if, in place of the anglet 
APVf AQV being constant, ^PFand AQV cut off constant interoepts 
each on one of two fixed lines, for we should then prove the pencil 

{P. A A' A" A'"} = {P. VV'V^V^, 
because both pencils cut off intercepts of the same length on a fixed line. 

Thus, also, given base of a triangle and the intercept made bj the aides 
on any fixed line, we can prove that the locus of vertex is a conic section. 

Ex. 6. We may also extend Ex. 1, by supposing the extremities of the 
line ab to move on any conic section passing through the points jiB, for, 
taking four positions of the triangle, we have, by Art. 276, 

[aa'a^'a'^ ^ [hb'b'ir); 
therefore, [A.aacrt^} = {BM'yb''% 

and the rest of the proof proceeds as before. 

Ex. 7. The base of a triangle passes through C, the intersection of com- 
mon tangents to two conic sections ; the extremities of the base ab lie one 
on each of the conic sections, while the sides pass through fixed points A, B^ 
one on each of the conies : the locus of the vertex is a conic throug^h A, B, 

The proof proceeds exactly as before, depending now on the second 
theorem proved. Art. 276. We may mention that this theorem of Art. 276 
admits of a simple geometrical proof. Let the pencil [O . ABCD} be drawn 
from points corresponding to [o . abed\, Now, the lines OA, oa, intersect at 
r on one of the common chords of the conies; in like manner, £0, ba, 
intersect in r on the same chord, &c. ; hence {rrV'r^ measures the anhar- 
monic ratio of both these pencils. 

Ex. 8. In Ex. 6 the base, instead of passing through a fixed point Q 
may be supposed to touch a conic having double contact with the given 
conic (see Art 276). 

Ex. 9. If a polygon be inscribed in a conic, all whose sides but one pass 
through fixed points, the envelope of that side will be a conic having double 
contact with the given one. 

For, take any four positions of the polygon, then, if a, 5, c, &c. be the 
vertices of the polygon, we have 

The problem is, therefore, reduced to that of Art. 277, — " Given three pairs 
of points, a(^(f, dtPd*, to find the envelope of t^'^d"', such that 

Ex. 10. To inscribe a polygon in a conic section, all whose sides pass 
through fixed points. 

If we assume any point (a) at random on the conic for the vertex of the 
polygon, and form a polygon whose sides pass through the given points, the 
point s, where the last side meets the conic, will not, in general, coincide 
with a. If we make four such attempts to inscribe the polygon, we must 
have, as in the last example. 
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Now, if the lut attempt were snoceiaful, the point tf would ooindde with 
■*, and the problem is leduced to, — " GiTen three pein of pointe, atltl', 
at"*", to find a point K such that 

Now if we make a^'t^ui't' the Tsiticei of an iucribed hexagon (in the order 

here giTea, taking an a and * alternately, and 

io that at, a't', a"*", may be oppoiite ver- 

ticei), then either of the point* in which the 

line Joining the in tenec^oni of oppoeiteiidei 

meet! the conic may be taken for the point K. 

For, in tite figure, the points A CE are oo'a", 

DFB are ee'e"; and if we lake the side* in 

the order ABCDEF, Z, Jf, JV are the in* 

tenectioQS of oppoMie sides. Now, sinoe 

{KPNL) measures both [D.KACB) and 

[A.KDFB], we have 

{KACE)-{KDFB\. q.e.d.« 

It is easy to see, from the last example, that iT i* a point of contact of 
a conic having double contact with the given conic, to which at, o'^, a"i" are 
tangents, and that we have therefore just given the solution of the queation, 
" To describe a conic touching three given lines, and having double oontaot 
with a given conic" 

Ex. 11. The anhermonic |aoperty affords also a simple proof of Pascal's 
theorem, alloded to in the last example. 

We have {E . CDFB\ - {A . CDFB\. Now, if we examine the segmenU 
made by the first pencil on EC, and by die second on DC, we have 

{CBME) = [CDNS\. 
Now, ifwe draw lines from the point £ to each of these points, we form two 
pencils which have the three legs, CX, i}£, ^2f, common, therefore the fourth 
legs, NL, LM, must form one right line. In like manner, Brianchon'a 
theorem ii derived from the enharmonic property of the tangents. 

Ex. 12. Oivenfourpotnt90Daconio,^DfS,and twofixedlinestbrough 
any one of them, DC, DE, to find the envelope of the line CB joining the 
points where those fixed lines again meet the curve. 

The vertices of the triangle CEJf move on the fixed lines DC, DE, NL, 
and two of its side* pas* through the fixed points, B, Fi therefore, the 
third side envelopes a conic section touching DC, DE (by the reciprocal 
of MacLaurin'a mode of generation). 

* This ooDstructiou for inscribing a polygon in a conic i* due to 
M. Fencelet (ZVoi't^ de$ Propriitii Profgctivti, p. 301). The demonstration 
here used is Mr. Towniend'i. It show* that Poncetet's con*trnction will 
equally solve the problem, " To inscribe a polygon in a oonic, each of whose 
sides shall touch a conic having double contact with the given conio." Hie 
conies touched by the sides may be all different. 



288 ANHARMONIC PBOPEfiTIES OF CONIGS. 

Ex. 13. Giyen four points on a conic ABDE, and two fixed lines, 
AFj CD^ passing each through a different one of the fixed points, the line 
CF joining the points where the fixed lines again meet the curre will pass 
through a fixed point. 

For the triangle CFM has two sides passing through the fixed points 
B, E, and the yertices move on the fixed lines AF^ CD, NL, which fixed 
lines meet in a point, therefore (p. 266) C!F passes through a fixed point. 

The reader will find how the last two theorems are suggested by other 
well-known theorems in the Chapter on Projection. (See Ex. 3 and 4, p. 307.) 

Ex. 14. The anharmonic ratio of any four diameters of a conic is equal 
to that of their four conjugates. This is a particular case of Ex. 2, p. 258 
that the anharmonic ratio of four points on a line is the same as that of 
their four polars. We might also proye it directly, from the consideration 
that the anharmonic ratio of four chords proceeding from any point of the 
curye is equal to that of the supplemental chords (Art 179). 

Ex. 15, A conic circumscribes a giyen quadrangle, to find the locus of 
its centre. (Ex. 3, p. 143.) 

Draw diameters of the conic bisecting the sides of the quadrangle, their 
anharmonic ratio is equal to that of their four conjugates, but this last ratio 
ijB giyen, since the conjugates are parallel to the four giyen lines; hence the 
locus is a conic passing through the middle points of the giyen sides. If 
we take the cases where the conic breaks up into two right lines, we see 
that the intersections of the diagonals, and also those of the opposite sidee, 
are points in the locus, and, therefore, that these points lie on a conic pass- 
ing through the middle points of the sides and of the diagonals. 

329. We think It unnecessaiy to go through the theorems, 
which aro onlj the polar reciprocals of those investigated in 
the last examples; bat we recommend ^the student to form the 
polar reciprocal of each of these theorems, and then to prove it 
directly by the help of the anharmonic property of the tangents 
of a conic. Almost all are embraced in the following theorem : 

If there he any number of points a, J, c, rf, <fec. on a right line^ 
and a homographic system a\ h'^ c'j cF^ &c. on another line^ the 
lines joining corresponding points will envelope a conic. For if 
we construct the conic touched by the two given Unes and by 
three lines aa^ hb\ cc\ then, by the anharmonic property of the 
tangents of a conic, any other of the lines dd! must touch the 
same conic* The theorem here proved Is the reciprocal of 

* In the same case if P, V be two fixed points, it follows from the last 
article that the locus of the intersection of Pd, Pdf is a conic through 
P, F. We saw (Art. 277) that if «, ft, c, cf, &c., a', 6', «', if be two homo* 
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that proved Art. 297, and may also be established by interpreting 
tangentially the equations there used. Thus, if P, P* ; Q^Q re- 
present tangentially two pairs of corresponding points, P+ XP', 
Q-\'\Q represent any other pair of correspondmg points; and 
the line joining them touches the curve represented by the 
tangential equation of the second order, P^ = PQ. 

Ex. Any transversal through a fixed point P meets two fixed lines OA^ 
OA', in the points AA'; and portions of given length Aa, A'al are taken on 
each of the given lines; to find. the envelope ofaa'. Here, if we give the 
transversal four positions, it is evident that {^^ CD) = [A*B'C'iy], and that 
[ABCD] = [abed], and {A' BCD'} = {a!bC(t]. 

330. Generally when the envelope of a moveable line is 
found by this method to be a conic section, it is useful to take 
notice whether in any particular position the moveable line can 
be altogether at an infinite distance, for if it can, the envelope 
is a parabola (Art. 254). Thus, in the last example the line aa 
cannot be at an infinite distance, unless in some position AA' 
C4in be at an infinite distance, that is, unless P is at an infinite 
distance. Hence we see that in the last example if the trans* 
versal, instead of passing through a fixed point, were parallel to 
a given line, the envelope would be a parabola. In like manner, 
the nature of the locus of a moveable point is often at once 
perceived by observing particular positions of the moveable pointy 
as we have illustrated in the last example, Art. 328, 

331. If we are given any system of points on a right line 
we can form a homographic system on another line, and such 
that three points taken arbitrarily a , b\ c' shall correspond to 
three given points a, J, c of the first line. For let the distances 
of the given points on the first line measured from any fixed 
origin on the line be a, J, c, and let the distance of any vari- 

g^aphic systems of points on a conic, that is to say, such that [ahcd\ always 
- {afh'c'd']t the envelope oi dd \s a conic having douhle contact with the 
given one. In the same case, if P, P be fixed points on the conic, the locus 
of the intersection of Pd, P'd! is a conic through P, P'. Again, two conies 
are cut by the tangents of any conic having double contact with both, in 
homographic systems of points, or such that \aihcd] » \alh'dd!\ (Art. 276) ; 
but it is not true conversely, that if we have two homographic systems of 
points on different conies, the lines joining corresponding points necessarily 
envelope a conic. 

U 
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able point on the line measured from tlie same origin be x» 
Similarly let the distances of the points on the second line 
from any origin on that line be a', b\ c\ x'j then, as in Art 277| 
we have the equation 

(a-&)(c--a?) _ (a^-y)(c^-a?') 
(a-c)(J-a;) -(a'-cicy-^ajV 
which expanded is of the form 

Axx' + Bx+Cx'-^D = 0* 

This equation enables us to find a point x' In the second line 
corresponding to any assumed point x on the first line, and such 
that [obex] = {a'b'c'x']. If this relation be fulfilled, the Ime 
joining the points x^ oi envelopes a conic touching the two given 
lines; and this conic will be a parabola if ^ = 0, unce then oi 
is infinite when x is infinite. 

The result at which we have arrived may be stated, con- 
versely, thus : Two systems of points^ connected by any rdation^ 
wtU be homographio^ if to one point of either system always oor^ 
responds onCj and but one^ point of the other. For, evidently, 
an equation of the form 

-4a«j' + JSaj + Cx' + D = 

is the most general relation between x and x' that we can write 
down, which gives a simple equation whether we seek to deter- 
mine X in terms of x'j or vice versa. And when this relation 
is fulfilled, the anharmonic ratio of four points of the^first 
system is equal to that of the four corresponding points of the 

second. For the anharmonic ratio 7 —4 i is unaltered 

(a? - «) (y - 1£?) 

* M. Chasles states the matter thus : The points x, ^ belong to homo- 
graphic systems, if a, 5, a', V being fixed points, the ratios of the Sdistances 
ax : hx^ dTf : 5V, be connected by a linear relation, such as 

^ ax dx' - 

Denoting, as aboTe, the distances of the points from fixed origins, bya, h^x\ 
a\ h\ xff this relation is 

which, expanded, gives a relation between x and «' of the form 

Axxf + ^« 4 CV + 2> = 0. 
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if instead of x we write — -^ ^, and make similar substltu- 

tions for y, «, w. 

332. The distances from the origin of a pair of points Aj B 

on the axis ofx being given by the equation^ axf + ihx + 6 = 0, and 

those of another pair of points A\ B' by aV + 2A'a: + i' = 0, to 

find the condition that the two pairs should be harmonically con^ 

jugate. 

Let the distances from the origin of the first pair of points 
be a, y8 ; and of the second a'j ff ; then the condition is 

AB'^ B'B' ^^ a'-fi' P-P' 
which expanded may be written 

(g + y8)(g' + ^) = 2a^ + 2g'/9'. 

But a + ^ = -?*,a^ = *; (a' + ^) = -H*',a'i8'==-,. 

a ^ a' ^ ' a ^ a 

The required condition is therefore 

ay + a'J-2AA' = 0* 
It is proved, similarly, that the same is the condition that the 
pairs of lines ^* ^ ^hap + JyS*, a V + 2A'a^ + V^, 

should be harmonically conjugate. 

333. If a pair of points ax* + 2hx + i, be harmonically con- 
jugate with a pair a'a^ + 2A'aj + J', and also with another pair 
a'V + 2A"a; + J", it will be harmonically conjugate with every 
pair given by the equation 

(aV + 2Kx •^V)+\ (fii'o? + 2K'x -f b") = 0. 
For evidently the condition 

a(y + X6") + *(«' + >^")-2A(A' + XA") = 0, 
will be fulfilled if we have sepaiiately 

aJ' + Ja'-2AA' = 0, aJ"-|-Ja"-2M" = 0. 

334. To find the locus of a point such that the tangents from 
it to two given conies may form a harmonic pencil, 

* It can be proved that the anharmonic ratio of the system of four points 
will be given, if (aft' + cr'^ - 2hhy be in a given ratio to (a6 - A*) {M - A'^. 

U2 
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For Bimplicity we refer the conies to their common self-con- 
jugate triangle (Art. 282), and write their equations 

Now the equation of a pair of tangents from any point to the 
first conic being 

(oa'" + Ji8^ + 07**) (aa« + Ji8» + C7«) = (oaa' + JiSiS' + C77')«, 

if in this we make 7 = 0, the points where the line 7 is met by 
the pair of tangents, are determined from the equation 

a ( Ji8^ + C7'") a* - 2a5a'i8'a^ + J (oa" + C7'^ iS" = 0. 

Forming the condition that this shall form a harmonic system 
with the corresponding pair of points for the second conic, we 
find for the equation of the locus 

oA' (Jy8» + C7«) (aV + cV) + hd [V^ + dr/)[<u^ + 07^) = 2aJa'6V/8', 

which expanded and reduced is 

aa'(Jc' + Jc)a* + W'(ca' + c'a)y8»4cc'(ay + a'J)7* = 0; 

a conic having important relations to the two conies, which will 
be treated of further on. If the anharmonic ratio of the four 
tangents be given, the locus is the curve of the fourth degree, 
F* = kS8\ where 5, 8\ jP, denote the two given conies, and 
that now found. 

335. To find the condition that the line Xa + /i^S + V7 should 
be cut harmonically by the two conies. Eliminating 7 between 
this equation and that of the first conic, the points of inter- 
section are found to satisfy the equation 

(av» + cX*) a" - 2c\fiafi + [bv" + c/i*) iS" = 0. 

Forming the condition that this should be harmonically con- 
jugate with the corresponding equation for the second conic, 
we obtain 

(av« 4 cX") [bV + c'^') + {aV + c'X") (Jv' + Cfi") = 2cc'XV, 

which reduced is 

{be + b'c) X« + {ca' + ca) /i« + {aV + ab) v» = 0. 

The line consequently envelopes a conic* 

* If substituting in the equations of two conies Ut F, for a, \a 4 fia% &e. 
we obtain results 
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INVOLUTION. 

336. Two systems of points a, J, c, &c., a, J', c', &c., situ- 
ated on the same right line^ will be homographic (Art. 331) if 
the distances measured from any origin, of two corresponding 
points, be connected by a relation of the form 

Axx + Bx-^- Cx' -\- D^O. 

Now this equation not being symmetrical between x and x\ the 
point which corresponds to any point of the line considered as 
belonging to the first system, will in general not be the same 
as that which corresponds to it considered as belonging to th& 
second system. Thus, to a point at a distance x considered as 
belonging to the first system, corresponds a point at the dis- 

tance - -^ p] but considered as belonging to the second 

system, corresponds - -^ — —5 . 

Two homographic systems situated on the same line are 
said to form a system in involution^ when to any point of the 
line the same point corresponds whether it be considered as 
belonging to the first or second system. That this should be 
the case it is evidently necessary and sufficient that we should 
have B^C in the preceding equation, in order that the relation 
connecting x and x' may be symmetrical. We shall find it 
convenient to write the relation connecting any two correspond- 
ing points j^^' ^ ff(^ + x')+B = Oi 

and if the distances from the origin of a pair of corresponding 
points be given by the equation 

ax* + 2hx + b-0y 

we must have Ab + Ba— 2Hh = 0. 

then it is easy to see, asaboye, that UV -v U'V- 2PQ, represents the pair 
of lines which can be drawn through ^p^% so as to be cut harmonically by 
the conies. In the same case (Art. 296), the equation of the system ht four 
lines joining a'pr^ to the intersections of the conicS, is 

TJV*- P« and W ^ Cf denote the pairs of tangents from 0*^7' to the 
conies. 
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337. It appears, from what has been sidd, that a flystem in 
involution consists of a number of pairs of points on a line 
ttj a ; hyb' ] &c., and such that the anharmonic ratio of any 
four is equal to that of their four conjugates. The expression of 
this equality gives a number of relations connecting the mutual 
distances of the points. Thus, from [abca'] = [a'Vca]^ we have 

ab.ca __ aV.c'a 
aa'.bc aa.b'c^ 

or cib . ca', b'c' = — ab\ c'a . Jc. 

The development of such relations presents no difficulty. 

338. The relation Aocx' -^ H{x-^x')+B=^Oj connects the 
distances of two corresponding points from any origin chaaen 
arbitrarily ; but by a proper choice of origin this relation can 
be simplified. Thus, if the distances be measured frt)m a point 
at the distance a; = a, the given relation becomes 

-4(a; + a)(a;' + a) + -S'(a; + a;' + 2a)+5=0; 

or Axx' + [n-\- Aa) {x + x') + Aa^ + 2-5a + 5=0. 

And if we determine a, so that j5'+ ^a = 0, the relation rednces 
to axe' = constant. The point thus determined' is called the 
centre of the system ; and we learn that the product of the dis- 
tances fi'om the centre of two corresponding points is constant 

339. Since, in general, the point corresponding to any point 

Hx + B 
a? is — --j ^; when Ax + H= 0, the corresponding point is 

infinitely distant: or the centre is the point whose conjugate is 
infinitely distant. The same thing appears from the relation 
[abcc'] = [aUdc] , or ^^ ^ j^' ^/^^^ y^ 
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ac,bc a'cb'c 

Let c' be infinitely distant, be' ultimately s= ac\ and a'c' = h'c\ 
and this relation becomes ac,ac = bc.b'c] or, in other words, the 
product of the distances from c of two conjugate points is con- 
stant. The relation -connecting the distances from the centre 
may be either ca.oa = + &* or ca.ca = — 1^. In the one case 
two conjugate points lie on the same side of the centre; in the 
other case they lie on opposite sides. 
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340. A point which coincides with Its conjugate is called a 
focus of the system. There are plainly two foci/,/' equidistant 
from the centre on either side of it, whose common distance 
from the centre- c, is given by the equation c^*s=±A*. Thus, 
when 1^ is taken with a positive sign, that is, when two con- 
jugate points always lie on the same side of the centre, the foci 
are real. In the opposite case they are imaginary. By writing 
x^x \£L the general relation connecting corresponding points, 
we see that in general the distances from any origin of the 
foci are given by the equation 

341. We have seen (Art. 336] that if a pair of corresponding 
points be given by the equation oaf + ihx + 5 = 0, we must have 
Ab-^-Ba^ 2nh = 0. Now this equation signifies (see Art 332) 
that any two corresponding points are harmonically confugate 
with the two foci. The same inference may be drawn from 
the relation {ojf a'j = {cijfc^^ which gives 

aa\ff' " a'a.ff' ' '''' fa "" /V ' 

or the distance between the foci ff* is divided internally and ex- 
ternally at a and a! into parts which are in the same ratio. 

Cob. When one focus is at infinity, the other bisects the 
distance between two conjugate points; and it follows hence 
that in this case the distance db between any two points of the 
system is equal to a'5', the distance between their conjugates. 

342. Two pairs cf points determine a system in involution. 
We may take arbitrarily two pairs of points 

oaf + 2hx + 6, aV + 2h'x + 6', 

and we can then determine A^ H^ B from the equations 

-46 + ^-251 = 0, jy + jBa' - 251' = 0. 

We see, as in Art. 333, that any other pair of points in in- 
volution with the two given pairs may be represented by an 
equation of the form 

(ar^ + 2Aaj + 6) +X (aV + 2A'a? + J') = 0, 



296 AXHARMONIC PROPERTIES OF COXICS. 

since, when il, Z7, B are determined so as to satisfy the two 
equations written above, they must also satisfy 

A (J + XJ') + J?(a + Xa') - 25^(4 + XA') = 0* 

The actual values of A^ J?, H^ foimd by solving these equations, 
are 2(aA'-a'A), 2(AJ' — A'J), ah' — a'b. Consequently the foci 
of the system determined by the given pairs of points, are 
given by the equation 

[ah' - a'h) x^ -h [ah' - a'i) x + [hV - h'h) = 0. 

This may be otherwise written if we make the equations 
homogeneous by introducing a new variable y, and write 

U^ am? + 2hxy + Jy", F = aV + 'Ih'xy + h'f. 

The equatioA which determines the foci is then 

dU dV dUdV_ 

The foci of a system given by two pairs of points a, a' ; 6, b' 

may be also found as follows, from the consideration that 

{afba'} = {afb'a], or 

af.ba _ dfJVa ^ 

a'f.ba af.b'd^ 

whence af* : a'f* :: ab.aV : db.a'b' ; 

or / is the point where ad is cut either internally or externally 
in a certain given ratio. 

343. The relation connecting six points in involution is of 
the class noticed in Art. 313, and is such that the same relations 
will subsist between the sines of the angles subtended by them 
at any point as subsist between the segments of the lines them- 
selves. Consequently, if a pencil be draum from any point to 
six- points in involution^ any transversal cuts this pencil in six 
points in involution. Again, the reciprocal qf six points in Vw- 
volution is a pencil in involution. 

* It easily follows from this, that the condition that three pairs of points 
flj:* + 2hx + 6, aV + 2hx + h\ aV + 2h"z + I/' should belong to a system in 
involution, is the vanishing of the determinant 

a, h, h 
fl', h\ h' 
0", h\ If 




ANHARMONIC PROPERTIES OF CONICS. 297 

The greater part of the equations already found apply 
equally to lines drawn through a point. Thus, any pair of lines 
a — /iyS, a — fi'P belong to a system in involution^ if 

J/Lt/i' + i7(/A + /*') + 5= ; 

and if we are given two pairs of lines 

they determine a pencil in involution whose focal lines are 

{oK - cih) a* + (oi' - dh) aP + {hb' - h'h) /? = 0, 

dUdV_dUdV_ 
^^ da dp dp da" 

344. A system of conies passing through four fixed points 
meets any transversal in a system of points in involution. 

For, if /S, S" be any two conies through the points, 8+\S' 
will denote any other ; and if, taking the transversal for axis 
of X and making y = in the equations, we get aa? + 2gx + c, 
and aV + 2g'x + c' to determine the points in which the trans- 
versal meets S and S\ it will meet S -f- \S* in 

ax"^ + 2gx + c + X (a V -f 2gx + c') , 

a pair (Art. 342) in involution with the two former pair. 

This may also be proved 
geometrically as follows : 
By the anharmonic proper- 
ties of conies, 

{a.AdbA'}=^{c.AdbA']: 

but if we observe the points 
in which these pencils meet 
AA\ we get {^ CBA'] = {AB' C'A'] = [A' C'B'A}. 

Consequently the points AA' belong to the system in in- 
volution determined by BB\ GC\ the pairs of points in which 
the transversal meets the sides of the quadrilateral joining the 
given points. 

Reciprocating the theorem of this article we learn that, the 
pairs of tangents drawn from any point to a system of conies 
touching four fixed lines^form a system in involution,, 

345. Since the diagonals ac^ hd may be considered as a conic 
through the four points, it follows, as a particular case of the last 
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Article, that any transversal cuts the four sides, and the. diagonals 
of a quadrilateral in points BB\ CC\ DU^ which are in inTO- 
lution. This property enables us, being given two purs of points 
BP'^ Dlf of a system in involution, to construct the point con- 
jugate to any other (7. For take any point at random, a ; join 
aJ?, aD^ aC\ construct any triangle hcd^ whose vertices rest on 
these three lines, and two of whose sides pass through B'lf^ then 
the remaining side will pass through G\ the point conjugate to O. 
The point a may be taken at infinity, and the Unes clB!, cJi^ aC 
will then be parallel to each other. If the point (7 be at infiboi^ 
the same method will give us the centre of the system. The 
simplest construction for this case is, — ^^ Through Bj 2>, draw 
any pair of parallel lines Bbj Be ; and through B'j U^ a different 
pair of parallels D\ B'c ; then he will pass through the centre 
of the system." 

Ex. 1. If three conies circumscribe the same quadrilateral, the common 
tangent to any two is cut harmonically by the third. For the points of con- 
tact of this tangeut are the foci of the system in inyolution. 

Ex. 2. If through the intersection of the common chords of two conioi 
we draw a tangent to one of them, this line will be cut harmonically by the 
other. For in this case the points D and ly in the last figure coindde, and 
will therefore be a focus. 

Ex. 3. If two conies have double contact with each other, or if they have 
a contact of the third order, any tangent to the one is cut harmonically at the 
points where it meets the other, and where it meets the chord of contact. 
For in this case the common chords coincide, and the point where any 
transversal meets the chord of contact is a focus. 

Ex. 4. To describe a conic through four points a, &, e, d^ to touch a given 
right line. The point of contact must be one of the foci of the system BB'^ CC\ 
&c., and these points can be determined by Art. 342. This problem, there* 
fore, admits of two solutions. 

Ex. 5. If a parallel to an asymptote meet the curve in C, and any inscribed 
quadrilateral in points ahed\ Ca.Cc^Ch,Cd, For Cis the centre of the system. 

Ex. 6. Solve the examples, p. 282, &c., as cases of involution. 

In Ex. 1, JT is a focus : in Ex. 2, T\a also afocus : in Ex. 3, Tis a centre, &o. 

Ex. 7. The intercepts on any line between a hyperbola and its asymptotes 
are equaL For in this case one focus of the system is at infinity (Cor. Art. 841). 

346. If there he a system of conies having a common seLf-^cn^ 
jugate triangle^ any line passing through one of the verHoea of 
this triangle is cut by the system in involution. 



/ 
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For, If in ao* + h^ + 07* we write a = 4)8, we get 

a pair of points evidently always harmonically conjugate with 
the two points where the line meets )9 and 7. Thus, then, in 
particular, a system of conies touching the four sides of a fixed 
quadrilateral cuts in involution any transversal which passes 
through one of the intersections of diagonals of the quadrila- 
teral (Ex. 3, p. 139). The points in which the transversal meets 
diagonals are the foci of the system, and the points where it 
meets opposite sides of the quadrilateral are conjugate points 
of the system. 

Ex. 1. If two conies U, V touch their common tangents ^, ^, C, D in the 
points a, hf c, d; a', l/f&,tP; a conic S through the points a, b, c, and touch* 
ing D at <f , will have for its second chord of intersection with F, the line 
joining the intersections of A with he, B with ca^ C with oft. 

Let V meet ab in a, )9, then, by this article, since <d> passes through an 
intersection of diagonals of A BCD (Ex. 2, p. 228), a, &; a, p belong to a 
system in involution of which the points where ab meets C and D are con- 
jugate points. But (Art. 345) the common chords of S and Fmeet ah in 
points belonging to this same system in involution, determined by the points 
a, b; a, p, in which S and Fmeet the line ab. If then one of the common 
chords be D, the other must pass through the intersection of C with ab, 

Ex. 2. If in a triangle there be inscribed an ellipse touching the sides at 
their middle points a, b, c, and also a circle touching at the points a', V, e\ 
and if the fourth common tangent D to the ellipse and circle touch the circle 
at d\ then the circle described through the middle points touches th'e in- 
scribed circle at <f . By Ex. 1 , a conic described through a, &, c, will touch 
the circle at <f , if it also pass through the points where the circle is met by 
the line joining the intersections oi A,bc\ B,ca\ Cf ab. But this line is in 
this case the line at infinity. The touching conic is therefore a circle. Sir 
W. R. Hamilton has thus deduced Terquem's theorem (Ex. 4, p. 126) as a 
particular case of Ex. 1. 

The point d' and the line D can be constructed without drawing the 
ellipse. For since the diagonals of an inscribed, and of the corresponding 
circumscribing quadrilateral meet in a point, the lines ab, cd, a If, ddl, and 
Ihe lines joining AD, BC; AC, BD all intersect in the same point If then 
a, p, 7 be the vertices of the triangle followed by the intersections of be, b'd ; 
ca, e'af; ab, a'b' \ the lines joining t^a, b'p, 07 meet in d. In other words, 
the triangle a)97 is homologous with abc, db'd, the centres' of homology 
being the points d, df. In like manner, the triangle 0^37 is also homologous 
with ABC, the axis of homology being the line D. 
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CHAPTER XVIL 

THE METHOD OF PROJECTION.* 

347. We have already several times had occasion to point 
out to the reader the advantage gained by taking^ notice of 
the number of particular theorems often included under one 
general enunciation, but we now propose to lay before him a 
short sketch of a method which renders us a still more impor- 
tant service, and which enables us to tell when from a particular 
given theorem we can safely infer the general one under which 
it is contained. 

If all the points of any figure be joined to any fixed point 
in space (0), the joining lines will form a cane^ of which the 
point is called the vertex, and the section of thb cone, by any 
plane, will form a figure which is called the prajectton of the 
given figure. The plane by which the cone is cut is called the 
plane of projection. 

To any point of ane figure will correspond a point in the other. 

For, if any point A be joined to the vertex 0, the point a, 
in which the joining line OA is cut by any plane, will be the 
projection on that plane of the given point A. 

A right line will always he projected into a right line. 

For, if all the points of the right line be joined to the vertex, 
' the joining lines will form a plane, and this plane will be inter- 
sected by any plane of projection in a right line. 

Hence, if any number of points in one figure lie in a right 
line, so will also the corresponding points on the projection ; and 
if any number of lines in one figure pass through a point, so 
will also the corresponding lines on the projection. 

* This method is the inYeqtion of M. Poncelet See his Traite des Pro- 
prietes Prqfectives, published in the year 1822, a work which, I believe, may 
be regarded as the foundation of the Modern Geometry. In it were taught 
the principles, that theorems concerning infinitely distant points may be ex- 
tended to finite points on a right line ; that theorems concemiog sjrstema of 
circles may be extended to conies having two points common; and that 
theorems concerning imaginary points and lines may be extended to real 
points and lines. 
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348. Any plane curve will always he projected into another 
curve of the same degree. 

For it 18 plain that, if the given curve be cut by any right line 
in any number of points, A^ 5, (7, i>, &c. the projection will 
be cut by the projection of that right line in the same number of 
corresponding points, a, J, c, rf, &c. ; but the degree of a curve is 
estimated geometrically by the number of points in which it can 
be cut by any right line. If AB meet the curve in some real and 
some imaginary points, ah will meet the projection in the same 
number of real and the same number of imaginary points. 

In like manner, if any two curves intersect, their projections 
will intersect in the same number of points, and any point 
common to one pair, whether real or imaginary, must be con- 
sidered as the projection of a corresponding real or imaginary 
point common to the other pair. 

Any tangent to one curve will he projected into a tangent to 
the other. 

For, any line AB on one curve must be projected into the 
line ah joining the corresponding points of the projection. Now, 
if the points A^ J?, coincide, the points a, &, will also coincide, 
and the line ah will be a tangent. 

More generally, if any two curves touch each other in any 
number of points, their projections will touch each other in the 
same number of points. 

349. If a plane through the vertex parallel to the plane of 
projection meet the original plane in a line AB^ then any pencil 
of lines diverging from a point on AB will be projected into a 
system of parallel lines on the plane of projection. For, since 
the line from the vertex to any point of AB meets the plane of 
projection at an infinite distance, the intersection of any two lines 
which meet on AB is projected to an infinite distance on the 
plane of projection. Conversely, any system of parallel lines on 
the original plane is projected into a system of lines meeting in a 

point on the line DF^ where a plane through the vertex parallel to 
the original plane is cut hy the plane of projection The method 
of projection then leads us naturally to the conclusion, that any 
system of parallel lines may be considered as passing through a 
point at an infinite distance, for their projections on any plane 
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paA through a point in general at a finite distance ; and againi 
that all the points at infinity on any plane may be constdesred a» 
lying on a right line^ since we have showed, that the projection 
of any point in which parallel lines intersect must lie somewherB 
on the right line i>^in the plane of projection. 

350. We see now, that if any property of a given cnnre doeii 
not involve the magnitude of lines or angles, but merely relates 
to the position of lines as drawn to certain points, or touching 
certain curves, or to the position of points, &c., then thb property 
will be true for any curve into which the given curve can be pro- 
jected. Thus, for instance, '^ if through any point in the plane 
of a circle a chord be drawn, the tangents at its extremities will 
meet on a fixed line." Now since we shall presently prove that 
every curve of the second degree can be projected into a circle, 
the method of projection shows at once that the properties of 
poles and polars are true not only for the circle, but also for all 
curves of the second degree. Again, Fascal^s and Brianchon's 
theorems are properties of the same class, which it is sufficient 
to prove in the case of the circle, in order to know that they are 
true for all conic sections. 

351. Properties which, if true for any figure, are true for its 
projection, are osSHaSl projective properties. Besides the classes of 
theorems mentioned in the last Article, there are many projective 
theorems which do involve the magnitude of lines. For instancei 
the anharmonic ratio of four points in a right line [ABGD]^ be- 
ing measured by the ratio of the pencil { O.ABCD] drawn to the 
vertex, must be the same as that of the four points [abod\j where 
this pencil is cut by any transversal. Again, if there be an 
equation between the mutual distances of any number of points 
in a right line, such as 

AB.CD.EF+k.AC.BE.DF+ LAD.GE.BF^ &^^0^ 

where in each term of the equation the same points are men- 
tioned, although in different orders, this property will be projee- 
tive. For (see Art. 311) if for AB we substitute 

OA.OB.BJnAOB ^ 
OP ' 

each term of the equation will contain OA . OB.OC. OD. OJE. OF 
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in the numerator, and OP" in the denominator. Dividing, then, 
by these, there will remain merely a relation between the sines 
of angles subtended at 0. It is evident that the points A^ B^ (7, 
i>, Ej Fj need not be on the same right line ; or, in other words, 
that the perpendicular OP need not be the same for all, provided 
the points be so taken that after the substitution, each term of 
the equation may contain in the denominator the same product, 
OP. OP'. 0P\ &c. Thus, for example, " If lines meeting in a 
point and drawn through the vertices of a triangle ABC meet the 
opposite sides in the points a, &,c, then Ab.Bc.Ca = Ac.Ba.CbJ*^ 
This is a relation of the class just mentioned, and which it is 
sufficient to prove for any projection of the triangle ABC. Let 
us suppose the point C projected to an infinite distance, then 
A Cj BGj Cc are parallel, and the relation becomes 

Ab.Bc = Ac.Baj 

the truth of which is at once perceived on making the figure. 

352. It appears from what has been said, that if we wish to 
demonstrate any projective property of any figure, it is sufficient 
to demonstrate it for the simplest figure into which the given 
figure can be projected ; e.ff. for one in which any line of the 
given figure is at an infinite distance. 

Thus, if it were required to investigate the harmonic pro- 
perties of a complete quadrilateral ABCDj whose opposite sides 
intersect in Ey Fj and the intersection of whose diagonals is (7, 
we may join aU the points of this figure to any point in space 0, 
and cut the joining lines by any plane parallel to OEFy then 
EF is projected to infinity, and we have a new quadrilateral, 
whose sides a5, cd intersect in e at infinity, that is, are parallel ; 
while ad^ be intersect in a point /at infinity, or are also paralleL 
We thus see that any quadriloUeral may be projected into a 
parallelogram. Now since the diagonals of a parallelogram 
bisect each other, the diagonal ac b cut hiChnonically in the 
points a, ^, c, and the point where it meetd the Une at in- 
finity ef. Hence J £ is cut harmonically in the points A^ O^ (7, 
and where it meets EF. 

Ex. If two triangles ABC^ A'BC^ be such that the points of inteneo- 
tion otAB, A'Bi BC, BCy CA, CA'i lie in a right line, then the lines 
AA't BB', QC meet in a point 
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Project to infinity the line in which AB, A'B, &c., intersect; tlien the 
theorem becomes : '^ If two triangles abe, alh'd have the sides of the one re- 
spectively parallel to the sides of the other, then the lines ad^ W^ ctf meet 
in a point" But the truth of this latter theorem is evident, since aa^ Ik 
both cut cd in the same ratio. 

353. In order not to interrupt the account of the applications 
of the method of projection, we place in a separate section 
the formal proof that every curve of the second degree 
may be projected so as to become a circle. It will also be 
proved that by choosing properly the vertex and plane of pro- 
jection, we can, as in Art. 352, cause any given line EF on the 
figure to be projected to infinity, at the same time that the 
projected curve becomes a circle. This being for the present 
taken for granted, these consequences follow : 

Oiven any conic section and a point in its plane^ tee can project 
it into a circle^ of which the projex^tion of that point is the centre^ 
for we have only to project it so that the projection of the polar 
of the given point may pass to infinity (Art. 154). 

Any two conic sections may he projected so as both to become 
circles^ for we have only to project one of them into a circle, 
and so that any of its chords of intersection with the other shall 
pass to infinity, and then, by Art. 257, the projection of the 
second conic passing through the same points at infinity as the 
circle must be a circle also. 

Any two conies which have double contact with each other may 
be projected into concentric circles. For we have only to project 
one of them into a circle so that its chord of contact with the 
other may pass to infinity (Art. 257). 

354. We shall now give some examples of the method of 

deriving properties of conies from those of the circle, or from 

other more particular properties of conies. 

Ex. 1 . "A line through any point is cut harmonically hy the curve and 
the polar of that poiift." This property and its reciprocal are projective pro- 
perties (Art. 351), and hoth heing true for the circle, are true for every 
conic. Hence all the properties of the circle depending on the theory of 
poles and polars are true for all the conic sections. 

Ex. 2. The anharmonio properties of the points and tangents of a conic 
are projective properties, which, when proved for the circle, as in Art. 312, are 
proved for all conies. Hence, every property of the circle which results 
from either of its anharmonic properties is true also for all the conic sections. 
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Ex. 3. Caraot*8 theorem (Art. 313), that if a conio meet the sides of a 
triangle, Ab.Ahf .Bo.Bif.Ca.Ca' = Ae.Ad .Ba.Ba' .Cb.CV, 
is a projective property which need only be proved in the case of the circle, 
in which case it is evidently true, since Ah, Ah' - Ac. Ac, &o. 

The theorem is evidently true, and can be proved in like manner for any 
polygon. 

Ex. 4. From Camot's theorem, thus proved, could be deduced the proper- 
ties of Art. 148, by supposing the point Cat an infinite distance ; we then have 

Ah. Ah' ^ Ba.Ba 

Ac.Ae'^ Be. Be* 
where the line Ah is parallel to Ba. 

Ex. 5. Given two concentric circles. Given two conies having double con* 
any chord of one which touches the tact with each other, any chord of one 
other is bisected at the point of con- which touches the other is cut harmo- 
tact. nically at the point of contact, and 

where it meets the chord of contact 
of the conies. (Ex. 3, p. 298.) 
For the line at infinity in the first case is projected into the chord of 
contact of two conies having double contact with each other. Ex. 4, p. 209, 
is only a particular case of this theorem. ♦ 

Ex. 6. Given three concentric cir- Given three conies all touching each 
cles, any tangent to one is cut by the other in the same two points, any tan- 
other two in four points whose anhar- gent to one is cut by the other two in 
monic ratio is constant. four points whose enharmonic ratio 

is constant. 
The first theorem is obviously true, since the four lengths are constant. 
The second may be considered as an extension of the enharmonic property of 
the tangents of a conio. In like manner, the theorem (in Art. 276) with re- 
gard to enharmonic ratios in conies having double contact is immediately 
proved by projecting the conies into concentric circles. 

Ex. 7. We mentioned already, that it wae sufficient to prove Pascal's 
theorem for the case of a circle, but, by the. help of Art. 349, we may still 
further simplify our figure, for we may suppose the line joining the intersex 
tion otAB, DE, to that of fiC, EF, to pass off to infinity ; and it is only neces- 
sary to prove that, if a hexagon be inscribed in a circle having the side AB 
parallel to DE, and BC to EF, then CD will be parallel to AF\ but the 
truth of this can be shown from elementary considerations. 

Ex. 8. A triangle is inscribed in any conic, two of whose sides pass through 
fixed points, to find the envelope of the third (p. 236). Let the line joining 
the fixed points be projected to infinity, and at the same time the oonic into 
a circle, and this property becomes,-.." A triangle is inscribed in a circle, two 
of whose sides are parallel to fixed lines, to find the envelope of the third." 
But this envelope is a concentric circle, since the vertical angle of the ttiangle 
is given ; hence, in the general case, the envelope is a conic touching the 
given conic in two points oa the line joining the two given points. 

H 
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Ex. 9. To investigate the projectire properties of a quadrilateral inscribed 
in a conic. Let the conic be projected into a circle, and the quadrilatenl 
into a parallelogram (Art. 352). Now the intersection of the diagonals of s 
parallelogram inscribed in a circle is the centre of the circle; hence the in- 
tersection of the diagonals of a quadrilateral inscribed in a conic is the pole 
of the line joining the intersections of the opposite sides. Again, if tangenti 
to the circle be drawn at the vertices of this parallelogram, the diagonals of 
the quadrilateral so formed will also pass through the centre, bisecting the 
angles between the first diagonals ; hence, " the diagonals of the inscribed 
and corresponding circumscribing quadrilateral pass through a point, and 
form a harmonic pencil." 

Ex. 10. Given four points on a Given four points on a conic, the 
conic, the locus of its centre is a conic locus of the pole of any fixed line ba 
through the middle points of the conic passing through the fourth hs^ 
sides of the given quadrilateral. monic to the point in which this line 

meets each side of the given quadri- 

lateraL 

Ex. 11. The locus of the point where If through a fixed point O a line be 
parallel chords of a circle are cut in a drawn meeting the conic in A^ JB, and 
given ratio is an ellipse having dftuble on it a point P be taken, such that 
contact with the circle. (Art 163.) [OABP] may be constant, the locos 

of P is a conic having double contact 
with the given conic 

355. We may project several properties relating to foci by 
the help of the definition of a focus given page 242, viz. that 
if i^ be a focus, and Ay B the two imaginary points in which 
any circle is met by the lines at infinity ; then FA^ FB are 
tangents to the conic. 

Ex. 1. The locus of the centre of a If a conic be described through two 
circle touching two given circles is a fixed points A^ P, and touching two 
hyperbola, having the centres of the given conies which also pass through 
given circles for foci. those points, the locus of the pole of 

u4P is a conic touching the four lines 

CA, CB, a A, CB, where C; C, are 

the poles of AB with regard to the 

two given conies. 

In this example wc substitute for the word ' circle/ " conic through two 

fixed points A, P/* (Art. 257), and for the word ' centre,' '* pole of the line 

AB,"* (Art. 164.) 

Ex. 2. Given the focus and two Given two tangents, and two points 
points of a conic section, the intersec- on a conic, the locus of the intersec- 
tion of tangents at those points will tion of tangents at those points is a 
be on a fixed line. (Art. 191.) right line. 
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Ex. 3. Given a focus and two tan- Given two fixed points A, B; two 
gents to a conic, the locus of the other tangents FA,FB passing onethrough 
focus is a right line. (This follows each point, and two other tangents to 
from Art. 189.) a conic ; the locus of the intersection 

of the other tangents from ^, ^i is a 

right line. 

Ex.4. Given a triangle circumscrih- Given two triangles circumscrib- 
ing a parabola ; the circle circumscrib- ing a conic, their six vertices lie on 
ing the triangle passes through the the same conic, 
focus, p. 193. 

For if the focus be Ff and the two circular points at infinity A, B, the 
triangle FAB is a second triangle whose three sides touch the parabola. 

Ex. 5. The locus of the centre of a Given one tangent, and three points 
circle passing through a fixed point, on a conic, the locus of the intersec- 
and touching a fixed line, is a parabola tion of tangents at any two of these 
of which the fixed point is the focus, points is a conic inscribed in the 

triangle formed by those points. 

Ex. 6. Given four tangents to a Given four tangents to a conic, the 
conic, the locus of the centre is the line locus of the pole of any line is the line 
joining the middle points of the dia- joining the fourth harmonics of the 
gonals of the quadrilateral. points where the given line meets the 

diagonals of the quadrilateral. 
It follows from our definition of a focus, that if two conies have the same 
focus, this point will be an intersection of common tangents to them, and will 
possess the properties mentioned at the end of Art 264. Also, that if two 
conies have the same focus and directrix, they may be considered as two conies 
having double contact with each other, and may be projected into concentric 
circles. 

356. Since angles which are constant in any figure wiU in 
general not be constant in the projection of that figure, we pro- 
ceed to show what property of a projected figure may be inferred 
when any property relating to the magnitude of angles is given ; 
and we commence with the case of the right angle. 

Let the equations of two lines at right angles to each other 
be a; = 0, y = 0, then the equation which determines the direction 
of the points at infinity on any circle is a;' + y" = 0, or 

a? + y V— 1 = 0, ic— y V— 1 = 0. 

Kence (Art. 57) these four lines form a harmonic pencil. 
Hence, given four points, -4, -B, C, -D, of a line cut harmonically, 
where -4, B may be real or imaginary, if these points be trans^ 
ferred by a real or imaginary projection, so that A^ B may 

X2 
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become the two imaginary points at infinity on any circle, then 
any lines through (7, D will be projected into lines at right 
angles to each other. Conversely, any two lines at right angles 
to each other will be projected into lines which cut harmonically 
the line joining the two jixed points which are the projections of 
the imaginary points at infinity on a circle* 

Ex. 1. The tangent to a circle is at Any chord of a conic is cutharmoni- 
right angles to the radius. cally by any tangent, and by the line 

joining the point of contact of that 

tangent to the pole of the given chord. 

(Art. 146.) 

For the chord of the conic is supposed to be the projection of the line at 

infinity on the plane of the circle ; the points where the chord meets the conio 

will be the projections of the imaginary points at infinity on the circle ; and the 

pole of the chord will be the projection of the centre of the circle. 

Ex.2. Any right line drawn through Any right line through a point, the 
the focus of a conic is at right angles line joining its pole to that point, and 
to the line joining its pdle to the focus, the two tangents from the point, form 
(Art. 192.) a harmonic penciL (Art 146.) 

It is evident that the first of these properties is only a particular case of 
the second, if we recollect that the tangents from the focus are the lines join- 
ing the focus to the two imaginary points on any circle. 

Ex. 3. Let us apply Ex. 6 of the last Article to determine the locus of 
the pole of a given line with regard to a system of confocal conies. Being 
given the two foci, we are given a quadrilateral circumscribing the conio 
(Art. 279); one of the diagonals of this quadrilateral is the line joining the foci, 
therefore (Ex 6) one point on the locus is the fourth harmonic to the point 
where the given line cuts the distance between the foci. Again, another 
diagonal is the line at infinity, and since the extremities of this diagonal are 
the points at infinity on a circle, therefore by the present Article, the locos 
is perpendicular to the given line. The locus is, therefore, completeW 
determined. 

Ex.4. Two confocal oonica out each If two oonics be inscribed in the 
other at right angles. same quadrilateral, the two tangents 

at any of their points of intersection 
cut any diagonal of the circumscribing 
quadrilateral harmonically. 
The last theorem is a case of the reciprocal of Ex. 1, p. 298. 

Ex. 6. The locus of the intersection The locus of the intersection of tan- 
of two tangents to a central conio, gents to a conic, which divide harmo- 
whioh cut at right angles, is a circle. nioaUy a given finite right line AB^ 

is a conie through At B. 
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The last theorem may, by Art. 146, be stated otherwise thus : <* The locus 
of a point O, such that the line joining O to the pole ofAO may pass through 
J?, is a conic through A,jB;" and the truth of it is evident directly, by taking 
four positions of the line, when we see, by Ex. 2, p. 258, that the anharmonic 
ratio of four lines, ^O, is equal tS that of four corresponding lines, JBO, 

Ex. 6. The locus of the intersection If in the last example A B touch the 
of tangents to a parabola, which cut given conic, the locus of O will be the 
at right angles, is the directrix. line joining the points of contact of 

tangents from A^ B, 

Ex. 7. The circle circumscribing a Given two triangles, both self- 
triangle self-conjugate with regard conjugate with regard to a conic; 
to an equilateral hyperbola, passes their six vertices lie on a conic 
through the centre of the curve, 
(p. 202.) 

The fact that the asymptotes of an equilateral hyperbola are at right angles, 
may be stated, by this article, tliat the line at infinity cuts the curve in two 
points which are harmonically conjugate with respect toul, B, the imaginary 
circular points at infinity. And since the centre C is the pole of AB, the 
triangle CAB is self-conjugate with regard to the equilateral hyperbola. It 
follows by reciprocation, that the six sides of two self-conjugate triangles 
touch the same conic. 

Ex. 8. If from any point oh a conic If a harmonic pencil be drawn 
two lines at right angles to each other through any point on a conic, two legs 
be drawn, the chord joining their ex- of which are fixed, the chord joining 
tremities passes through a fixed point, the extremities of the other legs will 
(p. 165.) pass through a fixed point. 

In other words, given two points, a, c, on a conic, and {abed} a harmonic 
ratio, bd will pass through a fixed point, namely, the intersection of tangents 
at a, c. But the truth of this may be seen directly : for let the line ac meet 
bd in JT, then since [a.abcd} is a harmonic pencil, the tangent at a cuts bd in 
the fourth harmonic to K: but so likewise must the tangent at c, therefore 
these tangents meet bd in the same point. As a particular case of this theorem 
we have the following : " Through a fixed point on a conic two lines are 
drawn, making equal angles with a fixed line, the chord joining their extre- 
mities will pass through a fixed point." 

357. A system of pairs of right lines dravm through a pointy 
every two of which make equal angles with a fixed line^ cuts the 
line at infinity in a system of points in involution^ of which the 
two points at infinity on any circle form one pair of conjugate 
points. For they evidently cut any right line in a system of 
points in involution, the foci of which are the points where the 
line is met by the given internal and external bisector of every 
pair of right lines. The two points at infinity just mentioned 
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belong to the system, since they also are cut harmonically by 
these bisectors. 

The tangents from any point to a The tangents from any point to a 
system of con focal conies make equal system of conies inscribed in the same 
angles with two fixed lines. (Art. 1 89.) quadrilateral cut any diagonal of that 

quadrilateral in a system of points io 
involution of which the two extremi- 
ties of that diagonal are a pair of con- 
jugate points. (Art. 344.) 

358. Tioo lines which contain a constant anghj cut the line 
Joining the two points at infinity on a circle^ so that the anhar- 
monic ratio of the four points is constant. 

For the equation of two lines containing an angle being 
a: = 0, y = 0, the direction of the points at infinity on any circle 
is determined by the equation 

cc* + y* + 2xy cos5 = ; 

and, separating this equation into factors, we see, by Art. 57, that 
the anharmonic ratio of the four lines is constant if d be constant. 

Ex. 1. " The angle contained in the same segment of a circle is constant." 
We see, by the present Article, that this is the form assumed by the anhar- 
monic property of four points on a circle when two of them are at an infinite 
distance. 

Ex. 2. The envelope of a chord of a If tangents through any point O 
conic which subtends a constant angle meet the conic in T, T\ and there be 
at the focus is another conic having taken on the conic two points A^ JB, 
the same focus and the same directrix, such that { 0,A TB T] is constant, the 

envelope of AB is a conic touching the 
given conic in the points T, T". 

Ex. 3. The locus of the intersection If a finite line AB, touchinga conic, 
of tangents to a parabola which cut at be cut by two tangents in a given an- 
a given angle is a hyperbola having harmonic ratio, the locus of their in- 
the same focus and the same directrix, tersection is a conic touching the given 

conic at the points of contact of tan- 
gents from A, B. 

Ex. 4. If from t)) e focus of a conic a K a variable tangent to a conic meet 
line be drawn making a given angle twofixed tangents in T, T*, and a fixed 
with anytangentjthelocus of the point line in M, and there be taken on it a 
where it meets it is a circle. point P, such that [Pl'MT'^ may be 

constant, the locus of P is a conic pass- 
ing through the points where the fixed 
tangents meet the fixed line. 
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A particular case of this theorem is : " The locus of the point where 
the intercept of a variable tangent between two fixed tangents is cut in 
a given ratio, is a hyperbola whose asymptotes are parallel to the fixed 
tangents." 

Ex. 5. If from a fixed point O, OP Given the anharmonic ratio of a 
be drawn to a given circle, and the pencil,threeofwho8e legs pass through 
angle TPO be constant, the envelope fixed points, and whose vertex moves 
of TP is a conic having O for its focus, along a given conic, passing through 

two of the points ; the envelope of the 

fourth leg is a conic touching the lines 

joining these two to the third fixed 

point. 

A particular case of this is : ''If two fixed points A, B, on a conic be 

joined to a variable point P, and the intercept made by the joining chords 

on a fixed line be cut in a given ratio at 3f, the envelope of PM is a conic 

touching parallels through A and B to the fixed line." 

Ex. 6. If from a fixed point O, OP Given the anharmonic ratio of a 
be drawn to a given right line, and the pencil, three of whose legs pass through 
angle TPO be constant, the envelope fixed points, and whose vertex moves 
of TP is a parabola having O for its ^long a fixed line, the envelope of the 
focus. fourth leg is a conic touching the three 

sides of the triangle formed by the 
given points. 

359. We have now explained the geometric method by 
which from the properties of one figure may be derived those 
of another figure which corresponds to it, (not as in Chap. xv. 
so that the points of one figure answer to the tangents of the 
other, but) so that the points of one answer to the points of the 
other, and the tangents of one to the tangents of the other. 
All this might be placed on a purely analytical basis. If any 
curve be represented by an equation in trilinear co-ordinates, 
referred to a triangle whose sides are a, i, c, and if we interpret 
this equation with regard to a difierent triangle of reference 
whose sides are a, ft', c, we get a new curve of the same degree 
as the first ;* and the same equations which establish any pro- 
perty of the first curve will, when diflFerently interpreted, establish 

* It is easy to see, that the equation of the new curve referred to the old 
triangle, is got by substituting in the given equation for «, )9, 7 j A* + mp + 117, 
I'a + m'p + n'7, Ta + m")9 + n"7 ; where fc + mfi + wy represents the line 
which is to correspond to a, &c. For fuller information on this method of 
transformation! see Higher Plane Curves, Chap. vi. 
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a corresponding property of the second. In this naanner m 
right line in one system always corresponds to a right line in 
the other, except in the case of the equation aa + ft^+C7 = 0, 
which in the one system represents an infinitely distant line, 
in the other a finite line. And, in like manner, a'a + &'/3 + <;7, 
which represents an infinitely distant line in the second system 
represents a finite line in the first system. In working with 
trilinear coordinates the reader can hardly have failed to take 
notice, how the method itself teaches him to generalize all 
theorems In which the line at infinity is concerned. Thus 
(see p. 241) if it be required to find the locus of the centre 
of a conic, when four points or four tangents are g^ven, this 
is done by finding the locus of the pole of the line at infinity 
oa + i/3 + C7, and the very same process gives the locus under 
the same conditions of the pole of any line Xa + ft/S + vy. 

We saw (Art. 59) that the anharmonic ratio of a pencO 
P- ArP, P— ZP, &c. depends only on the constants ifc, ?, and is 
not changed If P and P are supposed to represent different right 
lines. We can infer then that In the method of transformation 
which we are describing, to a pencil of four lines in the one 
system answers in the other system a pencil having the same 
anharmonic ratio ; and that to four points on a line correspond 
four points whose anharmonic ratio Is the same. 

An equation, S=Oy which represents a circle In the one 
system will. In general, not represent a circle In the other. 
But since any other circle In the first system Is represented 
by an equation of the form 

5+ (aa + J/8 + C7) (Xa + /A/8+ 1/7) = 0, 

all curves of the second system answering to circles in the 
first will have common the two points common to 8 and 

360. In this way we are led, on purely analytical ground^ to 
the most important principles, on the discovery and application 
of which the merit of Poncelet's great work consists. The 
principle of continuiti/ (in virtue of which properties of a figure 
in which certain points and lines are real, are asserted to be 
true even when some of these points and lines are imaginary,) 
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is more easily established on analytical than on purely geo- 
metrical grounds. In fact, the processes of analysis take no 
account of the distinction between real and imaginary, so im- 
portant in pure geometry. The processes for example by which, 
in Chap. xiv. we obtained the properties of systems of conies 
represented by equations of forms S=kafi or 8=koL* are un- 
aflFected, whether we suppose a and /8 to meet 8 in real or 
imaginary points. And though from any given property of a 
system of circles, we can obtain, by a real projection, only a 
property of a system of conies having two imaginary points 
common, yet it is plainly impossible to prove such a property by 
general equations without proving it at the same time for conies 
having two real points common. The analytical method of 
transformation, described in the last article, is equally applicable 
if we wish real points in one figure to correspond to imaginary 
points on the other. Thus, for example, a* + /9* = 7* denotes a 
curve met by 7 in imaginary points ; but if we substitute for 
a, 13] P± Q V(— 1), and for 7, .B, where P, Q^ R denote right 
lines, we get a curve met in real points by R the line corre- 
sponding to 7. 

The chief diflFerence in the application of the method of 
projections, considered geometrically and considered algebrai- 
cally, is that the geometric method would lead us to prove a 
theorem, first for the circle or some other simple state of the 
figure, and then infer a general theorem by projection. The 
algebraic method finds it as easy to prove the general theorem 
as the simpler one, and would lead us to prove the general 
theorem first, and afterwards infer the other as a particular 
case. 

THEORY OP THE SECTIONS OP A CONE. 

361. The sections of a cone by parallel planes are similar. 
Let the line joining the vertex to any fixed point A in one 
plane, meet the other in the point a ; and let radii vectores be 
drawn from -4, a, to any other two corresponding points 5, h. 
Then, from the similar triangles OAB^ Oab^ AB is to ab in the 
constant ratio OA 2 Oa; and since every radius vector of the 
one curve is in a constant ratio to the corresponding radius 
vector of the other, the two curves are similar (Art. 233). 
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CoK. If a cone standing on a circular base be cut by any 
plane parallel to the base, the section will be a circle. This 
is evident as before : we may, if we please, suppose the points 
-4j a, the centres of the curves. 

362. The sections of a concj standing on a circular basCj may 
be either an ellipse^ hyperbola^ or parabola. 

A cone of the second degree is said to be right if the line 
joining the vertex to the centre of the circle which is taken for 
base be perpendicular to the plane of that circle ; in which case 
this line is called the axis of the cone. K this line be not per- 
pendicular to the plane of the base, the cone is said to be oblique. 
The investigation of the sections of an oblique cone is exactly the 
same as that of the sections of a right cone, but we shall treat 
them separately, because the figure in the latter case being more 
simple will be more easily understood by the learner, who may at 
first find some difficulty in the conception of figures in space. 

Let a plane ( OAB) be drawn through the axis of the cone 
OC perpendicular to the plane of the 
section, so that both the ^oXion MSsN 
and the base A SB are supposed to 
be perpendicular to the plane of the 
paper: the line R8^ in which the 
section meets the base, is, therefore, 
also supposed perpendicular to the 
plane of the paper. Let us first 
suppose the line MN^ in which the m^ 
section cuts the plane OAB to meet 
both the sides OA^ OB^ as in the figure, on the same side of 
the vertex. 

Now let a plane parallel to the base be drawn at any other 
point s of the section. Then we have (Euc. in. 35) the square 
of RSy the ordinate of the circle, = -4-R.-R-B, and in like manner 
rs* = ar.rb. But from a comparison of the similar triangles 
ARMy arM\ BRN^ brN^ it can at once be proved that 

AR.RB : MR.RN:: ar.rb : Mr.rN. 

Therefore RS* : rs* : : MR . RN : Mr . rN. 

Hence the section MSsN is such that the square of any ordinate 
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rs IB to tbe rectangle under the parts in which it cuts the line 

MN in the constant r&tio MS'-.MS.EN. 

Ilencc it can immediately be inferred 

{Art. 149) that tbo section is an ellipse, 

of which J/jV is the axis major, while 

the square of the axis niinor is to MN* 

in the given ratio 

RS'-.MR.RN. 

Secondly. Let MN meet one of the 
sides OA produced. The proof proceeds 
exactly aa before, only that now we prove 
the square of the ordinate ts in a constant 
ratio to tbe rectangle Mr.rN under the 
parts into which it cuts the line MN pro- 
duced. The learner will have no difficulty , 
in proving that the locus will in this 
case be a hyperbola^ consisting evidently of the two opposite 
branches NaS, Ma' 8'. 

Thirdly. Let the line MN be parallel 
to one of the sides. In this case, since 
AB = ar^ and RB : ri : : RN: rN, we have 
the square of the ordinate ra{'=ar.rb) to 
the abscissa rN in the constant ratio 

RS'{=AR.RB):BN. 
The section is therefore & parabola.* ■ 





* Thoae who first treatedofconic sections onl)' considered the case when 
a light cone u cut by a plaue perpendicular to a aide of the cone : that is to 
say, when JlfYia perpendicular to 03. Conic sections were then divided into 
sections ofa right-angled, acute, or obtuse-angled conci and according to 
EutochiuB, the commentator on ApoUonius, were called parabola, ellipse, or 
hyperbola, according as the angle of the cone was equal to, leu than, or ez< 
ceeded a right angle. (See the passage cited in full, WaUiin'$ Ezampttt, 
p. 428.) It was Apollonius who first showed that all three sections cotild be 
made ttom one cone; and who, according to Pappus, gave them the names 
parabola, ellipse, and hyperbola, for the reason slated, p. 176. The aulho* 
rity of Eutocbius, who was more than a century later than Pappus, may not 
be very great, but the name parabola was used by Archimedes, who was 
prior to Apollonius. 
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363. It is evident that the projectiona of the tangents &t the 
points A, B of the circle are the taDgents at the points M^ N of 
the conic section (Art. 348) ; now in the case of the parabola the 
point Jf and the tangent at it go off to infinity ; we are therefore 
again led to the conclasioD that every parabola has one temgeitt 
altogether at an infinite distance. 

364. Let the cone now be supposed oblique. The plane of 
the paper is a plane drawn through the line OC, perpendicalar to 
the plane of the circle A QSB. Now let 
the section meet the base in any line Q8, 
draw a diameter LK bisecting QS, and 
let the section meet the plane OLK in the 
line MN^, then the proof proceeds exactly 
as before ; we have the square of the ordi- 
nate S8 equal to the rectangle LB.RK\ 
if we conceive a plane, as before, drawn 
parallel to the base (which, however, is left 
out of the figure in order to avoid render- i 
ing it too complicated), we have the square 
of any other ordinate, rs, equal to the corresponding rectangle 
h.rk ; and we then prove by the similar triangles KBM, krMi 
LBN^ IrNj in the plane OLK, exactly ae in the case of the right 
cone, that BS" : rs', as the rectangle under the parts into which 
each ordinate divides MN^ and that therefore the section is a 
conic of which MN is the diameter bisecting QS, and which is an 
ellipse when MN meets both the lines OL, OK on the same side 
of the vertex, a hyperbola when it meets them on different sides 
of the vertex, and a parabola when it is parallel to either. 

In the proof just given Q8 is supposed to intersect the circle 
in real points ; if it did not, we have only to take, instead of the 
circle AB, any other parallel circle oJ, which does meet the sec- 
tion in real points, and the proof will proceed as before. 

365. We give formal proofs of the two following theorems 
though they are evident by the principle of continuity. 

1. Jf a circular section he cut hy any plane in a line QS, 
the diameters conjugate to Q8 in that plane, and in the plane of 
the circle, meet Q8 in the same point. When qs meets the drcle 
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in real points, the diameter conjugate to it in every plane must 
evidently pass through its middle 
point r. We have therefore only 
to examine the case where QS does 
not meet in real points. It was 
proved (Art 361) that the diameter 
df which bisects chords, parallel to 
qsy of any circular section, will be 
projected into a diameter DF bi- 
secting the parallel chords of any 
parallel section. The locus there- 
fore of the middle points of all chords of the cone parallel to qa 
is the plane Odf. The diameter therefore, conjugate to Q8 in 
any section is the intersection of the plane O^with the plane of 
that section, and must pass through the point B in which Q8 
meets the plane Odf. 

II. In the same case^ if the diameters conjugate to Q8 in the 
circle^ and in the other section^ be cut into segments RD^ RF; Rg^ 
Rk ; the rectangle DR.RF is to gR.Rk as the square of the dia" 
meter of the section parallel to Q8 is to the square of the conjugate 
diameter. This is evident when qs meets the circle in real 
points ; since rs^^dr.rf. In general, we have just proved that 
the lines gk^ df DF^ lie in one plane passing through the vertex. 
The points 2>, d are therefore projections of g ; that is to say, 
they lie in one right line passing through the vertex. We have 
therefore, by similar triangles, as in Art. 364, 

dr,rf\ DR.RF :: gr.rk : gR.Rk] 

and since dr.rf \b to gr.rk as the squares of the parallel semi- 
diameters, DR.RF is to gR.Rk in the same ratio. 

K the section gskq and the line Q8 be given, this theorem 
enables us to find DR.RFj that is to say, the square of the 
tangent from R to the circular section whose plane passes 
through Q8. 

366. Oiven any conic gskq and a line TL in its plane not 
cutting tV, toe can project it so that the conic may become a circle^ 
and the line may be projected to infnity. 

To do this, it is evidently necessary to find the vertex of 



318 THE METHOD OF PROJECTION. 

a cone standing on the given conic, and such that its Bections 
parallel to the plane OTL shall be circles. For then any of 
these parallel sections would be a projection fulfilling the con- 
ditions of the problem. Now it follows, from the theorem last 
proved, that the distance OL is given : for, since the plane 02X 
is to meet the cone in an infinitely small circle, OU is to gL.Lk 
in the ratio of the squares of two known diameters of the section. 
OL must also lie in the plane perpendicular to TL^ since it is 
parallel to the diameter of a circle perpendicular to TL. And 
there is nothing else to limit the position of the point O, which 
maj lie anywhere in a known circle in the plane perpendicular 
to TL. 

367. If a sphere he inscribed in a right cone touching the 
plane of any section^ the point of contact will he a focus of thai 
section^ and the corresponding directrix will he the intersection of 
the plane of the section with the plane of contact of the cone with 
the sphere. 

Let a sphere be both inscribed and exscribed between the 
cone and the plane of the section. Now, if 
any point P of the section be joined to the 
vertex, and the joining line meet the planes 
of contact in Ddj then we have PD = PFy 
since they are tangents to the same sphere, and, 
similarly, Prf= PF^ therefore PF^- PF' = Dd^ 
which is constant. The point {B) where FF' 
meets AB produced, is a point on the direc- 
trix, for by the property of the circle, NFMR 
is cut harmonically, therefore -B is a point on the polar of F. 

It is not difficult to prove that the parameter of the section 
MPN is constant, if the distance of the plane from the vertex 
be constant. 

Cor. The locus of the vertices of all right cones, out of 
which a given ellipse can be cut, is a hyperbola passing through 
the foci of the ellipse. For the difierence oi MO and NO is 
constant, being equal to the diflTerence between MF' and NF.^ 




• By the help of this principle, Mr. ?luleahy showed how to deriTO pro- 
perties of angles subtended at the focus of a conic from properties of small 
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ORTHOGONAL PROJECTION. 

368. If from all the points of any figure perpendiculars be 
let fall on any plane, their feet will trace out a figure which is 
called the orthogonal projection of the given figure. The ortho- 
gonal projection of any figure is, therefore, a right section of a 
cylinder passing through the given figure. 

All parallel lines are in a constant ratio to their orthogonal 
projections on any plane. 

For (see fig. p. 3) MM' represents the orthogonal projection 
of the line PQ^ and it is evidently = PQ multiplied by the cosine 
of the angle which PQ makes with MM'. 

All lines parallel to the intersection of the plane of the figure 
with the plane on which it is pryected^ are equal to their orthogonal 
projections. 

For, since the intersection of the planes is itself not altered 
by projection, neither can any line parallel to it. 

The area of any figure in a given plane is in a constant ratio 
to its orthogonal projection on another given plane. 

For, if we suppose ordinates of the figure and of its pro- 
jection to be drawn perpendicular to the intersection of the 
planes, every ordinate of the projection is to the correspond- 
ing ordinate of the original figure in the constant ratio of 
the cosine of the angle between the planes to unity ; and it 
will be proved, in Chap, xix., that if two figures be such that 
the ordinate of one b in a constant ratio to the corresponding 
ordinate of the other, the areas of the figures are in the 
same ratio. 



circles of a sphere. For example, it is known that if through any point P, 
on the surface of a sphere, a great circle be drawn, cutting a small circle in 
the points A^ B, then tan iAP tan iBP is constant. Now, let us take a cone 
whose base is the small circle, and whose vertex is the centre of the sphere, 
and let us cut this cone by any plane, and we learn that ** if through a point 
p, in the plane of any conic, a line be drawn cutting the conic in the points 
a, bf then the product of the tangents of the halves of the angles which ap, 
hp subtend at the vertex of the cone will be constant." This property will be 
true of the vertex of any right cone, out of which the section can be cut, and, 
therefore, since the focus is a point in the locus of such vertices, it must be 
true that tan \afp tan {5^ is constant (see p. 197.) 
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Any ellipse can he orthogonally projected inip a circle. 

For, if we take the intersection of the plane of projection wi 

the plane of the given ellipse parallel to the axis minor of th; 

ellipse, and if we take the cosine of the angle between the plani 

= - , then every line parallel to the axis minor will be unalterc 

by projection, but every line parallel to the axis major wi 
be shortened in the ratio h i a\ the projection will, therefoi 
(Art. 163], be a circle, whose radius is h. 

369. We shall apply the principles laid down in the laa 
Article to investigate the expression for the radius of a cirdi 
circumscribing a triangle inscribed in a conic, given Ex. € 
p. 205 * 

Let the sides of the triangle be a, )3, 7, and its area A, then 
by elementary geometry, 

a/37 



iJ = 



4.A • 



Now let the ellipse be projected into a circle whose radius is 2 
then, since this is the circle circumscribing the projected triangle 



we have 



J = 



4.A ' 



But, since parallel lines are in a constant ratio to their projec 
tions, wehave a':a:: J:i', 

i9':/3:: J: J", 

and, since (Art. 368) A' is to A as the area of the circle («= ttV 
to the area of the ellipse (« Trai), (see chap, xix.) we have 

A' : A :: b : a. 



Hence 



and, therefore, 



^y..^..ah*'b'bV 

A A' * A A •• ^**' '00 , 



4A' • AA 



R = 



VVb 
ah 



ttt 



* This proof of Mr. MacCuIlagh's theorem is due to Dr. Oraves. 
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CHAPTER XVIII. 

INVARIANTS AND COVAMANTS OF SYSTEMS OF CONICS. 

370. It was proved (Art 250) that if 8 and 8' represent 
two conies, there are three values of k for which k8+8' re- 
presents a pair of right lines. Let 

8==cui? +bt/^ +CZ* + 2fyz + 2gzx + 2Aajy, 

8' = a'a? + by + c'sf + 2f'yz + 2g'zx -h 2h'xtf. 

We abo write 

A= oJc + 2jjsih - af* ^ly -ch\ 

A' = cib'd + 2/y A' - a/" - Vg"^ - dh\ 

Then the values of h in question are got bj substituting Tea + a', 
A:J + 5'j &c. for a, J, &c. in A = 0, We shall write the resulting 

cubic AA^ + eA* + e'A:+A' = 0. 

The value of 9, found bj actual calculation, is 
(Jo-/«)a'+(ca-(7")J'+(ai-A«)c' 

+ 2{gh^af)f^2{hf^hg)g*^2[fg-6h)K^, 
or, using the notation of Art. 151, 

Ad ^ EU ^Cd '\'2Ff ■\-2Gg' + 2m \ 
or, again, 

as is also evident from Taylor's theorem. The value of e' is 
got from e bj interchanging accented and unaccented letters, 
and maj be written 

9' = A' a + B'l + C'c + 2F'f^^ 2 G'g + 2B!K. 

If we eliminate Tc between 'k8-\' i8' = 0,-and the cubic which 
determines A;, the result 

AS'" - b8'^8a e'8'8' - A'5» = 0, 

(an equation evidently of the sixth degree,) denotes the three 
pairs of lines which join the four points of intersection of the 
two conies (Art. 238). 

Y 
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Ex. To find the locus of the intersection of normals to a conict at the 

extremities of a chord itrhich passes through a given point ap. Let the 

«• V* 
curve be ^ = i -<- Vr " ^ * ^^^ ^^ points Mrhose normals pass through a 

given point xf}/ are determined (p. 165), as the intersections of S with the 
hyperbola 5' = 2 (c"xy + fty* - aVy). We can then, by this article, form the 
equation of the six chords which join the feet of normals through dry, and 
expressing that this equation is satisfied for the point a/3, we hare the locus 
required. 

We have ^ = -^i ® = 0, e'=-(aV*+ftV-<^)» A' = -2aVcVy'. 
The equation of the locus is then 

^, (a«/3x - Vay - i^ap)^ + 2 (aV + hy - c') {a' fix - h'ay - c'afi) (^ + ^ - 1 Y 

which represents a curve of the third degree. If the given point be on 
either axis, the locus reduces to a conic, as may be seen by making a s in 
the preceding equation. It is also geometrically evident, that in this case 
the axis is part of the locus. The locus also reduces to a conic if the point 
be infinitely distant : that is to say, when the problem is to find the locus 
of the intersection of normals at the extremities of a chord parallel to a 
given line. 

371. If on transforming to any new set of co-ordinatea, 
Cartesian or trilinear, 8 and fi" becomo S and S\ it is manifest 
that kS+ S' becomes kS-{- S'^ and that the coefficient k is not 
affected. It follows that the values of i, for which kS+S' 
represents right lines, must be the same, no matter in what 
system of co-ordinates 8 and 8' arc expressed. Hence, then, 
the ratio between any two coefficients in the cubic for Jfc, found 
in the last Article, remains unaltered when we transform from 
any one set of co-ordinates to another.* The quantities A, 9, 
e', A' are on this account called invariants of the system of 
conies. If then, in the case of any two given conies, having 
by transformation brought 8 and 8' to their simplest form, and 

• It may be proved by actual transformation that if in 5' and S* we sub- 
stitute for «, y, »; /x + my + wz, Ix + m'y + w'z, l"x + m"y + n% the quan- 
tities A, e, e', A' for the transformed system, are equal to those for the old, 
respectively multiplied by the square of the determinant 

/, ntf n 

r, m', n' 

i /", m", n" i 
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having calculated A, 9, 9', A', we find any homogeneous rehi- 
tion existing between them, we can predict that the same relation 
will exist between these quantities no matter to what axes the 
equations are referred. It will be found possible to express in 
terms of the same four quantities the condition that the conies 
should be connected by any relation, independent of the position 
of the axes, as is illustrated in the next Article. 

The following exercises in calculating the invariants A, 9, 
9', A\ include some of the cases of most frequent occurrence. 

Ex. 1. Calculate the inyariants when the conies are referred to their 
common Belf-conjugate triangle. We may take 

>S = oc* + V + C2*, S' = afa^ + by + cV; 
and we may further simplify the equations by writing x, y, z, instead of 
X V(a'), y V(6'), z V(c'), so as to bring S' to the form «• + y* + «•. We have 

^^^ A = o5c, O = 6c + ca + a6, 6' = a + 6 + c, A' = 1. 

And S 4- kS' will represent right lines, if 

A* + ^* (a + 6 + c) + ifc (&<J + ca + a6) + aJc = 0. 
And it is otherwise evident that the three values for which S 4- kS' re- 
presents right lines, are - a, - h, - c, 

Ex. 2. Let S' as before be «• + y* + «", and let 8 represent the general 
equation. 

Aru. 0=s(6c-/^ + (ca-y»)+(a6-A*) = -4 + 5+ Cj e' = a + 6 + c. 

Ex. 3. Let S and S' represent two circles x' + y* - r*, (a: - a)' 4 (y - /3)' - r^. 
Ans. A = - r», e= a» + /3« - 2r« - f^, e' = a« + /3« - r« - 2r'", A' =-r\ So 
that if 2) be the ^stance between the centres of the circles, S + kS' will 
represent right lines, if 

r« + (2r* + r^ - D') k + (r« + 2r'« - i)») ^ + r^'le' = 0. 
Now since we know, that S - S* represents two right lines (one finite, the 
other infinitely distant), it is evident that - 1 must be a root of this equation. 
And it is in fact divisible by A; + 1, the quotient being 

r« + (r« + r^ - 2)«) A; + r^k' = 0. 

Ex. 4. Let iS^ represent ;^ + n - 1| while S' is the circle (x- a)*+ (y-/3)*-r". 

Ex. 5. Let S represent the parabola y* - imx, and S' the circle as before. 
Ana. A = - 4m', O = - 4m (a + m), G* = /S* - 4ma - r*, A' = - r*. 

372. To find the condition that two contcs S and S' should 
touch each other. When two points, -4, jB, of the four inter- 

T2 
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sections of two conies coinciclc, it is plain that the pair of lii 
A (7, BI) is identical with the pair AD^ BG. In this case, th< 
the cubic, ^^.s 4. o;^^ 4. qVj + a' = 0, 

must have two equal roots. But it can readily be proved tl 
the condition that this should be the case is 

(ee' - 9 A AT = 4 (G« - 3 Ae') (e" - 3 A'e), 

or e'G" + 1 8 A A'GG' - 27 A" A'* - 4 AG" - 4 A'e* = 0, 

which is the required condition that the conies should touch. 

It is proved, in works on the theory of equationsy that tl 
left-hand member of the equation last written is proportlou 
to the product of the squares of the differences of the roots < 
the equation in h ; and that when it is positive the roots of tl 
equation in U are all real, but that when it is negative two < 
these roots are imaginary. In the latter case (see Art. 282 
B and S intersect in two real and two imaginary points: i 
the former case, they intersect either in four real or fon 
imaginary points. These last two cases have not been distil 
guished by any simple criterion. 

Ex. 1. To find by this method the condition that two circles shod 
touch. Forming the condition that the reduced equation (Ex. 8, Art. 371 
r* 4 (r" 4 r'"- i/) h 4 i-^A;' = 0, should have equal roots, we get n^-^f^- i>*« 1 2rr 
2> = r ± r' as is geometrically evident. 

Ex. 2. Find the locus of the centre of a circle of constant radios tond 
ing a given conic. We have only to write for ^, A', 0, B' in the equatio 
of this article, the values Ex. 4 and 6, Art 371 ; and to consider a, /9 as tli 
running co-ordinates. The locus is in general a curve of the 8th degret 
but reduces to the sixth in the case of the parabola. This curve is tk 
same which we should find by measuring from the curve on each nomud, 
constant length, equal to r. It is sometimes called the curve /Miral!fo/ to tl 
given conic. Its evolute is the same as that of the conic. 

Ex. 3. To find the equation of the evolute of an ellipse. Since two i 
the normals coincide which can be drawn through every point on the evolut 
we have only to express the condition that the curves 8 and 8' touch (E: 
Art. 370). Now when the term k" is absent from an equation, the conditio 
that M 4 M 4 A' should have equal roots, reduces to 27 aa'" + 40* ■ ( 
The equation of the evolute is therefore (aV + 6y - c*/ 4- 27a*6V«y ■ ( 
(See Art. 248.) 

Ex. 4. To find the equation of the evolute of a parabola. We have hei 
fi' = y« - 4mx, S* » 2xy 4 2 (2m - «') y - ^m/, 
A.-4m«, = 0, O' = - 4m (2m - «), A' « 4my, 
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and the equation of the evolute is 21 my* = 4 (x - 2m)'. It is to be observed, 
that the intersections of S and S' include not only the feet of the three nor- 
mals which can be drawn through any point, but also the point at infinity 
on y. And the six chords of intersection of S and S', consist of three chords 
joining the feet of the normals, and three parallels to the axis through these 
feet. Consequently the method used (Ex. Art. 370) is not the simplest for 
solving the corresponding problem in the case of the parabola. We get 
thus the equation found (Ex. 12, p. 201), but multiplied by the factor 
4m (2my + y'x - 2m/) - y". 

373. If 8' break up into two right lines we have A' = 0, 
and we proceed to examine the meaning in this case of 9 and 6'. 
Let us suppose the two right lines to be x and y ; and, by the 
principles already laid down, any property of the invariants, 
true when the lines of reference are so chosen, will be true in 
general. The discriminant of S+kay is got by writing k + k 
for h in A, and is A + 24 {Jg — ch) — ck*. Now the coefficient 
of k* vanishes when c = 0, that is, when the point xy lies on 
the curve 8. The coefficient of k vanishes when fg^ch\ that 
is (see Ex. 3, p. 202), when the lines x and y are conjugate with 
respect to 8, Thus, then, when 8' represents two right lines^ A' 
vanishes; 0' = O represents the condition that the intersection of 
the two lines should lie on 8; and Q=^0 is the condition that the 
two lines should be conjugate with respect to 8. 

The condition that A 4 O^ + O'k* should be a perfect square 
is e" = 4 AG', which, according to the last Article, is the condition 
that either of the two lines represented by 8' should touch 8. 
This is easily verified in the example chosen, where 0* — 4 AG' 
is found to be equal to {be -/*) {ca — ;7*). 

374. To find the equation of the pair of tangents at the points 
where 8 is cut hy any line \x-\- fiy+ vz. The equation of any 
conic having double contact with 8^ at the points where it meets 
this line, being k8-\- {\x 4- fty -t- vz)* = ; it is required to deter- 
mine k so that this shall represent two right lines. Now it will 
be easily verified that in this case not only A' vanishes but 8' 
also. And if we denote by 2 the quantity 

^X" + J5/i"+ Cv* + 2i?>v + 2 (?vX 4 2£'\/Lt ; 

the equation to determine k has two roots = 0, the third root 
being given by the equation iA4S = 0. The equation of the 
pair of tangents is therefore 2/S= A (Xo? 4 /^y 4 va)'. It is plain 
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that when Xa; + /xy 4 vz touches 5, the pair of tangents coinddes 
with \x-\-iiy^vz itself; and the condition that this should be 
the case is plainly 2 = 0; as is otherwise proved (Art. 151). 

Under the problem of this Article is included that of finding 
the equation of the asymptotes of a conic given by the general 
trilinear equation. 

375. We now examine the geometrical meaning, in general, 
of the equation G = 0. Let us choose for triangle of reference 
any self-conjugate triangle with respect to 5, which most then 
reduce to the form aa^ + J^ + c^f* (Art. 258). We have there- 
fore /= 0, ^ = 0, A = 0. The value then of 9 (Art. 370) redaces 
to hcd + cab' + oJc , and will evidently vanish if we have also 
d = 0, J' = 0, c' = 0, that is to say, if 8\ referred to the same 
triangle, be of the iorm f'yz-{-g'zx-\-h'xy. Hence, O vartisha 
tohenever any triangle inscribed in S' is self-conjugate ttnth regard 
to 8. If we choose for triangle of reference any triangle self- 
conjugate with regard to /8', we have /' = 0, ^' = 0, h' = 0, and 
e becomes ( j^ _y 2) a'i-ica-- /) h' + [ah - /^•) c' ; 

and will vanish if wc have Ic =/*^, ca=g'*j ab = A*. Now be =/* 
is the condition that the line x should touch 8] hence, 8 also 
vanishes if any triangle circumscnhing 8 is self-conjugate with 
regard to 8\ In the same manner it is proved that, & = is the 
condition either that it should be possible to inscribe in S a <n- 
angle self-conjugate with regard to 8\ or to circumscribe about 8* 
a triangle self-conjugate with regard to 8. When one of these 
things is possible, the other is so too. 

A pair of conies connected by the relation 9 = 0, possesses 
another property. Let the point in which meet the lines joining 
the corresponding vertices of any triangle and of its polar tri- 
angle with respect to a conic, be called the pole of either 
triangle with respect to that conic ; and let the line joining the 
intersections of corresponding sides be called their axis. Then 
if 9 = 0, the pole with respect to 8 of any triangle inscribed in 
8' will lie on 8' ; and the axis with respect to 8' of any tri- 
angle circumscribing 8 will touch 8. For eliminating a:, y, z 
in turn between each pair of the equations 

ax + hy-^gz^O^ hx + by+fz = Oj gx +fy -\- cz == Oj 
we got (gh -af)x^ [hf- hg) y^{fg- ch) z, 



/ 
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for the equations of the lines joining the vertices of the triangle 
xyz to the corresponding vertices of its polar triangle with 
respect to 8. These equations may be written Fx = Gy = Hz^ 

and the co-ordinates of the pole of the triangle are -^, r^ , ■^. 

Substituting these values in 8\ in which it is supposed that the 
coefficients a', i', c vanish, we get 2 JF^' + 2 (ry' + 2ZR' = 0, or 
9 = 0. The second part of the theorem is proved in like 
manner. 

Ex. 1. If two triangles be self-conjugate with regard to any conic 8't 
a conic can be described passing through their six vertices; and another 
can be described touching their six sides (see Ex. 7, p. 309). Let a comb 
be described through the three vertices of one triangle and through two of 
the other, which we take for x, y, z. Then because it circumscribes the 
first triangle 6' = 0, or a + 6 f c = (Ex. 2, Art 371), and because it goes 
through two vertices of xyz^ we have a = 0, 6 = 0, therefore c = 0, or the 
conic goes through the remaining vertex. The second part of the theorem 
is proved in like manner. 

Ex. 2. The square of the tangent drawn from the centre of a conic to 
the circle circumscribing any self-conjugate triangle is constant, and s a*-f 6" 
[M. Faure]. This is merely the geometrical interpretation of the condition 
e = found (Ex. 4, Art. 371), or a« + /3« - r* = a* + 6\ The theorem may 
be otherwise stated thus : " Every circle which circumscribes a self-conjugate 
triangle, cuts orthogonally the circle which is the locus of the intersection 
of tangents mutually at right angles." For the square of the radius of the 
latter circle is a" + h*, 

Ex. 3. The centre of the circle inscribed in every self-conjugate triangle 
with respect to an equilateral h^'perbola, lies on the curve. This appears 
by making 6' = - a" in the condition O' = (Art. 371, Ex. 4.) 

Ex. 4. If the rectangle under the segments of one of the perpendicular! 
of the triangle formed by three tangents to a conic be constant and 
equal to 3/, the locus of the intersection of perpendiculars is the circle 
x" + y« = o* + 6" + M. For 6 = (Ex. 4, Art. 371), is the condition that a 
triangle self-conjugate with regard to the circle can be circumscribed about 
S. But when a triangle is self-conjugate with regard to a circle, it is easy 
to see that the centre of the circle is the intersection of perpendiculars of 
the triangle, the square of the radius being the rectangle under the segments 
of any of the perpendiculars, (taken with a positive sign when the triangle 
is obtuse-angled, and with a negative sign when it is acute-angled). The 
locus of the intersection of rectangular tangents is got from this example, 
by making Jtf = 0. 

Ex. 5. If the rectangle under the segments of one of the perpendiculars 
of a triangle inscribed in iS' be constant, and = Jf, the locus of intersection 
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of perpendiculan is the conic concentric and Bimilar with 8^ S^ ^\S^ '^ tf ) 
[Dr. Hart] This follows in the same way from O' s 0. 

Ex. 6. Find the locus of the intersection of perpendiculars of a triangle 
inscribed in one conic and circumscribed about another [Mr. Bnmaide]. 
Take for origin the centre of the latter conic, and equate the values of Jf 
found from Ex. 4 and 5; then if a', h' be the axes of the conic 8 in which 

the triangle is inscribed, the equation of the locusis «*+y*-«*- y« , y 

The locus is therefore a conic, whose axes are parallel to thoae of 8^ and 
which is a circle when Sis a, circle. 

Ex. 7. The centre of the circle circumscribing eyery triangle, aelf-eon- 
|ugate with regard to a parabola, lies on the directrix. This and the next 
example follow from e » 0, (Ex. 5, Art 371). 

Ex. 8. The intersection of perpendiculars of any triangle circumscribing 
a parabola, lies on the directrix. 

Ex. 9. Given the radius of the circle inscribed in a self-conjugate tri- 
angle, the locus of centre is a parabola of equal parameter with the giyen one. 

376. If two conies be taken arbitrarily It is in general not 
possible to inscribe a triangle in one which shall be dream- 
scribed about the other; but an infinity of such triangles can 
be drawn if the coefficients of the conies be connected by a 
certain relation which we proceed to determine. Let us sappose 
that such a triangle can be described; and let us take it for 
triangle of reference; then the equations of the two conies 
must be reducible to the form 

S' = 2fi/z + 2ffzx + 2hxy^0. 
Forming then the invariants, we have 

A=^-4, e = 4(/-f.9+A), e' = - (/+(/ + Ar, A' = 2j&A; 
values which are evidently connected by the relation e*=4Ae'.* 



• This condition was first given by Mr. Cayley [Philosophical 
VoL VI., p. 99) who derived it from the theory of elliptic functions. He 
also proved, in the same way, that if the square root of A^A + A^O + k& •(. a'* 
when expanded in powers of A;, be ^ + ^A; + Ck* + &c., then the conditions 
that it should be possible to have a polygon of n sides inscribed in U and 
circumscribing F", are for n «= 3, 5, 7, &c. respectively 



C=0, 



C, D\ 



C, 7), JE 
7), E, F 
E. F, G 



= 0, ^-c. 
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This is an equation of the kind (Art. 371) which is unaffected 
by any change of axes ; therefore, no matter what the form in 
which the equations of the conies have been originally given, 
this relation between their coeflScients must exist, if they are 
capable of being transformed to the forms here given. Con- 
versely, it is easy to show, as in Ex. 1, Art. 375, that when the 
relation holds 9* = 4 AG', then if we take any triangle circum- 
scribing 8j and two of whose vertices rest on 8'^ the third must 
do so likewise. 

Ex. 1. Find the condition that two circles may be Buch that a tri- 
angle can be inscribed in one and circumscribed about the other. Let 
D" - r" - r^ « G'; then the condition is (see Ex. 3, Art 371) 

(O - f*y + 4r« ((? - r«) = 0, or {O + r«)« = 4r»i^; 
whence !)• = r** ± 2tr', Euler*s well known expression for the distance be^ 
tween the centre of the circumscribing circle and that of one of the circles 
which touch the three sides. 

Ex. 2. Find the locus of the centre of a circle of given radius, circum- 
scribing a triangle circumscribing a conic, or inscribed in an inscribed 
triangle. The loci are curves of the fourth degree except that of the centre 
of the circumscribing circle in the case of the parabola, which is a circle 
whose centre is the focus, as is otherwise evident. 

Ex. 3. Find the condition that a conic may be inscribed in 8' whose 
sides touch respectively 8 + IS\ 8 -^ mS\ <S + nS\ Let 

5 = «■ + y" + «• - 2 (1 + J^) ya - 2 (1 + fw^) «a? - 2 (1 + nA) ay, 
8' = ^fyz + 2gzx + 2hxy; 
then it is evident that 8 4 18* is touched by x, &c. We have then 

A = - (2 + J^+ ffiy -f nhy - 2lmnfyh, . 

® = 2 (/+ y + *) (2 + Jf + m^ + n*) + 2fyh {mn + n/ + Im), 

e' = -(/+y + A)«-2(/ + m + «)/yA, A'^2/gh. 
Whence obviously 

{6 - A' (mn + n/ + lm)y = 4 (A + ImnA*) {O' + a'(/ + m + n)}, 
which is the required condition. 

377. To find the condition that the line Xx + fiy + vz should 
pass through one of the four points common to 8 and 8'. This 
is, in other words, to find the tangential equation of these four 
points. Now we get the tangential equation of any conic of 

and for n a 4, 6, 8, &c. are 

2) = 0, 

E, F =0, E, F, G 

0, &c. 



D, F 




D.F,F 


F, F 


= 0, 


F, F, G 
F, G,H 
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the system S+kS' by writing a + ka, &c for o, &c. iu tbc 
tangential equation of ;S^ or 

+ 2{ffh- af) f*v + 2 {Iif-lff)v\ + 2{/(f - ch)\,t = 0. 

We get thus S + M> + i'S' = 0, where 

* = (Jc' 4 b'c - 2/') X* + [ca' + c'a - 2gg') /*' 

+ {ay + dh - ilili) v" + 2 {gK + g'h - af - a'f) /*v 

+ 2 {hf + A/- V - %) "X + 2 ifg +fg -cK- c'h) \^. 

The tangential equation of the envelope of this system is there- 
fore (Art. 298) il>' = 422'. But since 8-\-kS'j and the coiro- 
sponding tangential equation, belong to a system of conies 
passing through four fixed points, the envelope of the system is 
nothing but these four points, and the equation <I>' = 422' is the 
required condition that the line \x+fit/-\'VZ should pass through 
one of the four points. The matter may be also stated thus : 
Through four points there can in general be described two 
conies to touch a given line (Art. 345, Ex. 4) ; but if the ^ven 
line pass through one of the four points, both conies coincide 
in one whose point of contact is that point. Now <I>* = 422' is 
the condition that the two conies of the system S+kS\ which 
can be drawn to toucli Xcc -f /^y + vs, sliall coincide. 

378. To find the equation of the four common tangents to txoo 
conies. This is the reciprocal of the problem of the last Article, 
and is treated in the same way. Let 2 and 2' be the tangential 
equations of two conies, then (Art. 298) 2 -f A;2' represents tan- 
gcntialiy a conic touched by the four tangents common to the 
two given conies. Forming then, by Art. 285, the trilincar 
equation corresponding to 2 + Z:2' = 0, we get 

where 

'E--{BC'-\'B'C-2FF)x^ + [CA'^-C'A-'200')y' 

+ {AB' + A'B''2lIH')z* 
+2 ( (?Zr'+ G'll" AF'^AF)yz-\-2 [HF+HF^ 2BG'- 2B' O) zx 

^'2{FG' + FG^2Cir-2G'n)xi/, 
the letters Ay By &c. having the same meaning as in Art. 151. 
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But ^S-\-kF + k^A'8' denotes a system of conies whose en- 
velope is P* = 4AA'/S'/9'; and tbe envelope of the system evi- 
dently is the four common tangents. 

The equation F' = 4AA'/9fi", by its form denotes a locos 
touching 8 and 8\ the curve F passing through the points of 
contact. Hence, the eight paints of contcict of tvoo conies with 
their common tangents^ lie on another canic F. Reciprocally, the 
eight tangents at the points of intersection of two conies envelope 
another conic <!>• 

Ex. Find the equation of the four common tangents to the paur of conies 
aa^ + by* + cz^ = 0, a'j^ + ly + Cs* = 0. 
llere A =hct B =: ca, C= ab, whence 

P =. aa' {be' -h b'c) x" t bb' {ca' + <fa) y" + cc' {al/ + c^b) «■, 
and the required equation is 

{aa' (b'c + Vc) a* + bb' {ca' ^ c^a) y* + c& {aV + a^b) s^ 

= iabca'b'c' (ax" + 6/ + ca*) (o'a:* + b'y* + (f^Tj. 

379. The former part of this Chapter has sufficiently shown 
what is meant by invariants, and the last Article will serve 
to illustrate the meaning of the word covariant. Invariants 
and covariants agree in this, that the geometric meaning of 
both is independent of the axes to which the equations are 
referred; but invariants are functions of the coefficients only, 
while covariants contain the variables as well. If we are given 
a curve, or system of curves, and have learned to derive from 
their general equations the equation of some locus, Z7=0, 
whose relation to the given curves is independent of the axes 
to which the equations are referred, U is said to be a covariant 
of the given system. Now if we desire to have the equation 
of this locus referred to any new axes, we shall evidently arrive 
at the same result, whether we transform to the new axes the 
equation Z7= 0, or whether we transform to the new axes the 
equations of the given curves themselves, and from the trans- 
formed equations derive the equation of the locus by the same 
rule that U was originally formed. Thus, if we transform the 
equations of two conies to a new triangle of reference, by 
writing instead of a;, y, z^ 

Ix + nig + nZj I'x + in'y + nz^ I'x 4 m'y + n*'z ; 

and if we make the same substitution in the equation F'=4 A A'/S^/S', 



k 
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•we can foresee that the result of this last substitution can only 
differ by a constant multiplier from the equation F*= 4AA'S8\ 
formed with the new coefficients of 8 and 8\ For either form 
represents the four common tangents. On this property is 
founded the analytical definition of covariants. "A derived 
function formed by any rule from one or more given functions 
is said to be a covariant, if when the variables in all are trans- 
formed by the same linear substitutions, the result obtained by 
transforming the derived differs only by a constant multiplier 
from that obtained by transforming the original equations and 
then forming the corresponding derived." 

380. There is another case in which it is possible to predict 
the result of a transformation by linear substitution. If we have 
learned how to form the condition that the line Xa^ + ZAy + i^i? 
should touch a curve, or more generally that it should hold to 
a curve, or system of curves, any relation independent of the 
axes to which the equations are referred, then it is evident that 
when the equations are transformed to any new co-ordinates, 
the corresponding condition can be formed by the same rule 
from the transfonned equations. But it might also have been 
obtained by direct transformation from the condition first ob- 
tained. Suppose that by transformation "Kx -\- fiy -{■ yz becomes 

X [Ix + my + nz) -f /x {Px + my + nz) + v {F'x + m"y + n"«), 

and that we write this \'x + fi'y + v'^, we have 

X' = ?\ -f Z'yti + ?V, fi = mX -f m'fjL + m'V, v' = nX + n'fjk + n"v. 

Solving these equations, we get equations of the form 

x=ix'+iy+i'v, /x=jifx'+ii/y+J/'v, v=iv^x'+jry+iv"v'. 

If then we put these values into the condition as first obtained 
in terms of X, /x, v, we get the condition in terras of X', y, v', 
which can only differ by a constant multiplier from the condition 
as obtained by the other method. Functions of the class here 
considered are called contravariants, Contravariants are like 
covariauts in this : that any contravariant equation, as for 
example, the tangential equation of a conic, (Jc— /*)X'-f &e.ssO 
can be transformed by linear substitution into the equation of 
like form (?/o' -/") X'* + &c. = 0, formed with the coeflicients 
of the transformed trilinear equation of the conic. Bat they 
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differ in that X, /it, v are not transformed by the same rule as 
a, y, a ; that is, by writing for X, lk + mfA + nv^ &c., but by the 
different rule explained above. 

The condition found Art. 377 is evidently a contravariant of 
the system of conies 8^ 8\ 

381. The condition ^ = expresses that the line \x-\- fiy+vz 
IS cut harmonically by the system of conies 8j 8\ Wo have 
only to repeat with the general equation the process used Art. 
335. The points of ijatersection of the line with 8 satisfy the 
equation 

{av* - 2ff\v -f cX*) a?" + 2 (Av* -/Xv -gfiy + c\fi) xy 

+ (V-2//iv + c/A»)y" = 0. 

Forming, by Art. 332, the condition that this should be har- 
monically conjugate with the corresponding equation for the 
second conic, we obtain 

{av" - 2ffXv 4 cX») (5V - 2ffiy + c^ ) 

+ {aV - 2g'\v + c'X') {by" - 2ffiv + Cfi*) 

= 2 {hv" -f\v - gtiv + c\fi) (A V -fXv - g'fiv + c X^), 

* 

which expanded and reduced is 

[be' + Vc - 2ff') X» + [ca' + c'a - 2gg') /i» + {ab' + a'6 - 2hK) y* 

•^2[g'h-\-gK --af -ay)iJLv^2[Kf^hf -bg' -Vg)v\ 

+ 2 OJ7' +/<7 - cA' - c'A) X/i = 0. 

In like manner it is proved that F = is the equation of the 
locus of points, whence tangents drawn to 8 and 8^ form a 
harmonic pencil. 

It will be found that the equation of any conic covariant 
with 8 and 8' can be expressed in terms of 8^ 8\ and F ; while 
its tangential equation can be expressed in terms of 2, 2', 4>. 

Ex. 1. To express in terms of 8^ 8\ F the equation of the polar conic 
of S with respect to S\ Fiom the nature of covariants and invariants, any 
relation found connecting these quantities, when the equations are referred 
to any axes, must remain true when the equations are transformed. We 
may therefore refer S and S* to their common self-conjugate triangle 
and write /S' = aa:* 4 ft/ -h C2*, fi^' = x* + y* + z*. It will be found then that 
F = a (ft + c) x* -f- ft (c 4 a) y* + c (a -I- 5) 2*. Now since the condition that 
a line should touch 8 is ftcX' 4 ra;** 4 aftv' 9 0, the locus of the poles with 
respect to 8' of the tangents to /9 is ftcx* 4 ca^ 4 aln? » 0. But thiB may 



334 INVARIANTS ANP CO VARIANTS 

be written (6c + ca + ah) (a:" + y" + s*) = p. The locus is therefore (Ex. 1, 
Art 371) QS' = F« ^^ ^^^^ manner the polar conic of S' with regard to 

S is e'S = Y- 

Ex. 2. To express In terms of S, S\ F the conic enveloped by a line cut 
harmonically by S and S\ The tangential equation of this conic ^ = is 

{b 4- c) X« + (c + fl) /*» + (a + 6) v« = 0. 

Hence its trilinear equation is 

(c 4 a) (a + 6) «• + (a + 6) (6 + c) y* f (c + a) (6 + c) 1^ « 0, 

or {be-^ca^ ah) («• + y* + «■) + (a + 6 + c) (ar» + 6/ + cs^ - P - 0, 
or 65" + G'5' - p = 0. 

Ex. 3. To find the condition that F should break up into two right 
lines. It is 
ahc (h ■\^ c) {c i a) (a 4 6) = 0, or ahc {(a + 6 4 c) (6c 4 ca 4 ah) - abe) ^ 0, 
or AA' (ecy - AA') = 0, 

which is the required formula. ^O' = aa' is also the condition that 9 should 
break up into factors. This condition will be found to be satisfied in the 
case of two circles which cut at right angles, in which case any line through 
either centre is cut harmonically by the circles, and the locus of points 
whence tangents form a harmonic pencil also reduces to two right lines. 
The locus and envelope will reduce similarly if D* = 2 (r* 4 r^). 

Ex. 4. To reduce the equations of two conies to the forms 

«• 4 y* 4 «• = 0, ax" 4 iy* 4 cz" = 0. 
The constants a, h, c are determined at once (Ex. 1, Art. 371) as the roots of 

aA:' - ek* 4 O'k - A' = 0. 
And if we then solve the equations 

«■ 4 y* 4 «• = iS, ax*-\^hy*^(^=S\ a (6 4 c) «* 4 6 (c 4 a)y* 4 c (a 4 6) «* = P, 
we find 2^f y*, 2* in terms of the known functions S, 8% p. Strictly speak- 
ing, we ought to commence by dividing the two given equations by the cube 
root of A, since we want to reduce them to a form in which the discriminant 
of S shall be 1. But it will be seen that it will come to the same thing if 
leaving jS^ and S' unchanged, we divide by A, F as calculated from the 
coefficients of the given equations. 

Ex. 5. Keduce to the above form 

3a:" - 62y 4 9y* - 2x 4 4y = 0, 5a^ - 14«y 4 8y« - 6ar - 2 = 0. 
It is convenient to begin by forming the coefficients of the tangential 
equation, A, B, &c. These are - 4, - 1, 18 ; - 3, 3, - 2 : - 16, - 19, - 9; 
21, 24, - 14. We have then 

A =-9, e = -64, 8' = -99, A' = -54, 
whence a, 5, c are 1, 2, 3. We next calculate F which is 

- 9 (23«« - 60;ry 4 44y« - ISz 4 12y - 4). 
Writing then 

2:" 4 F«4 Z*o 3«»- exy+ 9y«- 2ar 4 4y, 

-X:»4 2r«4 3Z»= Hz'-Uxy-^ 8y» - Or- 2, 

5X« 4 8F« 4 9Z« » 23«« - 50;ry 4 44y« - 18* 4 12y - 4. 
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We get from 68 + S' - F, X* = (3y + 1)», 

from F-ZS-2S\ Y* ^ (2x-y)', 

from 2S^SS'-F, Z* = - (x + y + I)*. 

Ex. 6. To find the envelope of the base of a triangle inscribed in 'S' and 
two of whose sides touch S\ 

Take the sides of the triangle in any position for lines of reference, and let 

S^2 {fyz -^ffzx-^ hxtj), 
iS' = a:* + y' + «• - 2ya - 2«j: - 2xy - 2Jikxt/, 

where x and y are the lines touched by S\ Then it is obvious that 
kS + S' will be touched by the third side s, and we shall show by the 
invariants that this is ^ fixed conic. We have 

A = 2/yA, e = -(/+y + A)«-2/yM, G' = 2(/+^ + A)(2 + ^), A' = - (2 + AA;)«, 
whence 9" - 4eA = 4aa'A;, and the equation hS ^ S' = ^ may be written 
in the form (6^ - 4eA) /ST + 4AA'/S" = 0, 

which therefore denotes a fixed conic touched by the third side of the tri- 
angle. It is obvious that when 9^=1 49a the third side will always touch 8*. 

Ex. 7. To find the locus of the vertex of a triangle whose three sides 
touch a conic IT" and two of whose vertices move on another conic V, We 
have slightly altered the notation, for the conveDience of being able to 
denote by TJ' and V the results of substituting in JJ and V the co- 
ordinates of the vertex sftfi!. The method we pursue is to form the equa- 
tion of the pair of tangents to TJ through ^y V ; then to form the equation 
of the lines joining the points where this pair of lines meets V\ and, lastly, 
to form the condition that one of these lines (which must be the base of 
the triangle in question) touches V, Now if P be the polar of xx/vi^ the 
pair of tangents is TJTJ' - -P. In order to find the chords of intersection 
with V of the pair of tangents, we form the condition that TJTJ' - P* + \F 
may represent a pair of lines. This discriminant will be found to give us 
the following quadratic for determining \, \*A' + XP + A CT' JT' = 0. In 
order to find the condition that one of these chords should touch TJ^ we must, 
by Art. 372, form the discriminant of ^rT" h (CTCT'- P* + \F), and then form 
the condition that this considered as a function of /i should have equal roots. 
The discriminant is 

/ii"A + /A (2r;''A + X9) + (ir^A + \ (9Cr+ A T) + \«9l, 

and the condition for equal roots gives 

X(4A9'-9') + 4A"r=0. 

Substituting this value for \ in X'a' + \P + A?7'F'= 0, we get the equation 
of the required locus 

16a'a' r - 4A (4 A9' - 9«) JF + CT (4A9' - 97 = 0, 
which, as it ought to do, reduces to Fwhen 4A9' = 9*. 

Ex. 8. Find the locus of the vertex of a triangle, two of whose sides 
touch CT, and the third side aTJ^hV^ while the two base angles move on F. 
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It is found by the same method as the last, that the locus ia one or ot 
of the conies, touching the four common tangents of C/'and V, 

AA'X"r+X/iP + /*•£;'« 0, 
where \ : /& is giTen by the quadratic 

a {ah - /5fl) V + a (4Aa + 206) X^ - Vfi^ = 0, 
where a = 4AA', /3 = e« - 4Ae'. 

Ex. 9. To find the locus of the free yertex of a polygon, all whose ai< 
touch U, and all whose vertices but one move on V, This is reduced to 
last; for the line joining two vertices of the polygon adjacent to that wh< 
locus is sought, touches a conic of the form aU-\^h'Fi It will be fbanc 
X', fjk ; X", fi" J X'", /t'" be the values for polygons of n - 1, n, and n -I- 1 ail 
respectively, that V" = fiy*, /" = a'X'X" («/a" - A'fiX'). In the case of t 
triangle we have X' s a, ^' = a'/3 ; in the case of the quadrilateral X" » ^ 
fi" =ia (4Aa -i- 2^e) ; and from these we can find, step by step, the Taloes i 
every other polygon. 

382. Tho theory of coyariants and invariants enables i 
readily to recognize the equivalents in trilinear co-ordinates ( 
certain well-known formulae in Cartesian. Since the gener 
expression for a lino passing through one of the imaginai 
circular points at infinity is x±y V(- 1) + ^) ^^e condition thi 
Xx+fiy+v should pass through one of these points is X*-f ^*=:( 
In other words, this is the tangential equation of these point 
If then 2 = be the tangential equation of a conic, we ma 
form the discriminant of 2 + A: (X* + /a'). Now it follows fix)i 
Arts. 285} 286, that the discriminant in general of 2 + IcSi' ia 

A" + Jc^e' -f i-'A'e + J^^'*. 

But the discriminant of 2 + A; (X' + /^^ is easily found to be 

A" + A:A(a + J) + Jf (oJ-A*). 

If, then, in any system of co-ordinates we form the invariant 
of any conic and the pair of circular points, 9' = 0, is the coo 
dition that the curve should be an equilateral hyperbola| an 
9 = 0, that it should be a parabola. The condition 

(a4J)' = 4(aJ-A«) 

must be satisfied if the conic pass through either circular point 
and it cannot be satisfied by real values except the conic pu 
through both J when a = J, A = 0. 

Now the condition X* + /^' = 0* implies (Art. 34) that th 

* This condition also implies (Art 25) that every line drawn throog 
one of these two points is perpendicular to itself. This accounts for 
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length of tho perpendicular let fall from any point on any line 
passing throngh one of the circular points is always infinite. 
The equivalent condition in trilincar co-ordinates is therefore 
got by equating to nothing the denominator in the expression 
for the length of a perpendicular (Art. 61). The general tan- 
gential equation of the circular points is therefore 

X' + /4'+ v'* — 2/Ltv cos-4-2v\ cosJ5-2\/iA cos(7=0. 

Forming then the 6 and O' of the system found by combining 
this with any conic, we find that the condition for an equilateral 
hyperbola, e' = 0, is 

a + i + c — 2/ cos-4 — 2<7 cosi?— 2/^ cosC=0; 
while the condition for a parabola, 6 = 0, is 
A sinM + S sin^B + C 8in*a+ 2F sin 5 sin C 

+ 2 (? sinC sin^ + 2iZ'sin-4 sin5= 0. 

The condition that the curve should pass through either circular 
point is 0"* = 49, which can in various ways be resolved into a 
sum of squares. 

383. If we are given a conic and a pair of points, tlio 
covariant F of the system denotes the locus of a point such 
that the pair of tangents through it to the conic are harmoni- 
cally conjugate with the lines to the given pair of points. 
When the pair of points is the pair of circular points at in- 
finity, F denotes the locus of the intersection of tangents at 
right angles. Now, referring to the value of F, given Art. 378, 
it is easy to see that when the second conic reduces to X* -h /** ; 
that is, when -4' = jB'=1, and all the other coefficients of the 
tangential of the second conic vanish, F is 

C [x" -^ if) ^2Gx-2Fi/ + A + B=0^ 

which is therefore the general Cartesian equation of the locus 
of intersection of rectangular tangents. 

When the curve is a parabola C=0, and the equation of tho 
directrix is therefore 2 ( Gx + Fy) =A+B, 

apparently irrelevant factors which appear in the equations of certain loci. 
Thus if we look for the equation of the foot of the perpendicular on any 
tangent from a focus a^, (x - ay + (y - fi)* will appear as a factor in the 
locus. For the perpendicular from the focus on either tangent through it 
coincides with the tangent itself. This tangent therefore is part of the locus. 

Z 
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Tho corresponding trilincar equation found in the same way ia 

(5+(7+2^co8^)a^+((7+^ + 20^co8i?)y"+(^+J?+2fi^co8(7)«' 

+ 2(^ cos-i-J'- O 008(7- JT COB J5)yz 

+ 2 (2? cosjB - (?-7/co8^ - JFcosC) zx 

+ 2((7 cosC'-iZ-jPcos-B- (? co8-4)ary = 0. 

It may be shown, as in Art. 128, that this represents a drde, 
by throwing it into the form 

, . s . r^ . ^,/i?+(7+2i^cos^ . C+A'\'2Gco^ 
{xsmA^y,mB+zsmC)i^ -.^ x+ ^^ , 

. ^+i?42fl^C08(7 \ e f ' Ai • 7> . ' ^^ 

+ — B\^ — *j=s5Zini^sirc(2^^^"^^+^^^"^+^™ 

where G is the condition (Art. 382] that the curve should be a 
parabola. When = 0, this equation gives the equation of the 
directrix. 

384. In general, 2 + kl,' denotes a conic touching the four 
tangents common to 2 and 2'; and when k is determined so 
that 2 + k2' represents a pair of points, those points are two 
opposite vertices of the quadrilateral formed by the common 
tangents. In the case where 2' denotes the circular points at 
infinity, when 2 + k2' represents a pair of points, these points 
are the foci (Art. 279). If then it be required to find the fod 
of a conic, given by a numerical equation in Cartesian co-ordi- 
nates, we first detennine k from the quadratic 

Then, substituting either value of k in 2 + A: (X* + /**)> i* breaks 
up into factors {\x 4- fiy' + vz') {\x" + fiy" + vz") ; and the foci 

or 77 oc ?/ 

are — j — / ; — > "^z • One value of k gives the two real fod, 

z z z z 

and the other two imaginary foci. The same process is appli- 
cable to trilincar co-ordinates. 

In general, 2 4-i'(V + /4') represents tangentially a conic 
confocal with the given one. Forming, by Art. 285, the corre- 
sponding Cartesian equation, we find that the general equation 
of a conic confocal with the given one is 

j\S+k{C{jir^i/)^2Gx^2Fy'{-A-\-Ii]-\-k':=0. 
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From this wc can deduce that the equation of the common 
tangents is 

By resolving this into a pair of factors 

{{x-af + iy- fif] {{X - a'Y + (y - /ff)'}, 

we can also get a, /3 ; a'j 13' the co-ordinates of the foci. 

Ex. 1, Find the foci of 2«« - ^ry + 2y* - 2x - 8y + 11. The quadratic 
here is 3^" + ikA + ^* = 0, whose roots are A; » - ^i A; a,- JA. But A a - 9. 
Using the value 3, 

6\" + 21/i* + 3v« + 18/iV + 12vV+ 30X|4 + 3 (X" + /»") = 3 (\ + 2/4 + v) (3X + 1* + »), 

showing that the foci are 1, 2; 3, 1. The value 9 gives the imaginary foci 

2 ± V(- l)i 3 ? V(- 1). 

Ex. 2. Find the co-ordinates of the focus of a parabola given by a 
Cartesian equation. The quadratic here reduces to a simple equation, and 
we find that 

(a + b) {A\^ + Bfji* + 2FfiP + 20y\ + 2H\fi) - A (X" + /*•) 
is resolvable into factors. But these evidently must be 

(a . ^) (2«X . 2iF>) and (^li^- X . <|i^f - , . . 

The first factor gives the infinitely distant focus, and shows that the axis of 
the curve is parallel to ^o; - Ch/. The second factor shows that the co- 
ordinates of the focus are the coefficients of X and fi in that factor. 

Ex. 3. Find the co-ordinates of the focus of a parabola given by the 
trilinear equation. The equation which represents the pair of foci is 

e'2 = A (X" + ^' ^V - 2fiv cos A - 2 A cos 5 - 2X/4 cosC). 

But the co-ordinates of the infinitely distant focus are known, from Art. 293, 
since it is the pole of the line at infinity. Hence those of the finite focus are 

e^^- A e^7?- A 

A sinA + jy sin-B + G sinC' ITsin^ + Ji sinB + i^'sinC" 

O'C- A 

6^ sin ^ -I- F siu ^ -» C sin C ' 

385. The condition (Art. Gl) that tv^ro liiica should be 
mutually perpendicular 

W 4- fifi' + vv - {fiv + II v) cos 4 - W + v'X) cos 2? 

- {Kfi + X'/a) cos (7= 0, 

is easily seen to be the same as the condition (Art. 293) that 
the lines should be conjugate with respect to 

V + M* + v'* - 2fiv cos -4 - 2v\ cos-B- 2X/* cos (7= 0. 

Z2 
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The relation then between two mntually perpendicular lines is 
a particular ease of the relation between two lines conjugate 
with regard to a fixed conic. Thus, the theorem that the three 
perpendiculars of a triangle meet in a pointy is a particnlar 
case of the theorem that the lines meet in a point which join 
the corresponding vertices of two triangles conjugate -with re- 
spect to a fixed conic, &c. It is proved {Oeometry of Three 
JDimensions^ Chap. IX.) that, in spherical geometry, the two 
imaginary circular points at infinity are replaced by a fixed 
imaginary conic : that all circles on a sphere are to be considered 
as conies having double contact with a fixed conic, the centre 
of the circle being the pole of the chord of contact ; that two 
lines are perpendicular if each pass through the pole of the 
other with respect to that conic, &c. The theorems then, which 
in the Chapter on Projection, were extended by substitating, 
for the two imaginary points at hifinity, two points situated 
anywhere, may be still further extended by substituting for 
these two points a conic section. Only these extensions are 
theorems suggested, not proved. Thus the theorem that the 
intersection of perpendiculars of*a triangle inscribed in an 
equilateral hyperbola is on the curve, suggested the property 
of conies connected by the relation 9 = 0, proved at the end 
of Art. 375. 

It has been proved (p. 2G7), that to several theorems concerning 
systems of circles, coiTCspond theorems concerning systems of 
conies having double contact with a fixed conic. We give now 
some analytical investigations concerning the latter class of 
systems. 

386. To form the condition that the line Xo? + fty + v» may 
touch S + {\'x + fii/ + vzy. We are to substitute in 2, a + X", 
b + fi'^j &c. for a, J, &c. The result may be written 

2+{a(/iv-/iV)' + &c.}=0, 

where the quantity within the brackets is intended to denote 
the result of substituting in 8 fiv - fi'v^ vV -^ v'X, \fi — X'/* for 
Xy y, z. This result may be otherwise written. For it was 
proved (Art. 294), that 

[rrx' + &c.) {ax" + &c.) - [oxx' + &c.)» = A [yz* "y'zf + &c 
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And it follows, by parity of reasoning, and can be proved in 
like manner, that 

(^X" + &c.) {AX^ + &c.) - [AW + &c.)"= A [a [fiv' - /iV)"+ &c.}, 

where -4\X' + &c. is the condition that the lines Tix + fiy + vZy 
\'x + /jk'y + y'z may bo conjugate ; or 

^\X'+ B/zfi'+ Cyv'+ F(jjLy + /aV) + O (vV + v X) + JI{\fi' + X». 

If then we denote -^IX'* + &c. by 2', and -4XX' -f &c. by TT ; 
and if we substitute for a (jjlv — fi'vY + &c. the value just found, 
the condition previously obtained may be written 

(A + 2')2-n* = 0. 

If we recollect (Art. 321) that X, /i, v may be considered as 
the co-ordinates of a point on the reciprocal conic, the latter 
form may be regarded as an analytical proof of the theorem 
that the reciprocal of two conies which have double contact, is 
a pair of conies also having double contact. This condition may 
also be put into a form more convenient for some applications, 
if instead of defining the lino \x + fiy + vz by the coefficients 
X, /lA, V, we do so by the co-ordinates of its pole with respect to S^ 
and if we form the condition that the line P' may touch 8+F"% 
where P* is the polar of x'y'z' or axx' + &c. Now the polar of 
x'y'z' will evidently touch 8 when x'y'z is on the curve; and 
in fact if in 2 we substitute for X, /x, v ; /S^, S,, S^ the coefficients 
of x^j/jZ in the equation of the polar, we get A8\ And again 
two lines will be conjugate with respect to /8, when their poles 
are conjugate ; and in fact if we substitute as before for X, /x, v 
in n wo get A£, where B denotes the result of substituting the 
co-ordinates of either of the points xy'z\ x"y"z"j in the equation 
of the polar of the other. The condition that P' should touch 
8+ F'* then becomes (1 + 8") 8' = IP. 

387. To find the condition that the two conies 

8 + [Xx + fi'y + v'z)\ 8 + (V'aj + fi'y + v"z)\ 

should touch each other. They will evidently touch if one of 
the common chords, (^x-^- fjJy + v'z)±(^*x-\'fi"y-\-v"z\ touch 
either conic. Substituting then in the condition of the last 
Article X' ± X" for X, &c., we get 

(A + 2') (2' ± 2n + 2") = (2' ± n)'. 
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which reduced may be written in the more symmetrical form 

(A + 2') (A + r) = ( A ± uy. 

The condition that S+P" and 54- P"" may touch is found 
from this as in the last Article, and is 

{l + S'){l + 8") = {l±Ry. 

Ex. 1. To draw a oonio haying double contact with S and touching 
three given conies S + P^, S + P"*, S + P"", also having double contact 
with S, Let x^ be the co-ordinates of the pole of the chord of contact 
with S of the sought conic 8 + P*, then we have 

(l + fir)(l + 5")=(l+PT; (1 + S){1^8'')^{l + I^f; (l^S){l^S"')={l-^ry; 
where the reader wiU observe that S', S", 5"" are known constants, but 
8, P', &c involve the co-ordinates of the sought point xyz. If then we 
write 1 + fi' «= A:", &c., we get 

iMj'=l+P', ;Ufc"=l+P", ^ife^'sl + P"'. 

It is to be observed that P*, P", P^ might each have been written with a 
double sign, and in taking the square roots a double sign may, of course, be 
g^ven to A^, I^, k\ It will be found that these varieties of sign indicate 
that the problem admits of thurty-two solutions. The equations last written 

give *(A'-^") = -P'-i^'5 *(A"-A^") = ^'--P"'5 

whence eliminating k, we get 

P' (*^ - k'") + P" (*^ - k') + P"' (k - k"') = 0, 

the equation of a line on which must lie the pole with regard to 8 of the 
chord of contact of the sought conic. This equation is evidently satisfied 
by the point P* ^ P^ ^ P"'. But this point is evidently one of the radical 
centres (see p. 267) of the conies 8^P^, 5^ + P"", -S + P^. 

The equation is also satisfied by the point tt = "TT = "pr • ^^ order to 

see the geometric interpretation of this we remark that it may be deduced 
from Art. 386 that the tangential equations of iS^+ P^, 8^P'^ are respectively 

(1 + 5^') 2 = A (Xar* + /iy' + •«')•, (1 + -S"') 2 = A [\x" + fij/' + i^")*. 

Hence \x' ^ ^' ^ .^f ^ X^' + ;.y" + .z" 



1 



k' ^ kr 

represent points of intersection of common tangents to iS + P^, 8 + P", that 

b to say, the co-ordinates of these points are p i t7 > &c., and the polars of 

JV pf pi pn pt0 

these points, with respect to iS, are p- ± rr^. It follows that — = ~ = j~- 

denote the pole, with respect to iS', of an axis of similitude (p. 267) of the 
three given conies. And the theorem we have obtained is, — the pole of the 
Bought chord of contact lies on one of the lines joining one of the four radical 
centres to the pole, with regard to 8, of one of the four axes of similitude. 
This is the extension of the theorem at the end of Art 1 18. 
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To complete the solution, we seek for the co-ordinates of tho point of 
contact of iS + P» with S + P'*, Now the co-ordinates of the point of con- 
tact, which is a centre of similitude of the two conies, being f - p i &c., we 

k 

must substitute « + r, «' for x, &c. in the equations iWfe' = 1 + P*, &c., and 
we get 

whero It, R are the results of substituting x^'y":i\ x'"y"€" respectively in 
the polar of f^y^'. We have then 

A; (^-' - ^T = P' - P" + I (5" - P); * (A' - k") = P' - P" + | (.5' - P'), 

whence eliminating A:, wc have 

^^{*'4'-(*'-l)}. 

the equation of a line on which the sought point of contact must lie ; and 
which evidently joins a radical centre to the point where P', P*, P" are re- 
spectively proportional to Aj' - 1^ , Aj" - ^ , A"' - ^ , or to 1 , kk' - P, k'k" - Bf. 

Bat if we form the equations of the polars, with respect to ^ + P*, of the 
three centres of similitude as above, we get 

(Aj'A^ - P) P' = P', (Aj'Aj" ''R)F^ P", &c., 
showing that the line we want to construct is got by joining one of the four 
radical centres to the pole, with respect to 5^ + P", of one of the four axes 
of similitude. This may also be derived geometrically as in Art 121, from 
the theorems proved, p. 267. The sixteen lines which can be so drawn, 
meet /8^ + P* in the thirty-two points of contact of the different conies which 
can be drawn to fulfil the conditions of the problem.* 

Ex. 2. The four conies having double contact with a given one 8^ which 
can be drawn through three fixed points, are all touched by another conic 
also having double contact with S,\ Let 

5^ = «" + y* + 5*- 2yz cos A - 2zz cos B - 2xy cosC, 
then the four conies are iS = (« ± y ± «)■, which are all touched by 
8=[x cos(P - C) +y cos(C- A)^z cos(^ - B)]\ 

388. We give next some parts of the theory of the invariants 
of a system of three conies which can be understood without a 

* The solution here given is the same in substance (though somewhat 
simplified in the details) as that given by Mr. Cayley, CreUe, Vol. xxxix. 

t This is an extension of Terquem*s theorem (Ex. 4, p. 126) and itself 
admits of further extension. Sec Quarterly Journal of Mathematics, 
Vol. VI., p. fl7. 
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knowledge of the properties of curves of the third degree, re- 
ferring for further details to Lessons on Iligher Algebra^ p. 119. 

Oiven three conies Z7, F, W^ the locus of a point whose polars 
with respect to the three meet in a point is a curve of the third 
degree ; which we call the Jacohian of the three conies. For we 
have to eliminate x^ y, z between the equations of the three polars 

and we obtain the determinant 

It is evident that when the polars of any point with respect to 
Uj Vj TF meet in a point, the polar with respect to \J7-f /^F+vTF 
will pass through the same point. The Jacobian is also the 
locus of the intersection of each pair of lines which can be re- 
presented by X U-\- fi V+ V W. 

Ex. 1. Through four points to draw a conic to touch a given conic W, 
Let the four points be the intersection of two conies Ut V; and it is evident 
that the problem admits of six solutions. For if we substitute a + kaf, &c. 
for a in the condition (Art. 372} that U and W should touch each other, k, 
as is easily seen, enters into the result in the sixth degree. The Jacobian 
of U, V, TT intersects Win the six points of contact sought For the polar 
of the point of contact with regard to W being also its polar with regard 
to a conic of the form X 17 -i- /tF passes through Uie intersection of the polars 
mih regard to U and F. 

Ex. 2. If three conies have a common self-conjugate triangle, their 
Jacobian lb three right lines. For it is verified at once that the Jacobian 
of oa* + 6y* + c«", a^x* + by + c's^, o"«* 4 b'Y + cV is xyz = 0. We can hence 
find at once the equation of the sides of the common self-conjugate triangle 
of two conies, by forming the Jacobian of S, 8' and the covariant F; since 
this triangle is also self-conjugate with respect to F (Art. 381, Ex. 1). 

Comparing thb with the result obtained by Art. 381, Ex. 4, we get tho 
identical equation 
j-« e F» - p {QS' + G'S) + P (a*qS* + A&S'^ + (GO' - 3aa') YSS' 

- A'*AiS'» - AA"^ + a' (2Ae' - e') S'S' + A (2A'e - e'*) ssr*. 

Ex. 3. If three conies have two points common, their Jacobian consists 
of a line and a conic through the two pomts. It is evident geometrically 
that any point on the line joining the two points fulfils the conditions of the 
problem, and the theorem can easily be verified analytically. In particular 
the Jacobian of a system of three circles is the circle cutting the three at 
right angles. 

Ex. 4. The Jacobian also breaks up into a line and conic if one of the 
quantities S he a, perfect square L\ For then X is a factor in the locus. 
Hence we can describe four conies touching a given conic S at two given 
points {S, L) and also touching iS"; the intersection of the locus with 
S" determinuig the points of contact. 
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389. If we form the discriminant of \U-\- fi r+ vTF, the co- 
efficients of the several powers of \, /tt, v will be invariants of 
the system of conies. All these belong to the class of invariants 
alreadj considered, except the coefficient of X/^v, in which each 
term abc of the discriminant of Z7is replaced by 

ab'c" + ah"c' + ab"c + abc" + u'bc + a'b'cj &c. 

Some of the properties of a system of three conies can bo 
studied with advantage by expressing each in terms of four 
lines Xj y^z^wi thus 

8^aa?'ithy' + cz*-}rdw\ 5' = a V + jy + cV -h c?m?", 

S" = a' V + by + c' V + d'lo^ 

It Is always possible, in an infinity of ways, to choose a?, y, z^ w 
80 that the equations can be brought to the above form: for 
each of the equations just written contains explicitly three in- 
dependent constants : and each of the lines a?, y, z^ w contains 
implicitly two independent constants. The fonn, tliercfore, just 
written puts seventeen constants at our disposal, while Sj S'^ S" 
contain only three times five, or fifteen, independent constants. 
The equations of four lines are always connected by a relation 
of the form lo = 7ixc + fjiy -{- vz^ and we may suppose that the 
constants X, &c. have been included in a?, &c., so that this rela- 
tion may be written in the symmctincal form a;H-?/H-j3-f-t(7 = 0. 

Let it be required now to find the condition that /S, S\ 8'* 
may have a common point. Solving for a;', ?/, s*, lo* between 
the equations 5=0, /S' = 0, .S"' = 0, and denoting by yl, i?, (7, D 
the four determinants {bcd")j [dca")y {dab")j {bac")^ we get 
a?j y", 2*, w^ proportional to -4, By C^ D\ and substituting in 
{C+y+«+w? = 0, we obtain the required condition 

or 

{A^-^B^+G^'VL^-2BC''2CA-2AD'-2BD-2CDY^UABCD. 

Now the right-hand side of this equation ABCD is an invariant 
of the fourth degree in the coefficients of each conic, whose 
vanishing expresses the condition that it may be possible to 
determine X, /x, v so that X/8+/^/S'+v5" shall be a perfect square. 
.4* + 5* + &c. is an invariant, first noticed by Mr. Sylvester, of 
only the second degree in the coefficients of each conic. Kules for 
forming both these invariants are given, Higher Algebra^ p. 120. 
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I add some notes which occur to mo on correcting the proofs 
of the foregoing Chapter. 

p. 324, Ex. 2. It may be conyenient for reference to give at full length 
the equations of the parallel curves, which may also be regarded as equa- 
tions giving the length of the normal distances from any point to the curve. 
The parallel to the parabola is 
r* - (3y* + «• + Smx - 8m") r* + {Zy* + y* (2x" - 2mx + 20m') 

+ 8m«» + BmV - 32m'« + 16m*} r" - (y* - 4mxy {y" + (a: - m)"} = 0. 
The parallel to the ellipse is 
c*t^ - 2cV* {c* (a« + 6") + (a« - 26") «« + (2a» - 6") y") 
+ r* fc* (a* + 4aV + 6*) - 2c" (a* - a"6" + 36*) «" + 2c" (3a* - a"6" + 6«) y" 
+ (a* - 6a"6" + 66*) «* + (6a* - 6«"6" + 6*) y* + (6a* - lOa'6" + 66*) a:»y"} 
+ r" {- 2a"6"c* (a" + 6") + 2c"«" (3a* - a"6" + 6*) - 2c"y" (a* - a"6" + 86*) 
- 6"«* (6a* - 10a"6" + 66*) - ay (6a* - 10a"6^ + 66*) + a^y* (4a» - 6a*6" - 6a"6* + 46*) 
+ 26" (a* - 26") «• - 2 (a* - a"6" + 36*) a:*y" - 2 (3a* - a"6" 4 6*) «"y * + 2a" (6" - 2a") y*) 
+ (6"«« ^(^y'- a"6")" {(as - c)" + y«} {{x + c)" + y^ = 0. 

Thus the locus of a point is a conic, if the sum of squares of its normal 
distances to the curve be given. If we form the condition that the equa- 
tion in r" should have equal roots, we get the squares of the axes multiplied 
by the cube of the evolute. If we make r = 0, we find the foci appearing 
as points whose normal distance to the curve vanishes. This is to be 
accounted for by remembering that the distance from the origin vanishes 
of any point on either of the lines «• + y" = 0, 

p. 335, Ex. 7. The reader will find {QiMrterty Journal of Mathematics^ 
Vol. I., p. 344) a discussion by Mr. Cayley of the problem to find the locus 
of vertex of a triangle circumscribing a conic S, and whose base angles 
move on given curves. When the curves are both conies, the locus is of 
the eighth degree, and touches 8 at the points where it is met by the polars 
with regard to jS* of the intersections of the two conies. 

It ought to have been stated (p. 260) that the problem " to inscribe a 
triangle in a conic whose sides pass through fixed points" becomes indeter- 
minate when the fixed points form a self-conjugate triangle. 

p. 336, Ex. 10. Find the criterion whether a given point be inside or 
outside a conic; that is to say, whether the tangents from it are real or 
imaginary [Mr. Sylvester]. 

Ans. The point is inside when A and 8' have the same sign. 

p. 336, Ex. 11. The triangle formed by the polars of middle points of 
sides of a given triangle with regard to any inscribed conic has a constant 
area [M. Faure]. 

p. 344, Ex. 4. When the three conies are a conic, a circle, and the 
square of the line at infinity, the Jacobian passes through the feet of the 
normals which can be drawn to the conic through the centre of the circle. 







CHAPTER XIX. 

THE METHOD OF INPINITESIMALS. 

390. REFERKtNa tho reader to other works where it is 
shown how the differential calculus enables us readily to draw 
tangents to curves, and to determine the magnitude of their 
areas and arcs, we wish here to give him some idea of the 
manner In which these problems were investigated by geometers 
before the invention of that method. The geometric methods 
are not merely interesting in a historical point of view ; they 
afford solutions of some questions more concise and simple than 
those furnished by analysis, and they have even recently led to 
a beautiful theorem (Art. 400) which had not been anticipated 
by those who have applied the integral calculus to the recti- 
fication of conic sections. 

If a polygon be inscribed in any curve, it is evident that the 
more the number of the sides of the polygon is increased, the 
more nearly will the area and perimeter of the polygon approach 
to equality with the area and perimeter of the curve, and the more 
nearly will any side of the polygon approach to coincidence with 
the tangent at the point where it meets the curve. Now, if the 
sides of the polygon be multiplied ad injinitum^ the polygon will 
coincide with the curve, and the tangent at any point will coincide 
with the line joining two indefinitely near points on the curve. 
In like manner, we see that the more the number of the sides of 
a drcumscrilnng polygon is increased, the more nearly will its 
area and perimeter approach to equality with the area and peri- 
meter of the curve, and the more nearly will the intersection of 
two of its adjacent sides approach to the point of contact of cither. 
Hence, in investigating the area or perimeter of any cui've, we 
may substitute for the curve an inscribed or circumscribing 
polygon of an indefinite number of sides ; we may consider any 
tangent of the curve as the line joining two indefinitely near 
points on the curve, and any point on the curve as the inter- 
section of two indefinitely near tangents. 
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391. Ex. I. To find tlie direction of the tangent at any point 
of a circle. 

In any isosceles triangle A OB^ either base angle OBA is less 
than a right angle by half the vertical angle ; but as the points 
A and B approach to coincidence, the 
vertical angle may be supposed less 
than any assignable angle, therefore 
the angle OBA which the tangent 
makes with the radius is ultimately 
equal to a right angle. We shall 
frequently have occasion to use the 
principle here proved, viz., that two 
indefinitely near lines of equal length 
are at right angles to the line joining their extremities. 

Ex. 2. The circumferences of two circles are to each other as 
their radiu 

If polygons of the same number of sides be inscribed in tlie 
circles, it is evident, by similar triangles, that the bases ah^ AB^ 
are to each other as the radii of the circles, and, therefore, that 
the whole perimeters of the polygons arc to each other in the 
same ratio; and since this will be true, no matter how the 
number of sides of the polygon be increased, the circumferences 
are to each other in the same ratio. 

Ex. 3. The area of a circle is equal to tlie radius multiplied 
hy the semi-circumference, 

Eor the area of any triangle OAB is equal to half its base 
multiplied by the perpendicular on it from the centre ; hence the 
area of any inscribed regular polygon is equal to half the sum of 
its sides multiplied by the perpendicular on any side from the 
centre ; but the more the number of sides is increased, the more 
nearly will the perimeter of the polygon approach to equality 
with that of the circle, and the more nearly will the perpen- 
dicular on any side approach to equality with the radius, and the 
difference between them can be made less than any assignable 
quantity ; hence ultimately the area of the circle is equal to the 
radius multiplied by the semi-circumference ; or = 7rr". 

392. Ex. 1. To determine the directum of the tangent at any 
point on an ellipse. 
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Let P and P be two indefinitely near points on the curve, 
iSti^ViFP^PF^FP^FF^, or, 
taking FB^FP, FE^FP, we 
Lave PB = PE ; but in the tri- 
angles PBP^'PB'P^ we have also 
the base PP common, and (by 
Ex. 1, Art. 391) the angles PBP^ 
PBP right ; hence tlic angle 
PPB=^PPR. Now TPF is ultimately equal to PPF^ since 
their difference PFP may be supposed less than any given 
angle ; hence TPF=PPFy or the focal radii make equal angles 
with the tangent. 

Ex. 2. To determine (lie direction of the tangent at any point 
on a hyperbola. 
We have 

FP-FP^FP-FP, ^^ 

or, as before, 

PR = PR. 

Hence the angle 

PPR^PPR, 
or, the tangent is the internal bisector of the angle FPF. 

Ex. 3. To determine the direction of the tangent at any 2>oint 
of a parabola. 

We have FP=PN, and FP = PN'] hence PPi = P8, or 
the angle N'PP=FPP. The tangent, there- ^, 
fore, bisects the angle FPN. N 

393. Ex. 1 . To find the area of the para^ 
holic sector FVP, 

Since P8= PBy and PxV= FP, we have the 
triangle FPR half the parallelogram PSNN'. 
Now if we take a number of points PP'j &c. 
between V and P, it is evident that the closer 
we take them, the more nearly will the sum of 
all the parallelograms PSXN'j &c., approach 
to equality with the area I) VPXy and the sum of all the tri- 
angles P/'TZ, &c,, to the sector T7'P; hence ultimately the sector 
PFV is half the area DVPNy and therefore one-thli'd of the 
quadrilateral DFPX. 
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Ex.2. To find the 
hy any right line. 

Draw the diameter bisccttag it, then tlic parallelogram Pli' 
ia equal to PM', ainee they are the com- 
plementB of parallelogramH about the dia- 
gonal ", but Biuce TM is bisected at V, 
the parallelogram I'N' is half PR ; if, 
therefore, we take a number of points 
P, P", P", &c., it foUowB that the sum of 
all the parallelograma PM" is double the 
Bum of all the parallelograms PN", and 
therefore ultimately that the space V'PM 
is double V'Py; hence the area of the 
parabolic segment VPMia to that of the parallelogram V'NPM 
in the ratio 2 : 3. 

394. Ex. 1. The area of an ellipse is equal to the area of a 
. circle whose radius is a geometric mean between the semi-axes of 
. the ellipse. 

For if the ellipse and the circle on the transverse axis be 
divided by any number of linos 
parallel to the axis minor, then 
since mb:md::m'b':m'd'::b:a, 
the quadrilateral mbb'm' is to 
mddni in the same ratio, and the 
Bum of all the one set of quad- 
rilaterals, that is, tho polygon 
Mih'V'A inscribed in tho ellipse 
is to the corresponding polygon 
Dddd'A inscribed in the circle, 
in the same ratio. Now this will 
bo true whatever be the number of the aides of tlie polygon i if 
we suppose them, therefore, increased indefinitely, we loam that 
the area of the ellipse is to the area of tho circle R&h ia a; but 
tho area of the circle being = jti*, tb© area of the cUlpso = -nah. 

Gov.. It can be proved, in like manner, that if any two figures 
be such that tho ordinate of one is in a constant ratio to the 
corresponding ordinate of the other, the areas of the figures are 
in the same ratio. 
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Ex, 2. Every diamdcr of a conic bisects the curve. 
For if wo suppose a number of ordinatcs drawn to this dia- 
meter, since the diameter bisects tliem all, it also bisects the 
trapezium formed by joining the extremities of any two adjacent 
ordinates, and by supposing the number of these trapezia in- 
creased without limit, we see that the diameter bisects the curve. 

395. Ex. 1. I7i€ area of the sector of a hypcrhola made hy 
joining any two points of it to the centre^ is equal to the area of the 

segment made hy drawing parallels from them to the asyynjitotes. 
For since the triangle PKC== QLC^ the area FQG=-FQKL. 

Ex. 2. Any two segments PQKL^ RSMN^ are cqual^ if 
PK: QLiiPMiSX. 

For 

PK: QLiiCL; CK, 
but (Art. 197) 

CL=:MT, CK^NT] 
we have, therefore, 

RM : 8N : : MT : NT, c^TL M t^~N t 

and therefore QR is parallel to PT, Wc can now easily prove 
that the sectors PCQy RCS are equal, since the diameter bisect- 
ing PSy QR will bisect both the hyperbolic area PQRS^ and 
also the triangles PCaV, QCR. 

If we suppose the points (?, R to coincide, we see that we 
can bisect any area PKX8 by drawing an ordinate QL^ a geo- 
metric mean between the ordinatcs at its extremities. 

Agam, if a number of ordinatcs be taken, forming a contmued 
geometric progression, the area between any two is constant. 

396. The tangent to the interior of two similar^ similarly 
placed^ and concentric conies cuts off a constant area from the 

exterior conic. 

For we proved (p. 210) that this tangent is always bisected 
at the point of contact ; now if we draw any two tangents, the 
angle JlQ^r will be equal to BQB\ 
and the nearer we suppose the point Q 
to P, the more nearly will the sides 
A Q^ A' Q approach to equality with the 
sides BQ^ B'Q] if, therefore, the two 
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tangents be taken indefinitely near, the triangle A QA' will be 
equal to BQB\ and the space AVB will be equal to A'VB'] 
since, therefore, this space remains constant as we pass from any 
tangent to the consecutive tangent, it will be constant whatever 
tAngcnt we draw. 

Cor. It can be proved, in like manner, that if a tangent 
to one curve always cuts off a constant area from another, it will 
be bisected at the point of contact ; and, conversely, that if it be 
always bisected it cuts off a constant area. 

Hence we can draw through a given point a line to cut off 
from a given conic the minimum area. If it were required to cut 
off a given area it would be only necessary to draw a tangent 
through the point to some similar and concentric conic, and the 
greater the given area, the greater will be the distance between 
the two conies. The area will therefore evidently be least when 
this last conic passes through the given point ; and since the tan- 
gent at the point must be bisected, the line through a given point 
which cuts off the minimum area is bisected at that point. 

In like manner, the chord drawn through a given point 
which cuts off the minimum or maximum area from any curve 
is bisected at that point. In like manner can be proved the 
following two theorems, duo to the late Professor MacCuUagh. 

Ex. 1. If a tangent AB to one curve cut off a constant arc from 
another J it is divided at the point of cofitacty so that AP : PB in- 
versely as Hie tangents to the outer curve at A and B. 

Ex. 2. If the tangent AB he of a constant lengthy and if the 
perpendicular let fall on AB from the intersection of the tangents 
at A and B meet AB in M^ then AP will = MB. 

397. To find the radius of curvature at any point on an ellipse. 
The centre of the circle circumscribing any triangle is the 
intersection of perpendiculars erected at the middle points of the 
sides of that triangle ; it follows, therefore, that the centre of the 
circle passing through three consecutive points on the curve is 
the intersection of two consecutive normals to the curve. 

Now, given any two triangles FPF\ FFF^ and PN^ FN^ 
the two bisectors of their vertical angles, it is easily proved, by 
elementary geometry, that twice the angle PNF^PFF-i-PFF. 
(See the first figure, p. 319). 
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Now, since the arc of any circle is proportional to the angle 

it subtends at the centre (Euc. vi. 33), and also to the radius, 

(Art. 391), if we consider PP as the arc of a circle, whose centre 

PP 
is -AT, the angle PNP is measured by -=7^? • In like manner, 

Jtrri 



PR 



taking FB = FPj PFP is measured by -^^y,, and we have 



2PP 



PR 



PR 
FP 



PN ~ FP ' FP 
but PR = PR =1 PP BinPPF] 

therefore, denoting this angle by 5, PN by iJ, FP, FPj by />, p', 
we have 2 11 

jBsin^^p p" 

Hence it may be inferred that the focal chord of curvature is double 

the harmonic mean between the focal radii. Substituting ^, for 

sin 5, 2a for p + py and J'* for pp\ we obtam the known value, 

b" 



R = 



ab' 



The radius of curvature of the hyperbola or parabola can be 
investigated by an exactly similar process. In the case of the 
parabola we have p infinite, and the formula becomes 

2 _ 1 
R mid p* 

I owe to Mr. Townsend the following investigation, by a 
different method, of the length of the focal chord of curvature : 

Draw any parallel ^jB to the tangent at P, and describe a 

circle through PQR meeting the focal r j\| 

chord PL of the conic at C. Then, by 
the circle P8. SC = QS. /Sfl, and by Q^ 
the conic (Ex. 2, p. 175) 

. P8.8L:QS.SR::PL:MN] 

therefore, whatever be the circle, 

8C:8L::MN:PL] 

but for the circle of curvature the 

points /S and P coincide, therefore PC :PL:: MN : PL ; or, the 

A A 
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focal chord of curvature is equal to the focal chord of the conic 
drawn parallel to the tangent at the point (p. 216, Ex. 4). 

398. The radius of curvature of a central conic may other- 
wise be found thus : 

Let Q be an indefinitely near point on the curve, QR a 
parallel to the tangent, meeting the 
normal in 8] now, if a circle be de- 
scribed passing through P, Q, and 
touching PT at P, since Q8 is a per- 
pendicular let fall from Q on the 
diameter of this circle, we have 
PC^^PS multiplied by the diameter; 

PQ" 
or the radius of curvature = r-p^ . Now, since QR is always 

drawn parallel to the tangent, and since PQ must ultimately 
coincide with the tangent, we have PQ ultimately equal to 
QR ; but, by the property of the ellipse (if we denote CP and 
its conjugate by a', &'), 

&'• : a'» :: Ci? : PR.RP {=2a\PR)j 

therefore QR^ = — -, — . 

a 

V* PR 
Hence the radius of curvature = —7 . -^^ • Now, no matter how 

a x^o 

small PRj P8 are taken, we have, by similar triangles, their 

. PR CP a' ^ ... ^ &'• 

ratto f^ = -jnfrri = ~ • Hence radius of curvature = — . 
PS CT p p 

It is not difficult to prove that ai the intersection of two con- 
focal conies the centre of curvature of either is the pole toith respect 
to the other of the tangent to the firmer at the intersection. 

399. If two tangents be drawn to an ellipse from any point of 
a confbcal ellipse^ the excess of the sum of tiiese two tangents over 
the arc intercepted between them is constant.^ 

For, take an indefinitely near point T^ and let fall the per- 
pendiculars TIB, T8j then (Art. 348) 

PT=PR = PP + FR 

* This beautiful theorem was discovered by Dr. Graves. See his Tran^ 
ion of Cha$kt^8 Memair$ tm Conea and fyhirieal Conia, p. 77. 
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(for JP'B may be considered as the coDtinuation of the line PP') ; 
in like manner, SLt* 

Again, since, bj Art. 194, the angle 
TTR^ TTSj we have T8=^ TBi 
and therefore 



nm(^{PT^-TQ)^[FT^-TQ)^PF-'QQ^PQ-FQ. 

Cob. The same theorem will be true of any two carves which 
possess the property that two tangents, 7!P, TQ^ to the inner one, 
always make equal angles with the tangent TT to the outer. 

400. If two tangents he drawn to an ellipse from any point 
of a confocal hyperbola^ the difference of the arcs PKj QK is equal 
to the difference of the tangents TP, TQ.^ 

For it appears, precisely as before, that the excess of 
TP-PK over TP^-PK^TEj 
and that the excess of TQ-QK 
over TQ - QK is TS^ which is 
equal to TR^ since (Art, 189) TT 
bisects the angle ^T'/S. The dif- 
ference, therefore, between the 
excess of TP over PiT, and that 
of TQ over QK^ is constant ; but 
in the particular case where T 
coincides with K^ both these ex- 
cesses, and consequently their dif- 
ference, vanish; in every case, therefore, TP—PK^ TQ— QK. 

Cob. FagnanVs theorem^ " That an elliptic quadrant can be 
80 divided, that the difference of its parts may be equal to the 
difference of the semi-axes," follows immediately from this 
Article, since we have only to draw tangents at the extremities 




of the axes, and through their intersection to draw a hyperbola 



* This extension of the preceding theorem was discovered by Mr. 
MacCullagh. BMin Exam. Papert, 1841, p. 41; 1842, pp. 68, 83. 
M. Chasles afterwards independently noticed the same extension of Dr. 
Graret's theorem. Comjpies Itendua, October, 1843, torn. XTII., p. 838. 
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confocal with the given ellipse. The co-ordinates of the points 
where it meets the ellipse are found- to be 



«^=;4t» 3^= 



&' 



a + 6* ^ a + ** 

401. If a polygon ctrcumscribe a conicj and if all the vertices 
hut one move on confocal contcsj the locus of the remaining vertex 
will he a confocal conic. 

In the first place, we assert that If the vertex 7^ of an angle 
PTQ circumscribing a conic, move on a confocal conic (see fig., 
Art. 399) ; and if we denote by a, £, the diameters parallel to 
2!P, TQ] and by a, iS, the angles TPT^ TQT^ made by each of 
the sides of the angle with its consecutive position, then aa^hfi. 
For (Art. 399) 2!B= T8\ but TR= TP.a] T8= TQ.fiy and 
(Art. 149) TF and TQ are proportional to the diameters to 
which they are parallel. 

Conversely, if oa = J)8, T moves on a confocal conic. For 
by reversing the steps of the proof we prove that 2!B= T'8'y 
hence that TT makes equal angles with 7!P, TQ^ and therefore 
coincides with the tangent to the confocal conic through T; and 
therefore that T lies on that conic. 

If then the diameters parallel to the sides of the polygon be 
a, hj c, &c., that parallel to the last side being dj we have aa=^b/3j 
because the first vertex moves on a confocal conic; in like 
manner bfi ^ C7, and so on until we find aa = dB^ which shows 
that the last vertex moves on a confocal conic* 

* This proof is taken from a paper by Dr. Hart ; Cambri(fye and Dublin 
Math. Jour,, Vol. iv. 193. 
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Pascal's THKORBHf, Page 231. 

M. Steineb was the first who (in Gergonne^s Annalea) directed the 
attention of geometers to the complete figure ohtained by joining in 
every possible way six points on a conic. M. Steiner's theorems were 
corrected and extended by M. Pliicker ( Crelle^a Journal, Vol. v., p. 274), 
and the subject has been more recently investigated by Messrs. Gayley 
and Kirkman, the latter of whom, in particular, has added several new 
theorems to those already known. We shall in this note give a slight 
sketch of the more important of these, and of the methods of obtaining 
them. The greater part are derived by joining the simplest principles 
of the theory of combinations with the following elementary theorems and 
their reciprocals : " If two triangles be such that the lines joining corre- 
sponding vertices meet in a point {the centre of homology of the two triangles), 
the intersections of corresponding sides will lie in one right line (their 
axie),** "If the intersections of opposite sides of three triangles be for 
eaeh pair the same three points in a right line, the centres of homology 
of the first and second, second and third, third and first, will lie in a 
right Une." 

Now let the six points on a conic be a, b, c, d, «, /, which we shall 
call the points P. These may be connected hy^/teen right lines, ah, ae, 
&c, which we shall call the lines C. Each of the lines C (for example ab) 
is intersected by the fourteen others; by four of them in the point a, 
by four in the point b, and consequently by six in points distinct from 
the points P (for example the points ab, cd, &c.) These we shall call 
the points j>. There are forty-five such points; for there are six on each of 
the lines C To find then the number of points p, we must multiply the 
number of lines Cby 6, and divide by 2, since two lines Cpass through 
every point p. 

If we take the sides of the hexagon In the order ahcdef, Pascal's 
theorem is, that the three p points, (ab, de), (cd,fa), (be, ef), lie in one 
right line, which we may call either the Pascal dbcdef, or else we may 

denote as the Pascal ^ . * *. r > ci form which we sometimes prefer, 

Xde.fa.be^ ^ 

as showing more readily the three points through which the Pascal passes. 
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Through each point p four Pascals can be drawn. Thus through (ab, de) 
can be drawn ahcdef, ab/dee, abcedf, abfedc. We then find the total number 
of Pascals by multipljring the number of points /> by 4, and dividing by 3, 
since there are three points p on each Pascal. We thus obtain the number 
of Pascal's lines = 60. We might have derived the same directly by con- 
sidering the number of different ways of arranging the letters ahcdef. 
Consider now the three triangles whose sides are 

ah, ed, efi (1) 
de, fa, he, (2) 
cf, he, ad. (3) 

The intersections of corresponding sides of 1 and 2 lie on the same Pascal, 
therefore the lines joining corresponding vertices meet in a point, but 
these are the three Pascals, 

{ ab.de. ef\ ( cd.fa.be \ tef,hc.ad\ 

ed.fa.be]' [ef.hc.adi* \ah.de.cf]' 

This is Steiner's theorem (p. 231) ; we shall call this the ff point, 

ab.de. cf 
ed .fa . he 
ef .he .ad 

The notation shows plainly that on each Pascal's line there is only one ff 

! ab.de. ef ) 
j' ^ r 1 ^hc ^ point on it is found by 
ed .fa .be ) 

.writing under each term the two letters not already found in that vertical 

line. Since then three Pascals intersect in every pointy, the number of 

points ^B 20. If we take the triangles 2, 3; and 1, 3; the lines joining 

corresponding vertices are the same in all cases : therefore, by the reciprocal 

of the second preliminary theorem, the three axee of the three triangles 

iab.cd.ef 
meet in a point. This, however, is plainly only the g point \de.fa,hc 

\ cf.he.ad 
and therefore leads us to no new theorem. 
Let us now consider the triangles, 

ah cd ef (1) 

ah.ee.dfl cd.bf.ac) ef.hd.ae 
de . hf. ae 



icd.bf.ae\ ef.hd.ae) 
qf.ce.hd) bc.ae.^f' 



(4) 



I 



ab.ee.df) ed.hf.ae) ef.hd.ae) .^. 
ef.hd.ae ) he.ac.dfi' ad.ce.hfJ 

Kow the intersections of corresponding sides of 1 and 4 are three points 
which lie on the same Pascal; therefore the lines joining corresponding 
vertices meet in a point. But these are the three Pascals, 

ab.ee.df) ed.hf.ae) ef.ae.hd) 
ed.hf.ae)' ^.ae.hdJ ab.df.cej' 



do.a/.bo)' *•«/•>« 



ef.bd,ae^ 
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ab.ee. df 
We may denote the point of meeting as the h point, ed.hf.ae 

ef,ac.bd 

The notation differs from that of the ff points in that only one of the 
vertical columns contains the six letters without omission or repetition. 
On every Pascal there are three h points, viz., there are on 

ab.cd.ef^ ab.cd.ef 
de . of. bcff de. of, be 
tie .be . dfj bf.ce. ad, 

where the bar denotes the complete vertical column. We obtain then 
Mr. Kirkman's extension of Steiner's theorem: — The Pascah intereeci 
three by three, not only in Steiner^e twenty points g, but also in sixty other 
points h. The demonstration of Art. 268 applies alike to Mr. Kirkman's 
and to Steiner's theorem. 

In like manner if we consider the triangles 1 and 5, the lines joining 
corresponding vertices are the same as for 1 and 4 ; therefore the corre- 
sponding sides intersect on a right line, as they manifestly do on a Pascal. 
In the same manner the corresponding sides of 4 and 6 must intersect on a 
right line, but these intersections are the three h points, 

ab.ee.df^ ae.cd.bf'\ ac.bd.ef 
de,bf,ac>^ bd,af.ee\i df.ae.be 
ef.ae. bd) ac .be , df] ee .bf .ad 

Moreover, the axis of 4 and 5 must pass through the intersection of the 

ub.ed.ef \ 
axes of 1, 4, and 1, 5, namely, through the g point, de . af. be > . 

cf .be.ad) 

In this notation the g point is found by combining the complete vertical 
columns of the three h points. Hence we have the theorem, " There are 
twenty lines x, each of which passes through one g and three h points.** 
The existence of these lines was observed independently by Mr. Cayley and 
myself. The proof here given is Mr. Cayley's. 

It can be proved similarly that " The twenty lines x pass four by four 
through fifteen points y." The four lines x whose g points in the preceding 
notation have a common vertical column will pass through the same point. 

Again, let us take three Pascals meeting in a point h. For instance, 

ab.ce.df\ de.bf.ac\ cf.ae.bd\ 

de.bf.ac)* cf.ae.bd) ab.df.ce) 

We may, by taking on each of these a point p, form a triangle whose 
vertices are {df, ae), {bf ae), {bd, ee), and whose sides are, therefore, 

acbf.de"^ bf.ce. ad) bd.ae.ef) 

df.ae.cb) ae.ld.ef) ee.df.ab) 
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Again, we may take on each a point A, by writing under each of the 
above Pascals af,ed. he, and so form a triangle whose sides are 

ae.hf.de) ef.ae,bd) df.ab.ce) 

be^ed.af; be.cd.af ) be.ed,af) 

But the intersections of corresponding sides of these triangles, which must 
therefore be on a right line, are the three g points, 

he.ed.qf\ he,ed.af\ be,cd,af\ .be,cd,a/ 

ae,hf.de\f ef.M.hdi, d/.ab.cel, ef.ah,de 
df.a$.ho) ad.if.ee) ae.ef.hd) ad.ef.he 

I have added a fourth g point, which the symmetry of the notation 
shows must lie on the same right line ; these being all the g points into 
the notation of which be.cd,qf can enter. Now there can be formed, as 
may readily be seen, fifteen different products of the form he,cd ,af; we 
have then Steiner's theorem. The g points lie four by four on fifteen right 
lines I, The reader is referred for further details to Mr. Kirkman's paper, 
Cambridge and Dublin Mathematical Journal, Vol. Y., p. 185. 

On the Pboblem to besckibb a Conic under certain Conditions. 

We saw (p. 126) that five conditions determine a conic; we can, there- 
fore, in general describe a conic being given m points and n tangents where 
m-^n's 6, We shall not think it worth while to treat separately the cases 
where any of these are at an infinite distance, for which the constructions 
for the general case only require to be suitably modified. Thus to be given 
a parallel to an asymptote is eqtdvalent to one condition, for we are then 
given a point of the curve, namely, the point at infinity on the given 
parallel. If, for example, we were required to describe a conic, given four 
points and a parallel to an asymptote, the only change to be made in the 
construction (p. 232) is to suppose the point JE at infinity, and the lines 
D£, QJE therefore drawn parallel to a given Hne. 

To be given an asymptote is equivalent to two conditions, for we are 
then given a tangent and its point of contact, namely, the point at infinity 
on the given asymptote. To be given that the curve is a parabola is equi- 
valent to one condition, for we are then given a tangent, namely, the line 
at infinity. To be given that the curve is a circle is equivalent to two con- 
ditions, for we are then given two points of the curve at infinity. To be 
given a focus is equivalent to two conditions, for we are then given two 
tangents to the curve (p. 242), or we may see otherwise that the focus and 
any three conditions will determine the curve ; for by taking the focus as 
origin, and reciprocating, the problem becomes, to describe a circle, three 
conditions being given; and the solution of this, obtained by elementary 
geometry, may be again reciprocated for the conic The reader is recom- 
mended to construct by this method the directrix of one of the four conies 
hich can be deseribed when the focus and three points are given. Again, 
be given the pole, with regard to the conic, of any given right line, is 
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eqtuYalent to two conditions; for three more will determine tl^e curye. 
For (see figure, p. 138) if we know that P is the polar of RR\ and that 
T is a point on the curve, T\ the fourth harmonic, must also be a point 
on the curve ; or if OT be a tangent, OT' must also be a tangent ; if then, 
in addition to a line and its pole, we are given three points or tangents, 
we can find three more, and thus determine the curve. Hence, to be given 
ike centre (the pole of the line at infinity) is equivalent to two conditions. 
It may be seen likewise that to be given a point on the polar of a given 
point is equivalent to one condition. For example, when we are given 
that the curve is an equilateral hyperbola, this is the same as saying that 
the two points at infinity on any circle lie each on the polar of the other 
with respect to the curve. To be given a self-conjugate triangle is equi- 
Talent to three conditions ; and when a self-conjugate triangle with regard 
to a parabola is given three tangents are given. 

Given Jive points, — ^We have shown, p. 233, how by the ruler alone wc 
may determine as many other points of the curve as we please. We may 
4dso find the polar of any given point with regard to the curve ; for by 
the help of the same Example we can perform the construction of £x. 2, 
p. 139. Hence too we can find the pole of any line, and therefore also 
'the centre. 

Five tangents, — 'We may either reciprocate the constructions of p. 233, 
or reduce this question to the last by Ex. 4, p. 232. 

JFhur points and a tangent — We have already given one method of 
•olving this question, p. 298. As the problem admits of two solutions, of 
course we cannot expect a construction by the ruler only. Wc may therefore 
apply Camot*s theorem (Art 313), 

Ac,A&.jBa,B(^,Cb.Cb' = Ab.Ah\Be,B(/,Cd.Caf. 

Let the four points a, of, 6, 6' be given, and let A£ be a tangent, the points 
e, e will coincide, and the equation just given determines the ratio Atf : £(f 
everything else in the equation being known. This question may also be 
reduced, if we please, to those which follow ; for given four points, there 
are (Art. 282) three points whose polars are given; having also then a 
tangent, we can find Uiree other tangents immediately, and thus have four 
points and four tangents. 

Four tangents afid a point, — This is either reduced to the last by reci- 
procation, or by the method just described ; for given four tangents, there 
are three points whose polars are given (p. 139). 

Three points and two tangents, — It is a particular case of Art 344, that 
the two points where any line meets a conic, and where it meets two of its 
tangents, belong to a system in involution of which the point where the 
lin«^ meets the chord of contact is one of the foci. If, therefore, the line 
joining two of the fixed points a, b, be cut by the two tangents in the 
points A, B, the chord of contact of those tangents passes through one or 
other of the fixed points F, F, the foci of the system (a, 6, A, B), (see 
Ex., Art 286). In like manner the chord of contact must pass through 
ono or other of two fixed points G, G on the line joining the given 

BB 



362 NOTES. 

points a, e. The chord must therefore be one or other of the four lines, 
FQt F0\ FGf FG'i the problem, therefore, has four solutions. 

Ttco points and three tangents. — The triangle formed by the three chords 
of contact has its^ertices resting one on each of the three given tangents ; 
and by the last case the sides pass each through a fixed point on the line 
joining the two given points; therefore this triangle can be constructed. 

To be given two points or two tangents to a conic is a particular case 
of being given that the conic has double contact with a given conic. For 
the problem to describe a conic having double contact with a given one, 
and touching three lines, or else passing through three points, see pp. 287, 
343. Having double contact with two, and passing through a given point, 
or touching a given line, see p. 249. Having double contact with a given 
one, and touching three other such conies, see p. 342. 

Malfatti's Problem. 

Having omitted elsewhere to make mention of Malfatti's Problem, 
tIz., " To inscribe in a triangle three circles which touch each other and 
each of which touches two sides of the triangle," I give here the enuncia- 
tion of Steiner's solution. A geometrical proof of it by Dr. Hart will be 
found Quarterly Journal of Mathematics, YoL I., p. 219. ** Inscribe circles 
in the triangles formed by each side of the given triangle and the two 
adjacent bisectors of angles : these circles having three common tangents 
meeting in a point, will have three other common tangents meeting in a 
point (Ex. 2, p. 250), and these are common tangents to the circles re- 
quired." We may extend the problem by substituting for the word 
'' circles,'' '' conies having double contact with a given one." The Lemma, 
corresponding to Ex. 2, p. 250, is the reciprocal of the following : Three 
conies S ~ L\ S- M\ 8 - N^ are met by three common chords forming 
a triangle, L-^-MfM-k-N^N^L in six points which lie in a conic. 
Consequently, if three of these points lie in a right line, so do the other 
three. The proof is evident on inspection of the equation 

S + MN + JVX + Z Jlf = (fif - X«) + (X + Jf ) (X + JVO. 



THE END. 
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Life-search oiler Religious Truth. By j By Sir Wilxx»ugiibt Jones, Baft. M.A. 
R. Yauguan, D.D, IXearlj/ ready, Trin. Coll. Cantab. 8vo. 6«. 



Astronomy^ Meteorology^ Popular Geography^ (jr. 



of Astronomy. By Sir 

J. F. W. Hebschel, Bart, M.A. Eighth 
Edition, revised ; with Plates and Woodcuts. 
8to.18s. 

Arago's Popular Astronomy. 

Translated by Admiral W. H. Smyth, 
F.B.& and R. Grabt, M. A. With 25 Plates 
and 8^ Woodcuts. 2 vols. 8vo. £2 5s. 

Satom and its System. By Ricn- 

▲BD A. Pboctob, B.A. late Scholar of St 
John*s Coll. Camb. and King's ColL London. 
8vo. with 14 Plates, 14f. 

Celestial Objects for Common 

Telescopes. ByT.W. Webb,M.A.F.R.A.S. 
With Map of the Moon, and Woodcuts. 
16mo. 7s. 

Physical Gleography for Schools 

and General Readers. By M. F. Mauby, 
LL.D. Fcp. with 2 Charts, 2s. 6</. 

A General Dictionary of Qeo- 

graphy. Descriptive, Physical, SUtiatical, 
and Historical ; forming a complete 
Gazetteer of the World. By A. ISjsxni 
JoHHBTON, F.R.aE. 8yo.31s.6ci. 



M'Culloch's Dictionary, Gtoogra- 

phical. Statistical, and Historical, of the 
various Countries, Places, and prineipal 
Natural ObjecU in the World. Revised 
Edition, printed in a larger type^ with 
Maps, and with the Statistical Information 
throughout brought up to the latest returns. 
By Fbedeuick Mabtin. 4 vols. 8vo. price 
2 Is. each. Vol. I. now ready. 



A Manual of Geography, Physical, 

Indufttrial, and Political. By W. HuoHBa, 

.F.R.G.S. Prof, of Geog. in King's CoU. and In 

Queen's Coll. Lond. With 6 Maps. Fcp. 7s. 6d. 

The G^ograpliy of British Historj ; a 
Geographical Description of the British 
Islands at Successive Periods. By the same 
Autlior. With 6 Maps. Fcp. 8s. 6dL 

Abridged Text-Book of British Geo- 
graphy. By the same. Fcp. is. GdL 

Mannder's Treasury of Gleogra- 

phy. Physical, Ilistoricfil, Descriptive, and 
PoliUcal. Edited by W. IIuohks, F.ILG.a 
With 7 Maps and 1 G Plates. Fcp. 10s. 6dl 



Natural History and Popular Science. 



The Elements of Physics or 

Natural Philosophy. By Neil Arnott, 
M.D. F.R,S. Physician Extraordinary to 
the Queen. Sixth Edition, rewritten and 
completed. 2 Parts, 8vo. 21s. 



Volcanos, the Character of their 
Phenomena, their Share in the Structure 
and Composition of the Surface of the Globe, 
&c. By G. PovLKTT ScKon:, M.P. F.R.S. 
Second Edition. 8vo. with Illustrations, 15s: 
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Heat Conaiddred as a Mode of 

Motion. By Profesaor Jonir Tthdall, 
F.R.S. LL.D. Second Edition. Crown 8yo. 
with Woodcuts, 12«. 6dL 

A Treatise on Electrioity, in 

Theoiy and Practice. By A. De la Rive, 
Prof, in the Academy of Geneva. Trans- 
lated by C. Y. Walker, F.R.S. 8 toIs. 
8vo. with Woodcuts, £3 18«. 

The Correlation of Physical 

Forces. By W. R. Grove, Q.C. V.P.RS. 
Fourth Edition. Svo. 7«. Qd, 

Mannalof Otology. ByS-HAuoHTON, 

M.EWf.R.S. Fellow of Trin. Coll. and Prof, 
of Geol. in the Univ. of Dublin. Revised 
Edition, with 66 Woodcuts. Fcp. 6«. 

A Guide to Gteology . By J. Phillips, 
M. A. Prof, of GeoL in the Univ. of Oxford. 
Fifth Edition. Fcp. 4s, 

A Glossary of Mineralogy. By 

H. W. Bristow, F.G.S. of the Geological 
Survey of Great Britain. With 486 Figures. 
Crown 8vo. 12«. 

Phillips's Elementary Introduc- 
tion to Mineralogy, re-edited by H. J. 
Brooks, F.R.S. and W. H. Miller, F.G.S. 
Post 8vo. with Woodcuts, 18«. 

Van Der Hoeven's Handbook of 

ZooLOor. Translated from the Second 
Dutch Edition by the Rev. W. Clark, 
M.D. F.R.S. 2 vols. 8vo. with 24 Plates of 
Figures, 60s. 

The Comparative Anatomy and 

Phystology of the Vertebrate Animals. By 
Richard O^vkn, F.RS. D.CL. 8 vols. 
8vo. with upwards of 1,200 Woodcuts. 
Vols. I. and II. price 21*. each, now readj-. 
Vol. hi. in the Autumn. 

Homes without Hands: a Descrip- 
tion of the Habitations of Animals, classed 
according to their Prindple of Construction. 
ByRev. J. G.WooD, M.A. F.L.S. With 
about 140 Vignettes on Wood (20 full size 
of page). Second Edition. 8vo. 21«. 

The Harmonies of Nature and 

Unity of Creation. By Dr. G. Hartwio, 
8vo. with numerous Illustrations. 

Tlie Sea and its Iiiving 'Wonders. By 
the same Author. Second (English) Edi- 
tion. 8vo. with many Illustrations, 18#. 

The Tropical "World. By the same Author. 
With 8 Ciiromoxylogrnphs and 172 Wood- 
cuts. 8vo. 21#. 



Manual of Ciorals and Sea Jellies- 

By J. R. Gbbshs, B.A. Edited by J. A. 
Galbraith, M.A. and S. Haughton, M.D. 
Fcp. with 89 Woodcuts, 5s. 

Mannftl of Sponges and Animalculss ; 
with a General introduction on the Princi- 
ples of Zoology. By the same Author and 
Editors. Fcp. with 16 Woodcuts, 2s. 

Mftnual of the MetaUoida. By J. Apjohit, 
M.D. F.R.S. and the same Editors. 2nd 
Edition. Fcp. with 88 Woodcuts, 7s. 6<f. 

Sketches of the Natural History 

of Ceylon. By Sir J. Embbsow Tkn WE^rr, 
K.C.S. LL.D. With 82 Wood Engravings. 
Post 8vo. 12s. 6dL 

Ceylon. Bytho same Author. 5th Edition; 
with Maps, &c and 90 Wood Engravings. 
2 vols. 8vo. £2 10s. 

A Familiar History of Birds. 

I By E. Stahlet, D.D. late Lord Bishop of 
Norwich. Fcp. with Woodcuts, 3s. 6d, 

Marvels and Mysteries of In- 
stinct ; or, Curiosities of Animal Life. By 
G. Garratt. Third Edition. Fcp. 7s. 

Home Walks and Holiday Ram- 
bles. By the Rev. C. A. Jonss, B.A. F.L.S. 
Fcp. with 10 Illustrations, 6s. 

Kirby and Spenoe's Introduction 

to Entomology, or Elements of the Natural 
History of Insects. Crown 8vo. 5s. 

Matinder's Treasury of Natural 

History, or Popular Dictionary of Zoology. 
Revised and corrected by T. S. Cobbold, 
M.D. Fcp. with 900 Woodcuts, 10s. 

The ; Elements of Botax^ for 

Families and Schools. Tenth Edition, re- 
vised by TiioscAS Moore, F.L.S. Fcp 
with 154 Woodcuts, 2s. Qd.' 

The Treasury of Botany, or 

Popular Dictionary of the Vegetable King- 
dom ; with which is incorporated a Glos- 
sary of Botanical Terms. Edited by 
J. LiNDLKT, F.R.S. and T. Moorb, F.L.S. 
assisted by eminent Contributors. Pp. 
1,274, with 274 Woodcuts and 20 Steel 
Plates. 2 Parts, fcp. 20s. 

The British Flora ; comprising the 

Phisnogamous or Flowering Plants and the 
Ferns. By Sir W. J. Hookbr, K-H. and 
G. A. Walkeb-Abnott, LL.D. 12mo. 
with 12 Plates, 14s. or coloured, 2U. 
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The Boee Amateur's Quide. By 

Thomas Biveks. New Edition. Fcp. 4m. 

The Indoor Grardener. By Miss 

Malixo. Fcp. with Frontispiece, 5i. 

IiOodon'sEncyolopsedia of Plants ; 

comprising the Specific Character, Descrip- j 
tion. Culture, History, &c of all the Plants 
found in Great Britain. With upwards of 
12,000 Woodcuts. 8vo. £3 ISs, 6cL 

IfOndon's Bncyolopaedia of Trees and i 
Shrubs; containing the Hardy Trees and I 
Shrubs of Great Britain scientifically and 
popularly described. With 2,000 Woodcuts. 
8yo.50«. 

Bryologia Britannica ; containing 

the Mosses of Great Britain and;lreland, 
arranged and described. By W. Wilson. 
8vo. with 61 Plates, 42s. or coloured, £4 is. 



Maonder's Soientifio and Idte- 

rary Treasury ; a Popular Encyclopndia of 
Science, Literature, and Art Fcp. lOt. 

A Dictionary of Soieqce, Litera- 
ture, and Art. Fourth Edition, re-edited 
by the late W. T. Bbakob (the Author) 
and Geobge W. Cox, M.A. assisted by 
gentlemen of eminent Scientific and Lite- 
rary Acquirements. In 12 Parts, each con- 
taining 240 pages, price 5s. forming 3 voln. 
medium 8vo. price 21s. each. , 

Essays on Scientific and other 

subjects, contributed to Reviews. By Sir H. 
Holland, Bart. M.D. Second Edition. 
8vo. 14j. 

Essays from the Edinburgh and 

Qutirterltf Reviews ; with Addresses and 
other Pieces. By Sir J. F. W. Hbbsghel, 
Bart. M.A. 8vo. 18s. 



Chemistry^ Medicine^ Surgery^ and the Allied Sciences. 



A Dictionary of Chemistry and 

the Allied Branches of other Sciences. By 
Henbt Watts, F.C.S. assisted by eminent 
Contributors. 5 vols, medium 8vo. in 
course of publication in Parts. Vol. I. 
81s. 6d. Vol. 11.26s. and Vol. HL Sis. M. 
are now ready. 

Handbook of Chemical Analysis, 

adapted to the Unitary System of Notation : 
By F. T. CoNiNGTON, M.A. F.Ca Post 
8vo. 7«. 6dL — Tables of Quaijltative 
Analysis adapted to the same, 2f . GdL 

A Handbook of Volumetrical 

Analysis. By RouEitx H. Scott, M.A. 
T.CD. Poflt8vo. 4».6d. 

Elements of Chemistry, Theore- 
tical and Practical. By William A. 
MiLLBB. M.D. LL.D. F.R.S. F.G.S. Pro- 
fessor of Chemistry", King*s College, London. 
8 Tols. 8vo. £2 13i. Part L Chemical 
Physics, Third Edition, 12s. Part II. 
Inoroanic Chemistry, 21s. Part III. 
Oroamic Chemistry, Second Edition, 20f. 

A Manual of Chemistry, De- 
scriptive and Theoretical. By William 
Odluto, M.B. F.K.S. Part I. 8vo. 9s. 

A Course of Fractioal Chemistry, for the 
use of Medical Students. By the same 
Author. Second Edition, with 70 new 
Woodcats. Crown 8vo. 7s. 6d, 

Iieotnres on Animal Chemistry Delivered 
at the Royal College of Physicians in 1865. 
By the same Author. Crown 8vo. 4s. M, I 



The Toxicologist's Guide : a New 

Manual on Poisons, giving the Best Methods 
to be pursued for the Detection of Poisons. 
By J. HoRSLEY, F.C.S. Analytical Chemist. 

The Diagnosis and Treatment of 

the Diseases of Women; including the 
Diagnosis of Pregnancy. By Graily 
Hewitt, M.D. &c. 8vo. 16s. 

Lectures on the Diseases of In- 
fancy and Childhood. By Charles West, 
M.D. &c. 5th Edition, revised and enlarged. 
8vo. 165. 

Exposition of the Signs and 

Symptoms of Pregnancy : with other. Papers 
on subjects connected with Midwifery. By 
W. F. Montqcmert, M.A. M.D. M.B.IJI. 
8vo. with Illustrations, 25s. 

A System of Surgery, Theoretioal 

and Practical, in Treatises by Yarious 
Authors. Edited by T. Holbces, MJL 
CanUb. Assistant-Surgeon to St. George's 
Hospital. 4 vols. 8vo. £i 13«. 

VoL I. Oeneral Pathology, iU, 

Vol. IL Iiooal Injuries : Guu*shot Wounds, 
Injuries of the Head, Back, Face, Neck, 
Chest, Abdomen, Pelvis, of the Upper and 
Lower Extremities, and Diseases of the 
Eye. 2U 

Vol. III. Operative Surgery. Diseases 
of the Organs of Circulation, Locomotion, 
&C. 21s. 

VoL rv. Diseases of the Organs of 
Digestion, of the Genito -Urinary System, 
and of the Breast, Thyroid Qland, and Skin ; 
with AppEifoix and Gbhrral Ihdbx. 80s. 
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Leotures on the Principles and 

Practice of Phync By Thomas Watson, 
M.D. Physician-Extraordinary to the 
Queen. Fowth Edition. 2 Tola. 8vo. 84«. 

Iieotares on Surgical Pathology. 

By J. Paobt, FJLS. Surgeon-Extraordinary 
totheQaeen. Edited by W. Tubnsb, M.B. 
8vo. with 117 Woodcuts, 21«. 

A Treatise on the Continned 

Viyen of Great Britain. By C. MuBcmaoN, 
MJ>. Senior Physician to the London Fever 
HofpitaL 8to. with coloured PUtes, ISt. 

Anatomy, Descriptive and Snr^ 

giciL By HsHBT Gray, F.R.S. With 
410 Wood Engravings from Dissections. 
Third Edition, by T. Holmes, M,A.CanUb. 
B<^ Svo. 28t. 

The Cydopeedia of Anatomy and 

Physiology. Edited by the lato R. B. Todd, 
Mjy, FJLa Assisted by nearly all the 
most eminent cultivators of Physiological 
Sdenoe of the present age. 6 vols. Svo. 
with 2,858 Woodcuts, £6 6«. 

PhyBiological Anatomy and Phy- 
siology of Man. By the late R. B. Todd, 
MJ>. F.R.S. and W. Bowman, F.R.S. of 
King's College. With numerous lUustra- 
tions. Vol. 11. Svo. 25«. 

A Dictionary of Practical Medi- 
cine. By J. Copland, M.D. F.R.S. 
Abridged from the larger work by the 

' Author, assisted by J. a CoPLAifD,M.B.aa 
and throaghont brought down to the pre- 
sent state of Medical Science. Pp. 1,560, 
in 8vo. price U6*, 

Dr. Oopland'8 Diotionarj of Fraotioal 
MediefaM (the larger work). 8 vols. Svo. 
£6 Hi. 



The Works of Sir B. O. Brodie, 

Bart, collected and arranged byCHABLES 
Hawkhts, F.R.aS.£. 8 vols. 8vo. with 
Medallion and Facsimile, 48«. 

Antobiography of Sir B. C. Brodie. 
Bart printed from the Author's materials 
lea in MS. Second Edition. Fcp. 4t. 6d: 

A Manual of Materia Medica 

and Therapeutics, abridged fit>m Dr. 
Pbbsira*8 EiemenU by F. J. Farbs, M.D. 
assisted by R. Bentuet, M.R.CS. and by 
B. Wabihoton, F JLa 1 voL 8vo. with 
90 Woodcuts, 21«. 

Dr. Fereira's Elements of Materia 
Medica and Therapeutics, Third Edition, by 
A. S. Tatlob, M.D. and G. 0. Rbks, M J>. 
8 vola. 8vo. idth Woodcuts, £3 15«. 

Thomson's Conspectus of the 

British Pharmacoposia. Twenty-fourth 
Edition, corrected and made conformable 
throughout to the New Pharmaooposia of 
the General Council of Medical Education. 
By £. Lix>TD BnuLETT, M.D. 18mo. 5m. 6dL 

Twri^Tmai of the Domestic Practice 

of Medicine. By W. B. Kbstbvkn, 
F.R.G.S.E. Second Edition, thoroughly 
revised, with Additions. Fcp. 5s, 

The Bestoration of Health; or, 

the Application of the Laws of Hygiene to 
Uie Recovery of Health : a Manual for the 
InvaUd, and a Guide in the Sick Room. 
By W. Stbahob, MJ). Fcp. 8«. 

Sea-Air and Se»-Bathing for 

Children and Invalids. By the same 
Author. Fcp. 8«. 

Marrnal for the dassiflcation. 

Training, and Education of the Feeble- 
Minded, Imbecile, and Idiotic By P. 
Mabtut DuircAN, M.B. and William 
Millard. Crown 8vo. 5«.' 



Tke Fine ArtSj and Illustrated Editions. 



The Idfia of Man Symbolised by 

the Months of the Tear in their Seasons 
and Phases; with Passages selected firom 
Andentand Modem Authors. By Richard 
PlCKyr. Accompanied by a Series of 26 
ftill-page Illustrations and numerous Mar- 
ginal Devices, Decorative Initial Letters, 
and Tailpieces^ engraved on Wood fh>m 
Original Designs by Jomr Leiorton, 
F.S.A. 4to. 42«. 



The "New Testament, illostnted with 

Wood Engravings after the Early Masters, 
chiefly of the Italian SchooL Crown 4ta 
68*. doth, gUt top ; or £6 fit. moroeoo. 

Lyra Oermanioa; Hymns for the 

Sundays and Chief Festivals of the Christian 
Tear. Translated by Cathsrihr Wm- 
worth; 126 Illnstrations on Wood diawm 
by J. Leigrtoh, FJ3.A. Fcp. 4to. 21m. 
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OatB' and Farlie's Moral £m- 

U«m8 ; with Aphorismsy Adagen, and Pro- 
Terbfl of all Nations : compriBing 121 
niustrations on AVood by J. Leighton, 
F.S.A. with an appropriate Text by 
B. PiGOT. Imperial 8to. 31«. 6(2. 

Shalcsx>eare's Sentiments and 

Similes printed in Diack and Gold and illu- 
minated in the ^lissal style by Henry Nokl 
Humphreys. In ina^isive covers, containing 
the Medallion and Cypher of Shakspeare. 
Square post 8vo. 21 5. 

Moore's Irish Melodies. Illustrated 

with 161 Original Designs by D. Maclisk, 
B.A. Super-royal dvo. 31«. Gd. Imperial 
IBmo. 10s. Qd. 



The History of Our Lord, as exem- 
plified in Works of Art. By Mrs. Jameson 
and I^y Eastlare. Being the conclading 
Scries of * Sacred and Legendary Art.* 
Second Edition, with 13 Etchings and 281 
Woodcuts. 2 vols, square crown 8vo. 42f. 

Mrs. Jameson's Legends of the Saints 
ondMart^-rs. Fourth Edition, with 19 Etch- 
ings and 187 Woodcuts. 2 vols. 81«. 6dL 

Mrs. Jameson's Legends of the Monastic 
Orders. Third Edition, with 11 Etchings 
and 88 Woodcuts. 1 vol. 2U. 

Mrs. Jameson's Ijogends of the Madonna. 
Third Edition, with 27 Etchings and 166 
Woodcuts. 1 vol. 21*. 



Arts, Manufactures^ <^'C. 



Drawing firom Nature ; a Series of 

Progressive Instructions in Sketching, from 
Elementary Studies to Finished Views, 
with Examples from Switzerland and the 
Pyrenees. By George Barnard, Pro- 
fassor of Drawing at Rugby School. With 
18 Lithographic Plates and 108 Wood En- 
gravings. Imp. 8vo. 25«. 

EnoyclopaBdia of Architecture, 

Historical, Theoretical, and Practical. By 
Joseph Gwilt. With more than 1,000 
Woodcuts. 8vo. 42». 

Tuscan Sculptors, their Lives, 

Works, and Times. With 45 Etchings and 
28 Woodcuts from Original Drawings and 
Photographs. By Ciiaries C. Perkins. 
2 vols. imp. 8vo. G3«. 

The Grammar of Heraldry: con- 
taining a Description of all the Principal 
Charges used in Armory, the Signification 
of Heraldic Terms, and the Rules to bo 
observed in Blazoning and Marshalling. 
By JoHJi E. CUSS.VNS. Fop. with 196 
Woodcuts. 4«. 6</. 

The Engineer's Handbook; ox- 

plaining the Principles which should guide 
the young Engineer in the Construction of 
Madilnery. ByC.S.LowNDE& Post8vo.d«. 

The Elements of Mechanism. 

By T. IIL GooDEVE, M.A. Prof, of Me- 
chanics at the R. M. Acad. Woolwich. 
Second Edition, with 217 WoodcuU. Post 
8vo. 6«. edL 



Ure's Dictionary of Arts, Manu- 
factures, and Mines. Re-written and en- 
larged by Robert Iluirr, F.R.S., assisted 
by numerous gentlemen eminent in Scienoe 
and the Arts. With 2,000 Woodcuts. 8 vols. 
8vo. £4. 

EncyclopsBdia of Civil Engineer- 
ing, Historical, Theoretical, and PracticaL 
By K Cresy, C.E. With above 8,000 
Woodcuts. 8vo. 42s, 

Treatise on Mills and Millwork. 

By W. Fairrairn, C.E. F.R.S. With 18 
Plates and 322 Woodcuts. 2 vols. 8vo. d2«. 

Useful Information for Engineers. By 
the same Author. First and Secoitd 
Series, with many Plates and Woodcuts. 
2 vols, crown 8vo. 10«. Qd. each. 

The Application of Cast and "Wrought 
Iron to Building Purposes. By the same 
Author. Third Edition, with 6 Plates and 
118 Woodcuts. 8vo. IG5. 

Iron Ship Building, its History 

and Progress, as comprised in a Series of 
Experimental Researches on the Laws of 
Strain; the Strengths, Forms, and other 
conditions of the Material ; and an Inquiry 
into the Present and Prospective State of 
the Navy, including the Experimental 
Results on the Resisting Powers of Armour 
Plates and Shot at High Velocities. By 
the same Author. With 4 Plates and 130 
Woodcuts, 8vo. 18*. 

The Practical Mechanic's Jour- 
nal : An Illustrated Record of Mechanical 
and Engineering Science, and Epitome of 
Patent Inventions. 4to. price Is. monthly. 
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The Practical Draughtsman's 

Book of Industrial Design. By W. John- 
son, Assoc Inst. C.E. With many hundred 
lUustrationa. 4to. 28f. 6d, 

The Patentee's Manual : a Treatise 

on the Law and Practice of Letters Patent 
for the use of Patentees and Inyentors. By 
J. and J. H. Johnson. Post 8vo. 7s. 6dL 

The Artisan Club's Treatise on 

the Steam Engine, in its various Applica- 
tions to Mines, Mills, Steam - Navigation, 
Railways, and Agriculture. By J. Bourne, 
CE. Seventh Edition ; with 37 Plates and 
546 Woodcuts. 4to. 42«. 

A Treatise on the Screw Pro- 
peller, Screw Vessels, and Screw Engines, 
as adapted for purposes of Peace and War ; 
illustrated by many Plates and Woodcuts. 
By the same Author. New and enlarged 
Edition in course of pablication in 24 Parts, 
royal 4to. 2«. 6d, each. 

Catechism of the Steam Engine, 

in its various Applications to Mines, Mills, 
Steam Navigation, Railways, and Agricul- 
ture. By J. Bourns. C.K With 199 Wood- 
cuts. Fcp.9f. The Introduction of < Recent 
Improvements' may be had separately, with 
110 Woodcuts, price Si. 6d. 

Handbook of tlie Steam Engine, by the 
same Author, forming a Key to the Cate- 
chism of the Steam Engine, with 67 Wood- 
cuts. Fcp. 9s. 

The Theory of War Ulnstrated 

by numerous Examples from History. By 
Lieut-Col. P. L. MacDouoall. Third 
Edition, with 10 Plans. Post 8vo. lOs. 6dL 



The Art of Perfumery ; the History 

and Theory of Odours, and the Methods of 
Extracting the Aromas of Plants. By 
Dr. PiBSSE, F.C.S. Third Edition, with 
SB Woodcuts. Crown 8vo. lOs. 6d 

Chemioal, Natural, and Fbysical Magic, 
for Juveniles during the Holidays. By the 
same Author. Third Edition, enlarged 
with 38 Woodcuts. Fcp. 6f. 

Talpa ; or, the Chronicles of a Clay 
Farm. By C. W. Hosktns, Esq. With 24 
Woodcuts from Designs by G. Cruik- 
SHANK. Sixth Edition. 16mo. 5t. (kf, 

Loudon's Enoyclopsedia of Agri- 
culture: Comprising the Laying-out, Im- 
provement, and Management of Landed 
Property, and the Cultivation and Economy 
of the Productions of Agriculture. With 
1,100 Woodcuts. 8vo. 8U (ki. 

Iiondon's XSnoyolopsBdia of Gardening : 
Comprising the Theory and Practice of 
Horticulture, Floriculture, Arboriculture, 
and Landscaipe Gardening. With 1,000 
Woodcuts. 8vo. 81s. 6dL 

Iioudon's BncyolopsBdia of Cottage, Fanii, 
and Villa Architecture and Furniture. With 
more than 2,000 Woodcuts. 8vo. 42*. 

History of Windsor Great Park 

and Windsor Forest. By William BIest^ 
ziBS, Resident Deputy Surveyor. With 2 
Maps and 20 Photographs. Imp. folio, £8 8$, 

Bayldon's Art of Valuing Bents 

and Tillages, and Claims of Tenants upon 
Quitting Farms, both at Michaelmas and 
Lady-Day. Eighth Edition, revised by 
J. C MoBTOir. 8vo. 10s. 6d, 



Religious and Moral Works. 
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An Exposition of the 89 Articles, 

Historical and Doctrinal. By £. Harold 
B RO WNB, D.D. Lord Bishop of Ely. Seventh 
Edition. 8vo. 16s. 

The Fentatenoh and the Blohistlc 
Psalms, in Reply to Bishop Colenso. By 
the same. Second Edition. 8vo. 2s. 

Sxaminatlon-Questions on Bishop 
Browne*s Exposition of the Articles. By 
the Rev. J. GoRLB, M.A. Fcp. d«.6dL 

nve Iieotores on the Charaoter 

of St. Paul ; being the Hulsean Lectures 
for 186?. By the Rev. J. S. Howsox, D.D. 
Second Edition. 8vo. 9f. 



The Iiife and Epistles of St. 

Paul By W. J. Comybbarb, M.A. late 
Fellow of Trin. ColL CanUb. and J. S. 
HowsoH, D.D. Principal of Liverpool ColL 

Library Edition, with all the Original 
Illustrations, Maps, Landscapes on Steel, 
Woodcuts, &c 2 vols. 4to. 48s. 

iHTKRinEDiATB EDiTioir, with a Selection 
of Maps, Plates, and Woodcuts. 2 vols. 
square crown 8vo. 81s. 6dL 

People's Edition, revised and con- 
densed, with 46 Illustrations and Maps. 
2 vols, crown 8toi. 12f. 
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The Voyage and Shipwreck of 

St. Panl ; with DiaserUtions on the Ships 
md Navigation of the Ancients. By Jamss 
Smith, F.R.S. Crown 8to. Charts, Bs, 6d. 

Fasti Sacri, or a Key to the 

Chronology of the New Testament ; com- 
prising an Historical Harmony of the Four 
GoapelSt ^nd Chronological Tables gene- 
rally from B.C. 70 to A.D. 70 : with a Pre- 
liminary Dissertation and other Aids. By 
Thomas Lkwih, M JL F.S. A. Imp. 8vo. 42$, 

A Critical and Grammatical Com- 
mentary on St Paul's Epistles. By C. J. 
Ellicott, D.D. Lord Bishop of Gloucester 
and Bristol. 8vo. 

Oalatians, Third Edition, B$. Qd. 

Xl>liesian8, Third Edition, 8«.6(f. 

PMitoral lipiatles. Third Edition, 10#. 6c2. 

Fhilippianc, ColoasiaiiB, and Philemon, 
Third £diUon,10«.6dL 

Th<MHft1 ft"^f*-^* > Second Edition, 7t. 9d, 

Historical Lectures on the Life of 

Our Lord Jesus Christ : being the Hnlsean 
Lectures for 1859. By the same Author. 
Fourth Edition. 8vo. 10«. Sd, 

The Destiny of the Creature ; and other 
Sermons preached beforo the Uniyersity of 
Cambridge. By the same. Post 8vo. 5t. 

The Broad and the ISTarrow VTay; Two 
Sermons preached before the University of 
Cambridge. By the same. Crown 8vo. 2«. 

Bey. T. H. Home's Introduction 

to the Critical Study and Knowledge of the 
Holy Scriptures. Eleventh Edition, cor- 
rected, and extended under careful Editorial 
revision. With 4 Maps and 22 Woodcuts 
and Facsimiles. 4 vols. 8vo. £3 ld«. 6dL 

Bev. T. H. Home's Compendious In- 
troduction to the Study of the Bible, being 
an Analysis of the larger work by the same 
Author. Re-edited by the Rev. John 
Ayrb,M.A. With Maps, &c Po6t8vo.9«. 

The Treasury of Bible Know- 
ledge; being a Dictionary of the Books, 
Persons, Places, Events, and other Matters 
of which mention is made in Holy Scrip- 
ture; intended to establish its Authority 

' and illustrate its Contents. By Rev. 
J.Atrx,M»^ With Maps, 15 Plates, and 
numerous Woodcuts. Fcp. 10«. Bd, 

TheGreekTestament ; withNoteSy 

Grammatical and Exegetical. By the Rev. 
W. Wkbstkb, M.A. and the Rev. W. F. 
WnJUNsoN, MA. 2 vols. 8vo. £2 4m,] 

Vol. J, the Gospels and Acts, 20«. 

Vol. II. the Epistles and Apocalypse, 24«. 



Every-day Scripture Difficulties 

explained and illustrated. By J. £. PnEii- 
COTT, M. A. Vol. I. Matthew and Jkfark ; 
Vol. TI. Luke and John, 2 vols. 8vo. 9*. each. 

The Pentateuch and Book of 

Joshua Critically Examined. By the Right 
Rev. J. W. CoLENSO, D.D. Lord Bishop of 
Natal. People's Edition, in 1 voL crowu 
8vo. 6«. or in 5 Parts, 1«. each. 

The Pentateuch and Book of 

Joshua Critically Examined. By Prot A. 
KuEXEN, of Leyden. Translated from the 
Dutch, and edited with Notes, by the Right 
Rev. J. W. CoLBNRO, D.D. Bishop of Natal. 
8vo. 8«. 6dL 

The Church and the World: Essays 

on Questions of the Day. By various 
Writers. Edited by Rev. Orby Shipley, 
M.A. 8vo. .... [^A^early readjf. 

The Formation of Christendom. 

Part I. By T. W. Alues. 8vo. 12». 

Christendom's Divisions; a Philo- 
sophical Sketch of the Divisions of the 
Christian Family in Eaai and West. By 
Edmund S. Ffoulkes, formerly Fellow and 
Tutor of Jesus Coll. Oxford. Post 8 vo. 7«. 6d, 

Christendom's Divisions, Part II. 

i Greeks and Latint^ being a History of their 
! Dissentions and Overtures for Peace down 
to the Retormation. By the same Author. 
i r Nearly ready, 

I • u ^ ^ 

I The Life of Christ, an Eclectic Go^ 

; pel, from the Old and New Testaments, 

arranged on a New Principle, with Analytical 

Tables, &c. By Charles De la Prymk, 

M.A. Revised Edition. 8vo. b$. 

I 
I 

The Hidden Wisdom of Christ 

I and the Key of Knowledge ; or, History of 
the Apocrypha. By Ernest De Bunsen. 

2 vols. 8vo. 28s. 

! 

■ The Temi>oral Mission of the 

Holy .Ghost ; or. Reason and Revelation. 
By the Most Rev. Archbishop Mamaino. 
Second Edition. Crown 8vo. 8s. Qd, 

I Essays on Religion and Idtera- 

tore. E<Uted by the Most Rev. Archbishop 

I Manning. 8vo. 10«. 6c/L 

I 

\ Essays and Reviews. By the Rev. 

; W. Templb, D.D. the Rev. R. Williams, 
B.D. the Rev. B. Powell, M.A. the Rev. 

■ H. B. WiifiON, B.D. C. W. Goodwin, M.A. 

! the Rev. M. Pattison, B.D. and the Rev. 
I B.JowETT,M.A. 12th Edition. Fcp.6«. 
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Mosheim'sEcoleaiastical History. Lyra Sacra; Hymns, Ancient and 

MuRDOCK and Soamk8*s Translation and ; Modern, Odes, and Fragments of Sacred 
Notes, re-edited by the Rev. W. Stubbs, ; Poetry. Edited by the Rev. B. W. Saytle, 
8 vols. 8vo. 45«. M.A. Third Edition, enlarged. Fcp. 5«. 

Lyra Gtormanica, translated from the 
German by Miss C. WnrKwoRTH. First 
Series, Hymps for the Sundays and Chief 
PestivaJa; Secojbtd Series, the Christian 
Ufd. Fcp. 5f. each Series. 



Biahop Jeremy Taylor's Entire 

Works: With Life by Bishop Hebbb. 
Revised and corrected by the Rev. C P. 
Edeh, 10 vols. £5 5i. 

Faaaing Thoughts on Beligion, 

By the Author of 'Amy Herbert' New 
Edition. Fcp. 5«. 

Thou^ts for the Holy "Week, for 
Toong Persons. By the same Author. 
8d B^it on. Fcp. 8vo. 2s, 

Hight Zjessons from Scripture. By the 
same Author. 2d Edition. 32mo. 8a. 

Belf-ezamination before Conflrxnation. 
By the same Author. 82mo. 1«. 6<1 

Readings for a Month Preparatory to 
Confirmation from Writers of the Early and 
Engiiah Chnich. By the same. Fcp.4«. 

Readings for Svery Day in Xjent, com- 
pUed from the Writings of Bishop Jeremy 
Tatix>r. By the same. Fcp. 5«. 

PMparation for the Holy Communion; 
the Devotions chiefly from the works of 
JsKKmr Tati^ob. By the same. 82mo. Ba. 

Principles of Education drawn 

tnm Nature and Revelation, and Applied 
to Female Education in the Upper Classes. 
By the same. 2 vols. fcp. 12a, 6dL 

Morning Clouds. Second Edition. 
Fcp. 6s, 

The Wifia's Manual; or, Frayen, 

Tluragfats, and Songs on Several Occasiona 
of a Matron's Life. By the Rev. W. Cal- 
TXRT, M.A. Crown 8vo. 10a Sd, 

Spiritual Songs for the Sundays 

and Holidays throaghont the Tear. By 
J. S. B. MoKssLL, LL.D. Yicar of Egham. 
Fourth Edition. Fcp. 4s. Sd. 

The Beatitudes : Abasement before God : 
Sorrow for Sin ; Meekness of Spirit ; Desire 
for Holiness ; Gentleness ; Purity of Heart ; 
the Peace-makers; Sufferings for Christ , 
By the same. 2nd Edition, fcp. 8«. Sd, i 

Lyra DomestiLoa ; Christian Songs for I 

Domestic Edification. Translated firom the I 

Paaksry and Harp of C. J. P. Spitta, and : 

from other sources, by Richard MA«fT». ! 

First and Second'Series, fcp. 4«. Gc^.each. ; 



I Hymns firom Iiyra Ghermanica, 18mo. la. 

I 

Lyra Eiioharistioa ; Hymns and 

Verses on the Holy Conmiunion, Ancient 
and Modem ; with other Poems, Edited by 
the Rev. Orbt SuipiiET, IhLA. Second 
Edition. Fcp. 7s. 6d 

Iiyra Messianioa; Hymns and Yerses on 
the Lift of Christ, Ancient and Modem ; 
with other Poems. By the same Editor. 
Second Edition, enlarged. Fcp. 7s, Gd. 

Iiyra Mysfioa ; Hymns and Verses on Sacred 
Subjects, Ancient and Modem. By the 
same Editor. Fcp. 7s, Qd, 

The Chorale Book for England ; 

a complete Hymn-Book in accordance with 
the Services and Festiyals of the Church of 
England : the Hymns translated by Miss C 
WnfKWORTH J the Tunes arranged by Profl 
W. S. BsHNETT and Otto GoLDscHMmr. 
Fcp. 4to. 12«. 6d 

Ck>ngregational Edition. Fcp. 2», 

The Catholio Doctrine of the 

Atonement; an Hiatorical Inquiry into its 
Development in the Church : with an Intro- 
duction on the Principle of Theological 
Developments. By H. N. Oxenham, M.A. 
formerly Scholar of Balliol College, Oxford. 
8vo. 8«. ed. 

From Sunday to Sunday; an attempt 

to consider familiarly the Weekday Lift 
and Laboui of a Gonntiy Clergyman. By 
B. Gbb, MJL Fcp. 5a. 

First Sundays at Church; or, 

Familiar Conversations on the Morning and 
Evening Services of the Church of England. 
By J. E RiDDLB, M.A. Fcp. 2s. 6dL 

The Judgment of Consoienoe, 

and other Sermons. By Richabd Wbatelt, 
D.D. late Archbiahop of Dublin. Grown 
avo. 4«. Bd, 

Paley's Moral Philosophy, with 

Annotations. By Richard Whatklt,D.D. 
late Archbishop of Dublin. 8vo. 7s, 
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Travels^ Voyages^ cjr. 



Outline Sketches of the High 

Alps of Daaphind By T. G. Bonxey, M^ 
F.6.a. M.A.a Fellow of St John's ColL 
Camb. With 13 Plates and a (}oloured Map. 
Post 4to. 16«. 

loe Caves of France and Switzer- 
land ; a narrative of Subterranean Explora- 
tko. By the Rev. G. F. Brownb, M.A. 
Fellow and Assistant-Tutor of St. Catherine's 
Coll. Cambridge, M.A.C. With 11 Woodcuts. 
Square crown 8vo. 12«. 6dl 

Village Life in Switzerland. By 

Sophia D. Delbiabd. Post 8vo. 9«. 6<^ 

How we Spent the Summer; or, 

a Voyage en Zigzag in Switzerland and 
lyroL with some Members of the Alpinb 
C^UB. From the Sketch-Book of one of the 
Party. Third Edition, re- drawn. In oblong 
4ti>. with about 300 Illustrations, 15<. 

Beaten Tracks; or, Pen and Pencil 
Sketches in Italy. By the Authoress of 
< A Voyage en Zigzag.' With 42 Plates, 
containing about 200 Sketches Arom Draw- 
ings made on the Spot 8vo. 16f. 

Map of the Chain of Mont Blanc, 

from an actual Survey in 1863—1864. By 
A. ADASfs-RKHj^T, F.R.G.S. M.A.C. Pub- 
lished under the Authority of the Alpine 
Club. In Chromolithog^phy on extra stout 
drawing-paper 28in. x 17in. price 10«. or 
moimted on canvas in a folding case, 12«. Qd, 

Transylvania^its Products and its 

People. By Chahles BomcR. With 5 
Maps and 48 Illustrations on Wood and in 
Ghromolithography. 8vo. 21«. 

Explorations in South - west 

Africa, from Walvisch Bay to Lake Ngami 
and the Victoria Falls. By Thomas BAnncs, 
P.&6.S. 8ya with Maps and Illustra- 
tions, 21i. 

Vancouver Island and British 

Colnmbia ; their History, Resources, and 
Prospects. By Matthew Macfib, F.R.G.S. 
With Maps and Illustrations. 8vo. 18«. 

History of Discovery in our 

Australasian Colonies, Australia, Tasmania, 
and New Zealand, from the Earliest Date to 
the Present Day. By William Howitt. 
With 8 Maps of the Recent Explorations 
from Official Sources. 2 vols. 8vo. 28«. 



The Capital of the Tycoon; a 

Narrative of a 3 Years* liesidence in Japan. 
By Sir Ruthkrpord Alcogk, K.C.B. 
2 vols. 8vo. with numerous Illustrations, 42<. 

Last Winter in Borne. By C. R. 

Wbli>. With Portrait and Engravings on 
Wood. Post 8vo. 14s. 

Autumn Bambles in North 

Africa. By John Oumsby, of the Middle 
Temple. With 16 Illustrations. Post 8vo. 
8f.6dL 

The DolOipite Mountains. Excur- 
sions through Tyrol, Carinthia,Carniola,and 
FriuU in 1861, 1862, and 1863. By J. 
Gilbert and G. C. Churchill, F.R.G.S. 
With numerous Illustrations. Square crown 
8V0.2U 

A Summer Tour in the Grisons 

and Italian Valleys of the Bcrnina. By 
Mrs. Hkhrt Freshfikld. With 2 Coloured 
Maps and 4 Views. Post 8vo. lOi. 6<t 

Alpine Byinrays ; or, Light Leaves gathered 
in 1859 and 1860. By the same Authoress. 
Post 8vo. with Illustrations, 10a. Q(L 

A Lady's Tour Bound Monte Bosa; 

including Visits to the Italian Valleys. 
With Map and Illustrations. Post 8vo, 14s. 

Guide to the Pyrenees, for the use 

of Mountaineers. By CirARLss Packs. 
With Maps, &c. and Appendix. Fcp. 6«. 

The Alpine Guide. By John Ball, 
M.R.I.A. late President of the Alpine Clubi 
Post 8vo. with Maps and other Illustrations. 

Quide to the Eastern Alps. [Jusi rtady. 

Ghiide to the 'Western Alps, including 
Mont Blanc, Monte Rosa, Zermatt, &c 
price 7a. 6d 

Guide to the Oberland and all Bwltser- 
land, excepting the Neighbourhood of 
Monte Rosa and the Great St. Bernard; 
with Lombardy and the adjoining portion 
of Tyrol. 7«. 6</. 

A Guide to Spain. By IL O'Shea. 

Post 8vo. with Travelling Map, Ida. 

Christopher Columbus; his Uh, 

Voyages, and Discoveries. Revised Edition, 
with 4 Woodcuts. 18mo. 2a. 6<f. 

Captain James Cook; his Life, 

Voyages, and Discoveries. Revised Edition, 
. with numerous Woodcuts. 18mo. 2«. 6dL 
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Humboldt's Travels and Disoo- 

yeries in Sooth America. Third Edition, 
with numerous Woodcuts. 18mo. 2s. Qd. 

Mungo Park's Life and Travels 

in Africa, with an Account of his Death and 
the Substance of Later Discoveries. Sixth 
Edition, with Woodcuts. 18mo. 2s. 6d. 

Narratives of Shipwrecks of the 

Royal Navy between 1793 and 1857, com- 
piled from Official Documents in the Ad- 
miralty by W. 0. S. GiLLT ; with a Preface 
by W. S. GiLLT, D.D. 8d Edition, fcp. 5«. 



A Week at the Land's End. 

By J. T. BuoHT ; assisted by £. H. Bodd, 
B. Q. Couch, and J. Ralfs. With Map 
and 96 Woodcuts. Fcp. 6«. 6dL 

Visits to Remarkable Places : 

Old Halls, Battle-Fields, and Scenes illus- 
trative of Striking Passages in English 
History and Poetry. By Wiluam Howitt. 
2 vols, square crown 8vo. with Wood Kn- 
Savings, 25s. 

The Biiral Idfe of England* 

By the same Author. With Woodcuts by 
Bewick and Williams. Medium 8yo, 12«. 6dL 



Works of Fiction. 



Atherstone Priory. By L. N. Comtw. 

2 vols, post 8vo. 21i. 
XSUioe : a Talc By the same. Post 8vo. 9«. ed. 

Stories and Tales by the Author 

of ' Amy Herbert,' uniform Edition, each 
Tale or Story complete in a single volume. 

Amy Herbbrt, 2s. M, Katharine Ashton, 
Gbbtrudb, 2s. 6dL 3s.6dL 

Earl's Dauohtbb, ; Margaret Peroi- 
2«. 6dL I YAL, 6s. 

EZPBRIENOE OF LiFB, j LaNETOIT PAR80II- 

2s.6<l. I AOB,4s.6<i. 

Cucvs Hall, 8s. 6dL Ursula, 4t. 6<l. 
Ivors, 8«. 6d. I 

A Glimpse of the "World. By the Author 
of 'Amy Herbert' Fcp. 7«. 6dL 

The Six Sisters of the Valleys : 

an Historical Romance. By W. Braxlbt- 
Moore, M. A. incumbent of Gerrard's Cross, 
Bucks. Third Edition, with 14 UlustiaUoiis. 
Grown 8vow 5s. 

loelandie Legends. Collected by 

Jov. Armason. SSelected and Translated 
from the Icelandic by George £. J. Powell 
and E. Maghusson. Second Series, 
with Notes and an Introductory Essay on 
the Origin and Genius of tbe Icelandic 
'' Folk-Lore, and 8 Illustrations on Wood. 
Crown 8vo. 21s. 

The Warden : a Novel. By Amthoht 
Trollope, Crown 8vo. 8s. 6dL 

Barcheater Towers: a Sequel to 'The 
Warden.' By the same Author. Crown 
8T0.6S. 



The Gladiators : a Tale of Rome and 
JudsML By G. J. Whytk Melville. 
Crown 8vo. 5s. 

Digby Qrand, aii Autobiography. By t]ie 
same Author. 1 vol. 6s. 

Kate Coventry, an Autobiography. By the 
same. 1 voL 5s. 

(General Bounce, or the Lady and the Lo> 
ousts. By the same. 1 vol. 5j. 

Holmby Houae, a Talc of Old North.iinptoii- 
shire. 1 voL 5s. 

Good for ISTothing, or All Down Hill. By 
the same. 1 voL 6s. 

The Queen'a Mariea, a Bouiancc of Holy- 
rood. By the same. 1 vol. 6s. 

The Interpreter, a Tale of the War. By 
the same Author. 1 vol. 5s. 

Tales firom areek Mythology. 

By George W. Cox, M.A. Iste Scholar 
of Trin. ColL Ozon. Second Edition. Square 
16mo. 8s. 6dL 

Tales of the Gk>da and Heroes. By tha 
same Author. Second Edition. Fcp. 5«. 

Tales of Thebes and Argos. By the same 
Author. Fcp. is. 6dL 

Gallus ; or, Roman Scenes of the Time 
of Augustus : with Notes and Excursuses 
illustrative of the Manners and Customs of 
the Ancient Romans. From the German of 
Prof. Beckeu. New Edition, lyearfy ready. 

Charicles'; a T^e illnstrative of Private 
Life among the Ancient Greeks : with Notes 
and Excursuses. From the German of Prof. 
Bkcker. New Edition. [Nearly ready. 
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Poetry and The Drama. 



Goethe's Second Faust. Translated 
bj JoHir AifSTER, LL.D. M.R.LA. Regiiu 
Pkofenor of Civil Law in the Unirenity of 
Dablln. Post 8to. \bu 

Tasso's Jerusalem Delivered, 

translated into English Verse by Sir J. 
KnrosTON James, Kt. M.A. 2 rols. fcp. 
with Facsimile, 14s. 

Poetical Works of John Edmund 

Reade ; with final Revision and Additions. 
8 vols. fcp. 18t. or each vol. separately, 6s. 

Moore's Poetical Works, Cheapest 

Editions complete in 1 vol. including the 
Autobiographical Prefaces and Anther's last 
Notes, which are still copyright Crown 
8vo. ruby tjrpe, with Portrait, 6f. or 
People's Edition, in larger type, 12s. 6dL 

ICoore'a Poetical 'Works, as nbove. Library 
Edition, medium 8vo. with Portrait and 
Vignette, 14f. or in 10 vols. fcp. 8«. 6<i. each. 

Moore's Lalla Bookh. 32mo. Plate, 

Is. 16mo. Vignette, 2s. 6<f. 

Tenniel's Edition of Moore's Ijalla 
Raohh, with 68 Wood Eng^vings firom 
Original Drawings and other Illostrations. 
Fcp. 4to. 21s. 

Moore's Irish Melodies. 32mo. 

Portrait, Is. 16mo. Vignette, 2«. (id, 

Keolise's BdiUon of Moore's Irish 
Mdodie»y with 161 Steel Plates from Original 
Drawiogs. Super-royal 8vo. Sis. 6<f. 

Maclise's Edition of Moore's Irish 
Jfe&K&j, with all the Original Designs (as 
above) reduced by a New Process. Imp. 
16mo. 10s. 6dl 

Soathey's Poetical Works, with 

the Author's last Corrections and oopjrright 
Additions. Library Edition, in 1 vol. 
nedium Svo. with Portrait and Vignette, 
14s. or in 10 vols. fcp. 8s. 6dL each. 



lAys of Ancient Bome ; with /rry 

and the Armada. By the Right Hon. Lord 
Uagaulat. 16mo. 4s. 6dL 

Iiord Maoanlay's Iiays of Anoient 
Rome. With 90 Illustrations en Wood, 
Original and Arom the Antique^ firom 
Drawings by 6. SoHAsr. Fcp. 4to. 21s. 

Poems. By Jkah Inoelow. Tenth Edi. 
tioiL Fcp. 8vo. 5s. 

Poetical Works of Letitia Elisa- 
beth Landon (L.E.L.) 2 volsi 16mo. 10s. 

Playtime with the Poets : a Selec- 

tion of the best English Poetry for the use 
of Children. By a Ladt. Crown Svo. 6s. 

Bowdler's Family Shakspeare, 

cheaper Genuine Edition, complete in 1 vol. 
large type, with 86 Woodcut Illustrations 
price 14a. or, with the same Illustratiobis, 
in 6 pocket vols. 8«. 6d each. 

Arundines Cami, sive Musamm Can- 

tabrigiensinm Lusus CanorL Collegit atque 
edidit H. Drdrt, M.A. Editio Sezta, cu- 
ravit H.J. Hodgson, M.A. Crown Svo. 
price 7s. 6</. 

The Ulad of Homer Translated 

into Blank Verse. By Ichabod Chables 
Wright, M.A. late Fellow of Magdalen 
CoU. Oxon. 2 vols, crown Sv^. 2I«. 

The Hiad of Homer in English 

Hexameter Verse. By J. Henrt Dart. 
M.A. of Exeter College, Oxford ; Author 
of < The Exile of St. Helena, Xewdigate, 
183S.' Square crown Svo price 21s. cloth. 

Dante's Divine Comedy, translated 

in English Terza Rima by John Dayuak, 
M.A. [With the Italian Text, after 
Brunetti, interpaged.] Svo. 21s. 



Rural SportSj Sfc. 



XnoyolopeBdia of Bnral Sports ; 

a Complete Account, Historical, Practical, 
and Descriptive^ of Hunting, Shooting, 
Fishing, Racing, &c By D. P. Blaihb. 
With above 600 Woodcuts (20 firom Designs 
hj Joiiir Lkbch). Svo. 42s. 

Kotes on Bifle Shooting. By Cap- 
tain Hkatoh, Adjutant of the Third Man- 
chester Rifle Volunteer Corps. Fcp. 2s. 6dL 



CoL Hawker's Instructions to 

Young Sportsmen in all that relates to Guns 
and Shooting. Revised by the Author's Soir. 
Square crown Svo. with Illustrations, ISs. 

The Bifle, its Theory and Prac- 
tice. By ARTntrit Wat.ker (70th High- 
landers), Staff. H^'thcand Fleet woo'l Schools 
of Musketn'. Second Edition. Crown Svo. 
with 126 V^'oodcut^ 5s. 
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The Dead Shot,or Sportsman's Complete 
Guide ; a Treatise on the Use of the Gan» 
Dog-breaking, Pigeon-shooting, &c. By 
Marksman. Fep. with Plates, 5s. 

Hints on Shooting, Fishing, &c. 

both on Sea and Land and in the Fresh 
and Saltwater Lochs of Scotland. By 
C Idle, Esq. Second Edition. Fcp. 6s. 

The Fly -Fisher's Entomology. 

By Alfred Ronalds. With coloured 
Bepresentatlons of the Natural and Artifi- 
cial Insect Sixth Edition; with 20 
coloured Plates. 8vo. 14s. 

Hand-book of Angling : Teaching 

Fly-fishing, Trolling, Bottom- fishing, Sal- 
mon-fishing; with the Natural History of 
BiT«r Fish, and the best modes of Catddng 
the . By Ephemera. Fcp. Woodcat% 5i. 

The Cricket Field ; or, the Histoiy 

and the Science of the Game of Cricket By 
Es Ptcroft, B.A- 4th Edition. Fcp. 6«. 

The Cricket Tutor; a Treatise eidusiyely 
Practical. By the same. 18mo. Is. 

Crioketans. By the same Author. With 7 
Portraits of Cricketers. Fcp. 6s. 

Yonstt on the Horse. ReTised and 

enlarged by W. Watson, M.R.C.V.a 8vo. 
with numerous Woodcuts, 12s, M, 

Touatt on the Dog. (By the same Author.) 
8vo. with numerous Woodcuts, 6s. 

The Horse-Trainer's and Sports- 
man's Guide: with Considerations on the 
Duties oj^ Grooms, on Purchasing Blood 
Stock, and on Veterinary Examination. 
By DiGBT CoLUNS. Post 8vo. 6s. 
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Blaine's Veterinary Art: a Trea- 
tise on the Anatomy, Physiology, and 
Curative Treatment of the Diseases of the 
Horse, Neat Cattle, and Sheep. Seventh 
Edition, revised and enlarged by C. Stebi^ 
M.R.C.y.S.L. 8vo. with Plates and Wood- 
cuts, 18s. 

The Horse's Foot, and how to keep 

it Sound. By W. BiiLES, Esq. 9th Edition, 
with Illustrations. Imp. 8va 12s. 6d, 

A Plain Treatiae on Horae-ahoeiTig. By 
the same Author. Post 8vo. with Illustra- 
tions, 2s. 6<2. 

Stables and Stable Fittings. By the same. 
Imp. 8vo. with 18 Plates, 15s. 

Banuurka on Horaaa* Teetk, addressed to 
Pnrchasera By the same. Post 8va Is. 6dL 

On Drill and ManoBfaTres of 

Cavalry, combined with Horse Artillery. 
By Major-Gen. Michakl W. Smtfii, CB. 
Commanding the Poonah Division of the 
Bombay Army. 8vo. 12s. 6dL 

The Dog in Health and Disease. 

By ^TONBHBNOB. With 70 Wood En- 
gravings. Square crown 8vo. 16s. 



The Greyhotind. By the ssme Author. 
Revised Edition, with 24 Portraits of Ony- 
honnds. Square crown 8vo. 21s. 

The Ox, hit Diieasei and their Treaft- 
ment ; with an Essay on Parturition in the 
Cow. By J. R DoBsoN, M.R.aVA Grown 
8vo. with Illustrations, 7a 6d. 



Commerce, Navigation, and Mercantile A^airs. 



A Dictionary, Practical, Theo- 
retical, and Historical, of Commerce and 
Commercial Navigation. By J. R. lifCuL- 
LOCH. 8vo. with Maps and Plans, 50s. 

Practical Guide for British Ship- 
masters to United States Ports. By Pier- 
KRroNT Edwaads, Her Britsnnic Majesty's 
Vice-consul at New York. Post 8vo. 8s. Bd, 

A Manual for Naval Cadets. By 

J. M*Nrit. Boti>« late Captain R.N. Third 
Edition ; with 240 Woodcuts, and 11 coloured 
Plates. Post 8vo. 12«. Qd. 



The Law of Nations Ck>nsidered 

as Independent Political Communities. By 
Trayrbs Twiss, D.C.L. Regius Professor 
of Civil Law in the University of Oxford. 
2 vols. 8vo. 80s. or separately. Past I. Ptoee, 
12s. Part IL War, 18s. 

4^ Nautical Dictionary, defining 

the Technical Language relative to the 
Building and Equipment of Sailing Vessels 
and Steamers, &c By Arthur Touhow 
Second Edition ; with Plates and 160 Wood- 
cuts. 8vo. 18s. 
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Works of Uiility and General Information. 



lEsud^sm, OooS^aetr^ for Private 

Families, reduced to a System of Easy 
Practice in a Series of carefully-tested 
Receipts. By Eliza Actox. Newly re- 
Tised and enlarged ; with 8 Plates, Figures, 
nd 160 Woodcuts. Fcp. 7«. 6</. 

The Handbook of Dining ; or, Cor- 
pulency and Leanness scientifically con- 
sidered. By Bbillat-Savarin, Author of 
' Physiologie du Gofkt' Translated by 
L. F. SmrsoN. Revised Edition, with 
Additioiis. Fep. 8«. 6<f. 

On Food and its Digestion; an 

Introduction to iHetetics. By W. BRnrroN, 
MJ). Physician to St. Thomas's Hospital, 
&C. With 48 Woodcuts. Post 8vo. 12*. 

Wine, the Vine, and the Cellar. 

By Thomas G. Shaw. Second Edition, 
leyised and enlarged, with Frontispiece and 
81 Illustrations on Wood. 8yo. 16«. 

A Fraotieal Treatise on Brewing ; 

with Formuin for Public Brewers, and In- 
structions for Private Families. By W. 
Black. Fifth Edition. 8vo. 10«. 6dl 

How to Brew Gk>od Beer : a com- 

plete Guide to the Art of Brewing Ale, 
Bitter Ale, Table Ale, Brown Stout, Porter, 
and Table Beer. By John Pitt. Revised 
Edition. Fcp. 4«. ^d. 

Short Whist. By Major A. The 
Sixteenth Edition, revised, with an Essay 
on the Theory of the Modem Scientific 
Game by Prof. P. Fcp. 8«. 6<2. 

Whist, What to Lead. By Cam. 

Third Edition. 82mo. 1«. 

Two Hundred Chess Problems, 

composed by F. Hkalet, including the 
Problems to which the Prizes were awarded 
by the Committees of the Era, the Man- 
chester, the Birmingham, and the Bristol 
Chess Problem Tournaments ; accompanied 
by the SonmoNs. Crown 8vo. with 200 
Diagrams, 5«. 

Hints on Etiquette and the 

Usages of Society ; with a Glance at Bad 
Habits. Revised, with Additions, by a Ladt 
of Rahk. Fcp. 2«. 6</. 
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The Cabinet Lawyer; a Popular 

Digest of the Laws of England, Civil and 
Criminal. 21st Edition, extended by the 
Author ; including the Acts of the Sessions 
1864 and 1865. Fcp. 10a. ^d. 

The Philosophy of Health ; or, an 

Exposition of the Physiological and Sanitary 
Conditions conducive to Human Longevity 
and Happineie. By South wood Sstith, 
M.D. Eleventh Edition, revised and en- 
larged; with 118 Woodcuts. 8vo. 15«. 

Hints to Mothers on the Manage- 
ment of their Health during the Period of 
Pregnancy and in the Lying-in Room. By 
T. Buu^ MJ). Fcp. 6«. 

The Maternal Management of Children 
in Health and Disease. By the same 
Author. Fcp. bs. 

Notes on Hospitals. By Florence 
NiOHTiNOALE. Third Edition, enlarged; 
with 13 Plans. Post 4to. 18«. 

The Law relating to Benefit 

Building Societies; with Practical Obser- 
vations on the Act and all the Cases decided 
thereon, also a Form of Kules and Forms of 
Mortgages. By W. Tidd Pratt, Barrister. 
2nd Edition. Fcp. 8s. Cd 

C. M. Willich's Popular Tables 

for Ascertaining the Value of Lifehold, 
I..easehold, and Church Property, Renewal 
Fines, &c; the Public Funds; Aimual 
Average Price and Interest on Consols from 
1781 to 1861 ; Chemical, Geographical, 
Astronomical, Trigonometrical Tables, &c. 
Post 8vo. 10». 

Thomson's Tables of Interest, 

at Three, Four, Four and a Plait', and Five 
per Cent, from Oj^it Pound to Ten Thousand 
and from 1 to 865 Days. 12mo. da. 6<2. 

Maunder's Treasury of Know- 
ledge and Library of Reference : comprising 
an English Dictionary and Grammar, Uni- 
versal Gazetteer, Classical Dictionary, Chro- 
nology, Law DictionoT}', Synopsis of the 
Peerage, useful Tables, &;c. Fcp. 10«. 
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General and School Atlases. 



An Atlas of History and Gteo- 

graphy, representing the Political State of 
the World at sacceesiTe Epochs from the 
commencementof the Christian £ra to the 
Plresent Time, in a Series of 16 coloured 
Maps. By J. S. Brewer, MJL Third 
Edition, revised, &c by £. C Brewer, 
LL.D. Royal 8to. 15f. 

Bishop Butler's Atlas of Modem 

Geography, in a Series of 88 fiill-coloared 
Bfaps, accompanied by a complete Alpha- 
betical Index. New Edition, corrected and 
enlarged. Royal 8vo. lOi. 6dL 

Bishop Butler's Atlas of Ancient 

Geography, in a Series of 24 fall-coloured 
Maps^ accompanied by a complete Aocen- 
toated Index. New Edition, corrected and 
enlarged. Royal 8to. ISt . 



School Atlas of Physical, Poli- 
tical, and Commercial Geography, in 17 
foil-coloured Maps, accompanied by de- 
scriptiTO Letterpress. By E. Huohks 
F.R.A.S. Royal 8to. 10«. Gdl 

Middle-Class Atlas of General 

Geography, in a Series of 29 full-coloured 
Maps, containing the most recent Terri- 
torial Changes and Discoveries. ByWALTEB 
M'Leod, F.R.G.S. 4to.6t. 

Physical Atlas of Great Britain 

and Ireland; comprioing 80 full-coloured 
Maps^ with illustratiTe Letterpress, forming 
a concise Synopsis of British Physical Geo- 
graphy. By Walter M*Leod, F.R.G.S. 
Fcp. 4to. 7f . 6<2. 



Periodical Pvhlicatiotis. 



The Edinburgh BevieWy or Cri- i 

tical Journal, published Quarterly in Janu- 
ary, April, July, and October. 8to. price 
6f . each No. 

The County Seats of the Noble- 
men and Gentlemen of Great Britain and 
Ireland. Edited by the Rev. F. O. Mobris, 
B.A. Rector of Nunburnholme. In course 
of publication monthly, with coloured Yiews, 
in 4to. price 2«. M, each Part 



Fraser's Magazine for Town and 

Country, published on the Ist of each 
Month. 8vo. price 2«. 6<i each No. 

The Alpine Journal: a Record of 

Mountain Adventure and Scientific Obser- 
vation. By Members of the Alpine Club. 
Edited by H. B. George, M.A. Published 
Quarterly, May 81, Aug. 81, Nov. 80, Feb. 
28. 8vo. price 1*. M, each No. 



Knowledge for the Youiuf. 



The Stepping Stone to Knowledge: 

Containing upwards of 700 Questions and 
Answers on Miscellaneous Subjects, adapted 
to the capacity of Infant Minds. By a 
Mother. 18ma price it. 

The stepping Stone to Gteography: 
Containing several Hundred Questions and 
Answers on Greographical Subjects. 18mo. If. 

The Stepping Stone to Bngliah History : 
Containing several Hundred Questions and 
Answers on the History of England. U. 

The Stepping Stone to Bible Know- 
ledge: Containing several Hundred Ques- 
tions and Answers on the Old and New 
Testaments. 18mo. 1$, 

The Stepping Stone to Biography: 

Contaitaing several Hundred Questions and 
Answers on the Lives of Eminent Men and 
Women. 18mo. Is. 



Seoond Series of the Stepping 

Stone to Knowledge: containing upwards 
of Eight Hundred Question* and Answers 
oh Miscellaneous Subjects not contained in 
the First Series. 18mo. If. 

The Stepping Stone to French Pronun- 
ciation and Conversation : Containing seve- 
ral Hundred Questions and Answers. Hj 
Bfr. P. Sadlbb. 18mo. 1«. 

The Stepping Stone to English Qram- 
mar : containing several Hundred Questions 
and Answers on English Grammar. Bjr 
Mr. P. Sadleb. 18mo. If. 

The Stepping Stone to Nfttnral History: 
Yertkbeate or Backboned ANDCAija. 
Part I. MammaBa\ Part U. Birdh ^^ 
tiki, Fishei, 18mo. It. each Part. 
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Brodib's (Sir C. B.) Works. It 

— ^— Autobiography 10 

Bbownb's Ice CaYes of France andSwitser- 

land IS 

Exposition 39 Articles 11 

Pentateuch I 

Bucblb's HUtory of Civilization S 

Bull's HinU to Mothers 19 

Maternal Management of Children. . 19 

Bunsbn's Ancient Egypt 2 

BuNSEN on Apocrypha IS 
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Bubton's Christian Church 41 
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Cabinet Lawyer. 19 
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Campaigner at Home 6 

Cats and Farlir's Moral Emblems It 

Chorale Book for England 14 

Cloug It's Lives from Plutarch 1 

Colknso (Bishop) on Pentateuch and Book 
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Collins's Horse Trainer's'.Guide 18 

CoLUM bus's Voyages IS 

Commonplsce Philosopher in Town and 

Country 6 

Comngton's Handbook of Chemical Ana- 
lysis 9 

Contanseau's Two French snd English 
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Gobthb's Second Faust, by Anster 17 
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Goblb's Questions on Brownb's Exposition 
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Grant's Ethics of Aristotle 4 

Graver Thoughts of a Country Parson 6 

Gray's Anatomy 10 

Grbbnb's Corals and Sea Jellies 8 

Sponges and 'Animalcniae 8 

Grotb on Correlation of Physical Foroei . . 8 
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Handbook of Angling, by Ephbmbra 18 
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Tropical World 8 

Hauohton's Manual of Geology 8 

Hawrbr's Instructions to Young Sports- 
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Hbaton's Notes on Rifle Shooting 17 

Hbalby's Cheos Problems 19 

Hblps's Spanish Conquest in America .... S 

Hbbbch rl's Essays from Reviews 9 

Outlines of Astronomy 7 

Hbwitt on the Diseases of Women 9 

Hints on Etiquette 19 

Hodgson's Time and Space 7 

Holland's Essays on Scientific Subjects . . 9 



Holmbs>8 System of Surgery 9 

HooBBB and Walrrb-Arnott's British 

Flors 8 

Horn r's Introduction to the Scriptures . : . . 13 

■ Compendium of the Scriptures.. 13 

Horslby's Manual of Poisons 9 

I Hosryns's Talpa is 

! How we Spent the Snmmer 15 

' Howitt's Australian Discovery 15 

Rural Life of England 16 

Visits to Remarkable Places .... 16 

Howson's Hulsean Lectures on St. Paul. ... IS 

Hughrs's(E.) Geographical Atlas SO 

(W.) Geography of British His- 

tory and Manual of Geograi^y 7 

HuLLAH's History of Modem Music 3 
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Humboldt's Travels in South America. ... 16 
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Lbwis's Essays on Administrationa 4 

Fables of Babbius 4 

Li ddbll and Scott's Greek-RngHshUxicon 6 

Abridged ditto 5 

Life of Man Symbolised 10 

LiNDLBY and Moobb's Treasury of Botany 8 



/ 




ITBW W0SK8 



Loddqn'* Bneythfull* ct Acrtcnltnn .. .. 
i OardcDlng . 




—Hilton or Bncland.. 



UjieiKiliaALL'eTbcory of War 

HitUHHAii'i Lilt of UiTelock 

McLmb** Middle-Claw AUai of Oencnl 

FtaT*>«l Atl** <Hr Gnat ^Uiu 



'■LifcDfFathnUatliew 

-RamcimltUKDlm.. 

nr Qard*li«. 



UAHHinooa HolyGboM... 

ll*MBT'iHialorT*rBnilaBd 

llA«iHaBaiD'sHia((KTo<Ui« BeArmaliOB 

llAiINBBH>>Biof(npliie«lTnaiar7 

Gconnphical Tmrnrr 



ScienliBc anil UterarrTraaDrr 

Tnaanno' Knowledj* 

Tnanrjof Natural Hlitorr .. 

>■ PbTHQil 0«>Knp'>T 

[^nilliuttonal Hiitorf orBoKlud.. 
.La'a Dixbr Onnd 



- GlidJaton 

- Ododfor Nolhioc-. 

- UolRibr HOOM ■■■. 

- QuMn'a Marie* .... 



c-i Foot and Hone Sbodni 
n> Teeth and atablti 

lentallvc Qavenniait 

itiDiiiand Diacatakini 

















HoBtLL-iElamenUD/PiTehgiosj I 






UotuaiH'aEakalaillcalHIitorT H 


» ULLM'i (Mu) LhAum DB the Sdanca of 



- (K. O.) Litentu* of A 

HmoHiiOM OB ContlBoed Forera. ) 

Uuai'i Laacnag* aod UtetaUr* at Oreaca 



New TMtamenl lllutnlad with Waod B^ 

sravinKi rnm ibeOld MaMera I 

NawHAN'sHialorTOflUaReligiaiiaOpinlani 
NiOHTiKOALa'aNateeonlloapltala I 



Holmal ChemiitTT 

CODTKor Practical Cbemiatrr.. „ 

ifannal of CfaemiilCT 

RamblHiB AlnnflaaiidTaDia ., 



B Blemeou at Uateria Uedlca. . . . 
ManuatorMaterUMedica...... 

■ TuiCtn 3eDl|ilora 

's Guide to GeoloKT 

— lolrodacllan to"' 



ilfUd.Phyaical Magic II 



Practical UecbaDic** Journal .. 



plure i>ifficultica ....,,., 
K or Encliah KaadiiV ., 



NEW WOREB ri 



■T lOKaUAHS A. 




HowTON'sDebaU 



Dt ud CanBtltatim . 



BiHDAM's Jnitlnlan'* iDitJlDtti 

Soott'* HtDrthoak of VolDmcniol Analyiii 

SiWRbi-'i Amy Herbert., 



re Hill 



j (J.ltmlilttOflnli 

! CaniiKcloi.'by JB AKITT, 1 

Tddd'i Cyclopiedii of AntloniT and Pliriki- 

DDil Bowman'* Anilom)' nod Phy. 

sitilorrorMiin l 



Warden 
rHDALi,'! Lecture! «)l Hrat... 

re'i DlclioDiry of Art*, Hinuh 



VAnoKAH's (R.) Ren 



'■ Hindbook or ZoologT * 



.) Boon witb the Hntica 



Id Practice of Pbyiic 10 



— Riamiuitioo forCoaDmuitlan 

— Sloiie* »ncl TnlM 

—ThDUghtJ for the Hoir Week. .. . 



SHKDDBH'a'KlFiiientiorLgcic 

EHirLiv'BCburcli*nd the World 

Short WhLat 

3Ho>T'BCbDrcliHI*larT 

3tH*RE na'a ^AuILIil) lilt, bT WlNK- 



SiHi-iON'aUanilbookorDliiInK I> 

8mTH'»[SortHwooD)PliiloaophyorHc«1tb IS ' 
[J.) Pant'* VofaKe and Sblpnreck 13 



<ET) Memoir and Letter* . 






IT 



Stanlut'* Hlalar. 

STiBBixa'iAMlTilaofHiLL'iLoKle 1 

ftrirHBH's KMM»it In EccluUitinl Bio- 

l["Pb7 * 

Leetore* on Hittory of Franca 1 

«eiipiaf[-Stone(The)taKnowledte, Ik. .. to 

SrikLiiia'i Secret oT f Ici^l t 

Stokrhrnoi on the l>o)t IS 

on the Greyhonnit 18 



WHATEI.T'a En|[U*h^no 
l-HBic 



ERlenKficldoM 

nrbtit, whittolead, by Cav 

WbIti ud RtDDLs'i UUn-EncUab Dlc- 



t (W.) Racollecliaiit of, by- 



Wood'3 Hotnea wilhanl Handa 

^aDDn'mo'i Hialorical and Chranolofiol 

KncjclopsilU 

WKiaHt*a Homar'* Iliad I 



ToNOI'a Ba(tlah.Omk Leilcon .. 

Abrldgeddllto 

TouKs'i Nautical DtctkniarT 

ToDATT on tb« Dof 



\j 



■plHiiiii 

3 6105 030 416 791 




STANFORD UNIVERSITY LIBRARIES 
STANFORD, CALIFORNIA 94305-6004 



